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1. Introduction

An interesting testing problem in multivariate analysis is that of testing the equality of K population means 4, ..., Mg,
based on K independent random samples, each from a distribution with mean u; and a common covariance matrix X, where
1 <i < KandK > 2is a fixed constant. This testing problem arises in many scientific applications, including genetics,

medical imaging and biology. See, for example, [21,14,17]. In the Gaussian setting where one observes {Xj, ..., X} S
N(p;, X¥) for 1 < i <K, the problem can be formulated as testing the hypotheses
Ho: pqy=py; =---=pg versus Hy: p; # pu;forsomei # j.
A classical procedure is the likelihood ratio test with the test statistic given by
K e - B
A=) Xi—-X'T, X —X), (1)

i=1

where X; = nil j'?;lx,-j,)‘( =1 >, Yo Xy withn = ny + - -« + ng and S, =38, (X — X)(X; — X" is the
within-class sample covariance matrix up to a constant. The likelihood ratio test has been well studied. See, for example, [1].

In many contemporary applications, high dimensional data, whose dimension is often much larger than the sample size,
are commonly available. In such a setting, the classical methods which are designed for the low-dimensional case either
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perform poorly or are no longer applicable. For example, the likelihood ratio test is unsatisfactory when the dimension
is high relative to the sample sizes. The two-sample case, i.e. K = 2, has been relatively well studied recently in the
high-dimensional setting and several alternatives to the likelihood ratio test have been proposed. For example, Bai and
Saranadasa [2], Srivastava and Du [20], Srivastava [18], and Chen and Qin [9] proposed tests, which are based on the sum of
squares type statistics, that perform well under the dense alternatives where the difference of the two means spreads out.
But these tests are known to suffer from low power under the sparse alternatives where the two mean vectors differ only
in a small number of coordinates. Cai, Liu and Xia [7] introduced a test, which is based on the maximum type statistic, that
is shown to be particularly powerful against sparse alternatives and enjoys certain optimality.

In comparison, the multiple-sample case is much less studied in the high-dimensional setting, although several proposals
for correcting the likelihood ratio test have also been introduced. Fujikoshi, Himeno and Wakaki [11] considered the
Dempster trace test, which is based on the ratio of the trace of between-class sample covariance matrix ¥, and the trace
of the within-class sample covariance matrix ’)fw, where fb = ZL ni(X; — X)(X; — X)T. Instead of the ratio, Schott [16]
proposed a test statistic based on the difference of two traces. Srivastava [19] constructed a test statistic by replacing the
inverse of the within-class sample covariance matrix by its Moore-Penrose inverse. All of these test statistics are based
on an estimator of ;. (#; — )TA®D (pm; — i) for some positive definite matrices AP We call these sum of squares

type statistics as they all aim to estimate the squared Euclidean norm ), _; |l (A(i))% (mi — ) ||§. In genomics and many
other applications, the means of the populations are typically either identical or are quite similar in the sense that they only
possibly differ in a small number of coordinates. As in the two-sample case, the above mentioned sum of squares type tests
in the multiple-sample case suffer from low power under sparse alternatives.

The goal of the present paper is to develop a test that is powerful against sparse alternatives for multiple samples in the
high dimensional setting under dependency. To explore the sparsity in the mean differences and the dependence between
the variables, the test is based on the linear transformation of the observations by the precision matrix 2: {£X;, ..., X},
for 1 < i < K. The new test statistic is then defined to be the maximum of the sum of squares of all possible two sample
t-statistics of the transformed observations {QX, ..., @X;;} and {2Xj, .. ., ﬂXjnj} for 1 < i < j < K. The limiting null
distribution of the test statistic is derived and is shown to be the extreme value distribution of type I. The convergence of
the distribution of the test statistic under the null to the limiting distribution is, however, slow when the number of groups
is relatively large. We further introduced an intermediate correction factor which significantly improves the accuracy of the
test. Although the basic idea underlying the construction of the test statistic is similar to the one for the two-sample case
in [7], the techniques and the intermediate correction procedure are new and are much more involved than the two-sample
case.

Both theoretical and numerical properties of the test are studied. It is shown that the test is particularly powerful against
sparse alternatives and enjoys certain optimality. A simulation study is carried out to examine the numerical performance of
the test and compare with other tests given in the literature. The numerical results show that the proposed test significantly
outperforms those tests against sparse alternatives. We also illustrate the improvement after using the correction factor
by comparing its cumulative distribution with the type I extreme value distribution as well as the empirical limiting
distribution. The limiting distribution after using the correction is a much better approximation to the empirical distribution,
as illustrated in Fig. 2 in Section 3.2. As a direct consequence, numerical results show that the size of the resulting test is
close to the nominal level.

The rest of the paper is organized as follows. After reviewing basic notation and definitions, Section 2 introduces the new
test statistics. Theoretical properties of the proposed tests are investigated in Section 3. Limiting null distributions of the
test statistics and the power of the tests, both for the case the precision matrix € is known and the case € is unknown, are
analyzed. A simulation study is carried out in Section 4 to investigate the numerical performance of the tests. Discussions
of the results and other related work are given in Section 5. The proofs of main results are presented in Section 6.

2. Methodology

We first construct a testing procedure in the oracle setting in Section 2.1 where the covariance matrix X is assumed to
be known. In addition, another natural testing procedure is introduced in this setting. A data-driven procedure is given in
Section 2.2 for the general case of unknown covariance matrix X.

We begin with basic notation and definitions. For a vector 8 = (B4, ..., ,BP)TT € RP, define the ¢4 norm by |B|; =
o 1 |Bi]9)4 for 1 < q < oo with the usual modification for ¢ = co. A vector g is called k-sparse if it has at most k nonzero

i=
entries. For a matrix A = (aj)pxp, the matrix 1-norm is the maximum absolute column sum, ||A|l;, = maxi<j<p Y o, |Gl

the matrix elementwise infinity norm is defined to be |A|o, = maxi<;j<p |a;| and the elementwise £; norm is [|A|; =

. Z]’;l |a;|. For a matrix A, we say A is k-sparse if each row/column has at most k nonzero entries. We shall denote

- 12 K—1K .

(Jaits (i = p2i), /20 (i — i), - Al (i — )" = 8 = 6", ..., 8% NT 50 the null hypothesis

can be equivalently written as Hy : |8;], = Ofori = 1,...,p. Let 80 = (8%’1), S, (Sﬁ”)T = né}:;z (#; — pp), then the
J

alternative is called k-sparse if 80 is k-sparse for all 1 < j < | < K. For two sequences of real numbers {a,} and {b,},
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write a, = O(b,) if there exists a constant C such that |a,| < C|b,| holds for all sufficiently large n, write a, = o(b,) if
lim,_, » an/b, = 0, and write a, < b, if there are positive constants ¢ and C such thatc < a,/b, < Cforalln > 1.

2.1. Oracle procedure

Suppose we observe independent p-dimensional random samples
X1, oo X1ng ~ N(@q, ), Xo1, oo, Xony ~ N(o, X), ..o, Xk1, - Xk ~ N(pg, X)),

where the covariance matrix X = (oj) is known. In this case, the null hypothesis Hy : [8il, = 0,fori = 1,...,p,is
equivalenttoHy : |, = 0,fori=1,...,p,wheren; = ((A8"?);, ..., (A8*~"))T for any p x p positive definite matrix
A = (ay). An unbiased estimator of #; is the sample mean vector (,/ ;"2 AX1 =X s/ n;’(’:i’r’f’{ AXk—1 =X,

where (Xj1, ..., Xp) = X; = anZL X, 1 < j < K. For testing the null hypothesis Hy : |8, = 0,fori = 1,...,p,a
J
natural class of test statistics is

mn (AKX — X)))?

M = max , (2)
1<i<p 1otk T +n bii
where (b)) =: B = AXA. In the present paper, we are particularly interested in the choice of A = Sl= Q= (i),
nn  (X; —X))?
Mg = max i (R(X; — X0)), . (3)

1<i<p 1<i21<k nj+mn wii

In the two-sample case, [7] showed that the choice of precision matrix works well and the resulting test enjoys certain

optimality against sparse alternatives. The motivation on the linear transformation of the data by the precision matrix

 in the multiple-sample case is similar as in [7]. Under a sparse alternative, the power of a test mainly depends on the

magnitudes of the signals (nonzero coordinates of (|81]2, - .., |8,/2)T) and the number of the signals. It will be shown in

Section 6 that |n;|, is approximately equal to w;|6;|, for all i such that |§;], # 0. The magnitudes of the nonzero signals
1

|8;|, are then transformed to wi,? |8;|, after normalized by the standard deviation of the transformed variable (X);. In
1
comparison, the magnitudes of the signals in the original data are |§;|,/0;7. It can be seen from the inequality wjoy; > 1
1 1

fori =1,...,pthat a)g |8i]2 > |6i|2/aii7~ That is, such a linear transformation magnifies the signals and the number of the
signals due to the dependence in the data. The transformation thus helps to distinguish the null and alternative hypothesis.
The advantage of this linear transformation will be discussed in Section 5. Similar transformations are also studied in, for
example, the detection problem through the innovated higher criticism in [ 13]. A similar innovated thresholding method is
also considered in [10] for an optimal classification procedure. _ _

A natural choice of Ais A = I. That is, the test is directly based on the sample means X; — X, for 1 < j < | < K. Define
the test statistic

i (X; — X))}

M; = max
n; +n Oiji

1=i=py o<k

(4)

where oj; are the diagonal elements of X. It will be shown in Section 5 that the test based on M; is uniformly outperformed
by the test based on Mg for testing against sparse alternatives.

2.2. Data-driven procedure

We have so far focused on the oracle case in which the covariance matrix is known. For testing the hypothesis Hy : u; =
M, = - -+ = py in the case of unknown covariance matrix, motivated by the oracle procedure My given in Section 2.1, the

general test statistic is Mz, where A is an estimator for A, defined by

nn AKX — X)))?
Mﬁ = max it ( ( jA l)), . (5)
1<i<p nj+mn bii

1<j<I<K
where (by) = B = ﬁ{Z{;] " (A(X; — X)))(A(X; — X))T}. For the specific choice of A = 2, we use the
PR

constrained £; minimization method given in [6] to estimate . Other good estimators of the precision matrix can also be
used. See more discussions in Remark 2 in Section 3.3.2. Then our final test statistic is

nn (ﬁ()_(j —X))?
nj+m by

Mg = max
1<i

(6)

<
=P <<k
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with (by) = B = ﬁ{Zf; S (R(X — X)) (R(X;; — X))"}. The simulation results in Section 4 show that the
=11
numerical performance of the test based on Mg is similar to that of the test based on Mg.

3. Theoretical analysis

We now turn to the analysis of the properties of Mg and Mg including the limiting null distribution and the power of the
corresponding tests. An intermediate correction for the limiting distribution is introduced. We will show that the test based
on Mg enjoys certain optimality when testing against sparse alternatives. Moreover, under suitable conditions the test based
on Mg performs as well as that based on Mg and thus shares the same optimality. The asymptotic null distribution of M; is
also derived.

3.1. Asymptotic distributions of the oracle test statistics

We first establish the asymptotic null distributions for the oracle test statistics Mg and M;. Let D; = diag(o1, .. ., Opp)
and D, = diag(w11, . . ., wpp), Where oy and wy are the diagonal entries of X and  respectively. The correlation matrix of
Xisthen I' = (y;) = D1_1/2):D]_1/2 and the correlation matrix of X isR = (r) = D;l/ZQD;]/Z. To obtain the limiting

null distributions, we assume that the eigenvalues of the covariance matrix X are bounded from above and below, and the
correlations in I' and R are bounded away from —1 and 1. More specifically we assume the following:

(C1): CO’] < Amin(¥) < Anax(X) < C for some constant Cy > 0;
(C2) : maxq<j<j<p lyjjl <11 < 1forsome constant0 < ry < 1;
(C3) : maxi<i<j<p |1jjl < 12 < 1for some constant0 < r, < 1.

Condition (C1) on the eigenvalues is a common assumption in the high-dimensional setting. Conditions (C2) and (C3) are
also mild. For example, if max;<;<j<p |rj| = 1, then X is singular.

_ 1 nin v v . nin Y. W\ NK—1NK /v _ wo\AT . .
LetY; = an( ﬁ(x] —X2)i, n1‘+33 X1—X3)iy ..., TP (Xk_1—Xk)i)', Let g be the b x b covariance matrix
of Yi: = (Yy,...,Yp)fori=1,...,p,whereb = @ Let o2 be the largest eigenvalue of X and d be the dimension of

the corresponding eigenspace. Let aiz, 1 <i < d, be the positive eigenvalues of X, arranged in a nonincreasing order and

taking into account the multiplicities. Further, if d' < oo, puto? = 0,i > d'.Let H() := [[2,;(1 — 0 /o?)~"/%. Then the
following theorem states the asymptotic null distributions for the oracle statistics Mg and M;.

Theorem 1. Let the test statistics Mg and My be defined as in (3) and (4), respectively.
(i) Suppose (C1) and (C3) hold. Then for any x € R, asp — oo,

d
Pho (Mg — 20% logp — (d — 2)o* loglogp < X) — exp (—F’l <5> H(X) exp (—%))
o

where I'(-) is the gamma function.
(ii) Suppose (C1) and (C2) hold. Then for any x € R, asp — oo,

d
P (M; —20%logp — (d — 2)o” loglogp < x) — exp (—F‘1 (5) H(X) exp (‘27)) -

When the sample sizes are equal, thatis, n; = n, = - -- = n, it is easy to check that 0> = % d=K—-—1andH(X) = 1.
Thus, we have the following simple expression for the asymptotic limiting distribution.

Corollary 1. Let the test statistics Mg and M be defined as in (2) and (4), respectively.

(i) Suppose (C1) and (C3) hold and ny = n, = --- = ng. Then forany x € R, as p — 09,
KK —3) (k-1 X
Pry | Mg — Klogp — ————1loglogp < x| — exp | —I — ] exp (——) .
2 2 K
(ii) Suppose (C1) and (C2) hold andny = n, = --- = ng. Then forany x € R, as p — 00,

K(K —3) 1 (K—=1 X
P M,—Klogp—#loglogpfx —exp|—-T — exp(—E) .

Theorem 1 holds for any fixed sample sizes n; for 1 < j < K and it shows that Mg and M; have the same asymptotic null
distribution. Based on the limiting null distribution, we propose the asymptotically «-level test

@, (R) = I{Mg > 20°logp + (d — 2)0* loglogp + qu} (7)



178 T.T. Cai, Y. Xia / Journal of Multivariate Analysis 131 (2014) 174-196

1 : : T

l = Type | extreme value Distribution

0.9

Empirical distribution

0.8 -

0.7 +

0.6

0.5

0.4 +

0.3

0.2

0.1+

0
-10 -5 0 5 10 15 20

Fig. 1. Comparison of the empirical cumulative distribution and the limiting cumulative distributions with p = 200,n; = --- =ns = 100 and K = 5.

where q,, is the 1 — « quantile of the type I extreme value distribution with cumulative distribution function exp(—F -1 (g)

H(X) exp (—ﬁ)) ie.,

d
gy = —20°log (1" (5» + 202 log(H(X)) — 202 loglog(1 — o).

The null hypothesis Hy is rejected if and only if @, (-) = 1. Similarly, we define
@, (I) = I{M; > 262 logp + (d — 2)o? loglogp + qu}.

Although the asymptotic null distribution of the test statistics Mg and M are the same, the power of the tests &, () and
@, (I) are quite different. It is shown in Section 5 that the power of @, () uniformly dominates the power of @, (I) when
testing against sparse alternatives.

3.2. Intermediate correction factor for large K

When the number of groups is larger than 3, the test &, () given in (7) based on the asymptotic distribution under
the null hypothesis summarized in Theorem 1 has serious size distortion because the convergence rate in distribution of
the extreme value type statistics is slow. See, for example, [12,15,4]. Fig. 1 illustrates the size distortion of the limiting
distribution in Theorem 1 by comparing its cumulative distribution with the empirical distribution when the data are
generated from N(O, I), withp = 200,n; = --- =ng = 100 and K = 5.

It can be seen from Fig. 1 that there is a noticeable difference between the two cumulative distributions, and directly
applying the limiting distribution in Theorem 1 would lead to a test whose true size is significantly different from the
nominal level. This distortion mainly comes from the accumulation of the normal approximation error when K is relatively
large. Thus, instead of directly calculating the approximated normal tails, we derive the following intermediate correction
for the asymptotic limiting null distribution.

Proposition 1. Define the test statistics Mg and M as in (3) and (4), respectively.
(i) Suppose (C1) and (C3) hold. Then for any x € R,
Puy (Mo < x,) /exp (—p - P(IY 5 = x,)) — 1

asp — oo, wherex, = 202 logp+ (d — 2)o? loglog p +x and Y is a Gaussian random variable with mean zero and covariance
matrix Xo, where X is the b x b covariance matrix as defined in Section 3.1.
(ii) Suppose (C1) and (C2) hold. Then for any x € R

Py (Mi < xp) / exp (=p - P(IY |15 = x5)) — 1

asp — oo, wherex, = 202 logp+ (d—2)o?loglog p+xand Y is a Gaussian random variable with mean zero and covariance
matrix Xo.

In light of the results given in Proposition 1, for any p x p positive definite matrix A, based on the test statistic M, given in
(2), a corrected t-level test can be defined by ¥, (A) = I{M, > t, p}, Where t, , satisfies P(||Y ||, > ty p) = —1/plog(1 — o)
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and Y is a Gaussian random variable with mean zero and covariance matrix Xy. In particular, we propose the corrected
a-level test

Wa(ﬂ) = I{Mﬂ > ta,p}~ (8)

Similarly, we define ¥, (I) = I{M; > tq p}.

As an illustration of the accuracy of the corrected distribution in Proposition 1, we compare its cumulative distribution
with the empirical distribution under the same setting as in Fig. 1, as well as the limiting distribution derived in Theorem 1.
We can see from Fig. 2 that the corrected asymptotic distribution is much closer to the empirical distribution and as a result
will provide a much more precise cutoff value for a given nominal level. Simulation results in Section 4 show that the actual
size of ¥, (R) is close to the pre-specified nominal level. We recommend to use the test @, () given in (7) for K < 3 and
use the test ¥, () given in (8) for K > 4.

3.3. The asymptotic properties of @, () and @, (ﬁ)

In this section, we analyze the asymptotic power of the test @, () and show that it is minimax rate optimal against
sparse alternatives. For a given positive definite matrix A, the corrected test ¥, (A) shares the same asymptotic properties as
@, (A) since it is derived from the intermediate correction term of the limiting distribution in Theorem 1 instead of directly
calculating the tail probability. Thus in this section we focus the discussion on the asymptotic properties of @, (A).

In practice, £ is unknown and the test statistic Mg should be used instead of Mg. Define the set of k,-sparse vectors by

p

$(ky) = {50’>,151<151<;  max {8 ;éO}gkp},
==k

where §% =/ :’:’11 (#; — pp). Throughout the section, we analyze the power of Mg and Mg under the alternative
7

Hi: W, 1<j<l<K}e $(ky) with k, = p" and the nonzero locations of §9,
forevery 1 <j < | < K, are randomly uniformly drawn from {1, ..., p}.

As discussed in [7], the condition on the nonzero coordinates in H; is mild. The same condition has been imposed in [13].
We show that, under some suitable assumptions, &, () performs as well as @, () asymptotically.

3.3.1. The asymptotic power of @, () and its optimality

The asymptotic power of @, () is analyzed under certain conditions on the separation among p; and g, for 1 <j <1 <
K. Furthermore, a lower bound is derived to show that this condition is minimax rate optimal in order to distinguish H; and
H,y with probability tending to 1.

1
Theorem 2. Suppose that (C1) holds. If r < 1/4 and max; |8il>/0;7 > /2028 logp with B > 1/(min; oyw;;) + € for some
constant ¢ > 0, then we have, as p — oo,

P, (@ () =1) — 1.



180 T.T. Cai, Y. Xia / Journal of Multivariate Analysis 131 (2014) 174-196

1
We shall show that the condition max; |;]>/0,7 > /2028 log p is minimax rate optimal for testing against sparse alterna-
tives, which is a direct result of Theorem 3 in [7]. First we introduce some conditions as in [7].

(C4) k, = p’ for somer < 1/2 and & = X' is s,-sparse with s, = 0((p/k?)") for some 0 < y < 1.

(C4) k, = p" for somer < 1/4.
(C5) |||, < M for some constant M > 0.

Define the class of a-level tests by
To = (D0 : PHO((pa=1)§a}-
Let A5 = $(kp) N {maxi<i<p |8;]» > c+/logp} be a set of k,-sparse vectors {8, 1 < j < 1 < K} with the £, norm of

(I81l2, ..., I8pl2) having the magnitude greater than or equal to c+/log p for some constant ¢ > 0. The following theorem

1
shows that the condition max; |8;|2/0;> > /2028 log p is minimax rate optimal.

n —

Theorem 3. Assume that (C4) (or (C4")) and (C5) hold. Let o, v > 0 and o + v < 1. Then there exists a constant ¢ > 0 such
that for all sufficiently largen;andp,i=1, ..., K,
inf sup P(@, =1) <1—v.
(80D 1<j<l<K}eAs  PuCTa

Remark 1. The lower bound result follows directly from Theorem 3 in [7]. We construct u; and u, exactly the same as
the worst case in the proof of lower bound result in [7] and let u; = 0 forj = 3, ..., K. Then the result of above theorem
follows.

3.3.2. The asymptotic properties of @, (ﬁ) and its optimality
We now analyze the properties of Mg and the corresponding test including the limiting null distribution and the
asymptotic power. We shall show that Mg has the same limiting null distribution as Mg and define the corresponding

test @, (ﬁ) by
@4 (R) = {Mg > 20> logp + (d — 2)o loglogp + qu}.
Under some suitable assumptions, the asymptotic properties of @, (fi) are similar to those of @, (2). Define the following
class of matrices that belong to an £, ball with0 < g < 1:
p
Uq(Sp, Mp) = {2 > 0: [|R[|, < M, 112];5;2 lwgl? <5, 1 -
- i=1
We assume that € € U4(s,, M) so £ can be well estimated by the CLIME estimator  under some conditions on sp and Mp;
see [6].

Theorem 4. Suppose that (C1) and (C3) hold and £ € Uq(sp, Mp) with

n(-0/2
Sp =0 ———mmm | . 9
T \M;(logp) 02 ©

(i) Then under the null hypothesis Hy, for any x € R,

d X
Pi, (Mg — 20%logp — (d — 2)o* loglogp < x) — exp (—F‘l (5> H(Xo) exp (_E)> ,
asnj,p — ooforj=1,..., K. Furthermore, for any x € R,

Py (Mg < x,) / exp (—p - P(IY 5 = xp)) — 1
as nj, p — oo, where x, = 202 logp + (d — 2)o? loglogp + x and Y is a Gaussian mean zero r.v. with covariance matrix .
(ii)Under the alternative hypothesis H, withr < 1/6, we have
Pu, (@ (R) = 1)
P, (94 (82) = 1)

’

1
asnj, p — ooforj=1,...,K. Furthermore, if max; |8i|,/o;7 > /2028 logp with f > 1/(min; oywy) + € for some constant
& > 0, then we have, forj =1, ...,K,

Py, (q)a(ﬁ) =1)— 1, asn,p— oo.
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By Theorem 4, we see that Mg and Mg have the same asymptotic distribution and power, and so the test @, (ﬁ) is also
minimax rate optimal.

Remark 2. The CLIME estimator in [6] is considered in this section. As in the two-sample case, other “good” estimators of
the precision matrix can also be used. In general, Theorem 4 still holds if logp = o(n) and the estimator 2 satisfies the
following conditions:

~ 1 N 1

@ — R, =0p | —— ) and max |b; —bi| =0p| — |, (10)
logp 1<i<p logp

where (bj) =: B = QX and (B,-j) —B=Q3Q.

3.3.3. Comparison with @, (I)

It is interesting to compare the power of the new test with the maximum test based on the original observations. More
specifically, we compare the power of the test @, () with that of @, (I) under the same alternative H; as in Section 3.3.2.
We show in the following Proposition that the power of @, () dominates the power of @, (I) under suitable conditions.

Proposition 2. Suppose (C1)-(C3) hold. Then under H; withr < 1/6, we have

lim inf (@@ =D

> (11)
p—>0 PH1 ((pa(l) = 1)

Proposition 2 shows that, under some sparsity conditions on {801), 1 <j <l <K}, &4(R) is uniformly at least as powerful
as @, (I). The test &, () can be strictly more powerful than @, (I). Assume that

1

o
H!: max W £0 =k, =p", r<-,
1 1§j<lgl<; {67 #0b =k, =p 2

ii

S
with nonzero elements /2028 logp < 1812 < +/202B;logp. (12)

The nonzero locations of §%, for every 1 <j <[ <K, are randomly and uniformly drawn from {1, ..., p}.

Proposition 3. Suppose that (C1)-(C3) hold and min;<;<p ojjw;; > 1+ & for some &1 > 0. Then, under H; with

(1—r)?

min gijiWii
1=<i<p

+e<Bo<Bi<(1—+r)?

for some € > 0, we have

lim Py (P(R) = 1) = 1
p—>00 1

and

lim sup PHQ (@) =1) <.
p— o0

When the variables are correlated, w;; can be strictly larger than 1/c;. For example, let £ = (¢/"!) with |¢| < 1. Then
min;<j<p ojiw;; > (1 — ¢?)~! > 1.Thatis, &, () is strictly more powerful than &, (I) under Hj. For reasons of space, we
omit the proofs of these two propositions.

4. Simulation study

In this section, we consider the numerical performance of the tests &, () and cDa(ﬁ) and compare these tests with a
number of other tests, including the oracle test @, (I), the tests based on the sum of squares type statistics in [11,16,19], and
the commonly used likelihood ratio test. These last four tests are denoted respectively by FHW, Sc, Sr and LRT respectively
in the tables below.

In the simulations, we consider two settings on the number of the groups: K = 3and K = 5. We follow the recommenda-
tions made in Section 3.2 by using the test @, () givenin (7) for K = 3 and using the test ¥, (2) given in (8) for K = 5. We
shall always take p; = 0. Under the null hypothesis, u, = - - - = ux = 0, while under the alternative hypothesis, we take
i = Wity -« -, uip)T, fori = 2, ..., K, to have m nonzero entries with the support S; = {l1j, ..., lim : i1 < lp < -+ < lim}
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uniformly and randomly drawn from {1, ..., p}. Forany l; € §;, Wil has magnitude randomly uniformly drawn from the

interval [—+/21ogp/n, /2log p/n]. We take py = 0 fork € S;.

For both K = 3 and K = 5, we consider three different values of m: the extreme sparse alternative, moderate sparse
alternative and non-sparse alternative. In this simulation study, the dimension p takes values 50, 100, 200 and 400, and the
corresponding values of m for each dimension are as follows. Under the extreme sparse alternative, let m = 2 for p = 50
and 100 and m = 5 for p = 200 and 400. We select m = 5 for p = 50, m = 10 for p = 100, m = 15 for p = 200 and
m = 20 for p = 400 when the alternative is moderate sparse. In the scenario when the alternative is non-sparse, we choose
m = 20 for p = 50, m = 30 for p = 100, m = 40 for p = 200 and m = 50 for p = 400. We consider m = 50 as a non-sparse
alternative when p = 400, because in this case the number of nonzero entries of the difference of any pair of mean vectors
can be as large as 100, and the value k, as defined in Section 3.3 is equal to 150 when K = 3 and is equal to 250 when K = 5.

Three different settings of the precision matrix € are considered in the simulation: € is known, £ is unknown but sparse
and the case where the covariance matrix X is unknown but sparse. In the case when  is known, we compare the oracle
performance of the three tests based on the maximum-type statistics with the tests based on the sum of squares type
statistics. When € is unknown, we use the CLIME estimator in [6] to estimate it when  is sparse, while the inverse of
the adaptive thresholding estimator in [5] is used to estimate when X is sparse.

Let D = (dj) be a diagonal matrix with diagonal elements d; = Unif(1, 3) fori = 1, ..., p. Denote by Anyin(A) the
minimum eigenvalue of a symmetric matrix A. In the case when the precision matrix €2 is known, the following two models
for X are considered:

e Model 1: £* = (o) where 67 = 1,0 = 0.5 fori # j. £ = D'/*%*D"/>.
e Model 2: ¥* = (o) where ojf = 1,07 = Unif(0, 1) fori < jand ojf = o7. £ = DV*(X* 4 8I)/(1 + §)D"/* with

d= Mmin(z*ﬂ + 0.05.

In the case when the precision matrix  is sparse, we consider the following two models:

e Model 3: X = (o) whereo;; = 1,05 = 0.8for2(k—1)+1 <i#j < 2k,wherek =1, ..., [p/2] and o;; = O otherwise.
e Model 4: ¥ = (o) where o;j = 0.6/ for 1 < i,j < p.

The following two models are considered when the covariance matrix X is sparse:

e Model 5: ¥* = (ai]’-‘) where o;f = l,a,-;.‘ =08for2(k—1)+1<iz#j<2k wherek =1,...,[p/2] and a,-]’.‘ =0
otherwise. £ = D'/?%*D'/2, o

e Model 6: @ = (wj;) where w; = 0.6/ 7 for 1 < i,j < p. £ = D@D,

Under each model, two independent random samples {X} and {Y} are generated with the same sample size n = 100
and n = 60 for K = 3 and K = 5 respectively from two multivariate normal distributions with the means g, and pu,
respectively and a common covariance matrix X. The size and power are calculated from 1000 replications. The numerical
results are summarized in Tables 1-4.

It can be seen from Table 1 that the estimated sizes are close to the nominal level 0.05 for all the tests. Tables 2-4
summarize the power results under various alternatives. Under the extreme sparsity alternative, Table 2 shows that the
tests based on the sum of squares test statistics have trivial power, while the oracle test &, () has the highest power
in all six models over all dimensions ranging from 50 to 400, and the performance of the test @, () based on either the
CLIME estimator or the inverse of the adaptive thresholding estimator is close to that of the oracle test @, (&) in Models
3-6. Under the moderate sparsity alternative, similar phenomena are observed, the tests @, (2) and @, () are significantly
more powerful in comparison to the other tests.

When the number of nonzero entries increases, the powers of all tests increase as well. Under the non-sparse alternative,
as can be seen from Table 4, the sum of squares type tests also enjoy high power in Models 3 and 4. In other models, the
tests @, (R) and &, (L) still significantly outperform the other tests though the alternative is non-sparse. In summary, The
tests ¥, () and ¥, () perform similarly and significantly outperform the other tests against a full range of alternatives in
the simulation study. Similar phenomena are observed for the corrected tests as shown in Tables 2-4.

As a graphical illustration, we also summarize the power comparison results in Fig. 3 for K = 3 and p = 400. The
horizontal axis represents each model and the vertical axis represents the powers of the four tests. We do not include LRT,
Sr and @, (f2) because, when p = 400 LRT is not well defined and Sr has trivial power, and &, () has similar power as
@, (R). It can be easily seen from Fig. 3 that the test @, () significantly outperforms the other tests.

5. Discussion

We introduced in this paper the data-driven testing procedure <1>a(s°z) and showed that it performs particularly well
against sparse alternatives. This procedure requires a good estimate of the precision matrix 2. We have mainly focused in
this paper on the sparse precision matrices for which the CLIME estimator is known to perform well. The test @, (fl) can be
used with a much wider range of covariance/precision matrices. As mentioned in Section 3.3, one only needs an estimate Q
satisfying the £, condition (10) and then the result given in Theorem 4 extends directly. For example, when the covariance
matrix X is either sparse or bandable, Condition (10) can be achieved by inverting thresholding or tapering estimators of
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Table 1
Empirical sizes of tests with « = 0.05.n = 100 when K = 3 and n = 60 when K = 5. Based on 1000 replications.
p 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400
K=3
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6
LRT 0.06 0.05 0.05 - 0.05 0.05 0.06 - 0.06 0.06 0.06 - 0.04 0.06 0.06 - 0.05 0.06 0.07 - 0.06 0.06 0.06 -
FHW 0.09 0.06 0.07 0.06 0.06 0.05 0.05 0.02 0.04 0.04 0.03 0.02 0.06 0.06 0.03 0.02 0.05 0.05 0.03 0.02 0.05 0.05 0.03 0.01
Sc 0.09 0.06 0.08 0.06 0.06 0.06 0.07 0.05 0.05 0.05 0.05 0.05 0.06 0.07 0.06 0.06 0.06 0.06 0.05 0.06 0.06 0.06 0.06 0.06
Sr 0.06 0.05 0.05 0.00 0.05 0.05 0.06 0.00 0.06 0.06 0.06 0.00 0.04 0.06 0.06 0.00 0.05 0.06 0.07 0.00 0.06 0.06 0.06 0.00
@, (I 0.03 0.03 0.03 0.02 0.04 0.05 0.04 0.06 0.04 0.04 0.04 0.03 0.05 0.04 0.05 0.05 0.04 0.06 0.04 0.03 0.04 0.05 0.05 0.05
®,(R) 0.05 0.06 0.04 0.05 0.04 0.03 0.05 0.03 0.04 0.04 0.06 0.05 0.05 0.05 0.05 0.06 0.04 0.05 0.04 0.05 0.05 0.04 0.06 0.05
P, (R) - - - - - - - - 0.06 0.06 0.07 0.07 0.06 0.07 0.07 0.08 0.05 0.05 0.05 0.06 0.06 0.04 0.06 0.06
K=5
LRT 0.06 0.06 0.07 - 0.05 0.06 0.08 - 0.06 0.06 0.05 - 0.06 0.06 0.06 - 0.05 0.05 0.08 - 0.07 0.06 0.05 -
FHW 0.09 0.08 0.07 0.06 0.06 0.06 0.05 0.03 0.05 0.06 0.03 0.02 0.06 0.06 0.04 0.01 0.05 0.04 0.03 0.03 0.05 0.04 0.02 0.01
Sc 0.09 0.08 0.07 0.06 0.07 0.06 0.06 0.06 0.06 0.07 0.06 0.05 0.06 0.07 0.06 0.04 0.06 0.05 0.05 0.06 0.06 0.06 0.05 0.05
Sr 0.06 0.06 0.07 0.00 0.05 0.06 0.08 0.00 0.06 0.06 0.05 0.00 0.06 0.06 0.06 0.00 0.05 0.05 0.08 0.00 0.07 0.06 0.05 0.00
v, (D) 0.04 0.03 0.03 0.03 0.05 0.04 0.05 0.05 0.04 0.06 0.05 0.05 0.04 0.05 0.05 0.05 0.05 0.04 0.05 0.04 0.05 0.05 0.05 0.05
v, (R) 0.04 0.06 0.05 0.04 0.04 0.05 0.06 0.04 0.03 0.05 0.05 0.06 0.05 0.06 0.06 0.04 0.06 0.05 0.05 0.05 0.05 0.05 0.04 0.05
v, () - - - - - - - - 0.06 0.07 0.07 0.08 0.06 0.06 0.06 0.07 0.05 0.07 0.07 0.07 0.06 0.06 0.06 0.06
Table 2
Powers of tests under extreme sparse alternative with « = 0.05. Based on 1000 replications.
p 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400
K = 3 with extreme sparse alternative
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6
LRT 0.11 0.06 0.28 - 0.23 0.14 0.15 - 0.26 034 0.34 - 0.26 0.22 0.33 - 0.19 0.14 0.21 - 0.04 0.08 0.11 -
FHW 0.08 0.11 0.05 0.04 0.14 0.06 0.09 0.09 0.18 0.10 0.11 0.19 0.08 0.12 0.19 0.12 0.13 0.05 0.08 0.08 0.00 0.05 0.12 0.09
Sc 0.11 0.11 0.05 0.04 0.14 0.06 0.05 0.04 0.16 0.10 0.11 0.16 0.08 0.11 0.19 0.07 0.13 0.03 0.06 0.03 0.00 0.05 0.07 0.05
Sr 0.11 0.06 0.28 0.00 0.23 0.14 0.15 0.00 0.26 0.34 0.34 0.00 0.26 0.22 0.33 0.00 0.19 0.14 0.21 0.00 0.04 0.08 0.11 0.00
@, (I 0.07 0.05 0.11 0.06 0.16 0.07 0.09 0.09 0.14 0.13 0.26 0.27 0.17 0.16 0.25 0.14 0.08 0.07 0.11 0.09 0.05 0.09 0.11 0.04
P (R) 007 0.12 048 027 029 0.15 045 0.73 0.48 0.78 0.82 1.00 0.28 0.43 0.69 059 0.19 0.17 045 049 0.12 0.11 0.18 0.12
D, (R) - - - - - - - - 0.47 0.80 0.84 0.99 0.32 0.44 0.72 0.60 0.19 0.19 0.47 0.48 0.14 0.11 0.21 0.13
K = 5 with extreme sparse alternative
LRT 0.07 032 0.33 - 054 0.15 0.52 - 0.79 0.72 0.71 - 0.44 036 0.19 - 0.21 035 0.28 - 0.29 0.13 0.13 -
FHW 0.09 0.13 0.07 0.07 0.10 0.09 0.08 0.10 0.18 0.14 0.27 0.25 0.26 0.20 0.11 0.21 0.11 0.14 0.12 0.13 0.18 0.11 0.09 0.11
Sc 0.09 0.13 0.07 0.08 0.08 0.07 0.07 0.05 0.18 0.11 0.21 0.22 0.26 0.20 0.10 0.13 0.11 0.13 0.07 0.08 0.18 0.09 0.07 0.02
Sr 0.07 0.32 0.33 0.00 0.54 0.15 0.52 0.00 0.79 0.72 0.71 0.00 0.44 0.36 0.19 0.00 0.21 0.35 0.28 0.00 0.29 0.13 0.13 0.00
@, (I 0.06 0.26 0.11 0.18 0.17 0.14 0.19 0.18 0.34 0.24 0.43 0.21 0.26 0.26 0.17 0.31 0.03 0.11 0.10 0.15 0.13 0.06 0.07 0.05
P (R) 012 057 059 074 0.89 0.34 1.00 1.00 0.86 0.94 0.98 1.00 0.56 0.75 053 0.92 0.28 043 0.65 0.79 0.25 0.09 0.19 0.23
D, (R) - - - - - - - - 0.85 0.96 0.98 1.00 0.58 0.75 0.54 0.93 0.30 0.42 0.66 0.81 0.25 0.11 0.17 0.27
Table 3
Powers of tests under moderate sparse alternative with « = 0.05. Based on 1000 replications.
p 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400
K = 3 with moderate sparse alternative
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6
LRT 0.36 0.37 0.28 - 054 0.79 0.69 - 0.81 1.00 1.00 - 0.70 0.83 0.68 - 0.65 0.78 0.76 - 0.35 022 0.21 -
FHW 0.15 0.08 0.11 0.10 0.05 0.20 0.13 0.15 0.40 0.61 0.68 0.48 0.28 0.42 0.41 0.40 0.15 0.36 0.32 0.28 0.11 0.09 0.09 0.14
Sc 0.15 0.08 0.11 0.10 0.05 0.19 0.10 0.12 0.40 0.58 0.59 0.34 0.28 0.38 0.32 0.22 0.15 0.32 0.21 0.15 0.10 0.08 0.05 0.05
Sr 0.36 0.37 0.28 0.00 0.54 0.79 0.69 0.00 0.81 1.00 1.00 0.00 0.70 0.83 0.68 0.00 0.65 0.78 0.76 0.00 0.35 0.22 0.21 0.00
v, (I 0.19 0.04 0.17 0.18 0.11 0.15 0.17 0.23 0.28 0.52 0.54 0.40 0.34 0.44 0.38 0.58 0.13 0.26 0.27 0.17 0.06 0.11 0.07 0.11
v,(2) 025 032 0.53 0.69 091 1.00 1.00 0.96 0.85 1.00 1.00 1.00 0.76 0.88 0.87 0.96 0.57 0.81 0.95 0.98 0.38 0.23 0.22 0.47
v, () - - - - - - - - 0.84 1.00 1.00 1.00 0.78 0.87 0.91 0.96 0.57 0.82 0.95 0.99 0.37 0.24 0.25 0.49
K = 5 with moderate sparse alternative
LRT 091 061 0.76 - 0.97 096 093 - 1.00 1.00 1.00 - 0.86 0.79 0.52 - 0.93 099 0.96 - 0.31 0.83 0.29 -
FHW 0.12 0.10 0.09 0.08 0.17 0.21 0.37 0.53 0.56 0.96 0.86 0.95 0.31 0.26 0.20 0.85 0.22 0.35 0.53 0.51 0.16 0.34 0.19 0.17
Sc 0.12 0.10 0.09 0.08 0.16 0.16 0.31 0.32 0.56 0.94 0.82 0.92 0.30 0.26 0.20 0.82 0.19 0.31 0.45 0.33 0.15 0.29 0.11 0.07
Sr 091 0.61 0.76 0.00 0.97 0.96 0.93 0.00 1.00 1.00 1.00 0.00 0.86 0.79 0.52 0.00 0.93 0.99 0.96 0.00 0.31 0.83 0.29 0.00
v, (I) 0.15 0.20 0.26 0.43 0.18 0.12 0.45 0.28 0.54 0.78 0.68 0.74 0.36 0.37 0.40 0.76 0.20 0.37 0.33 0.19 0.11 0.24 0.13 0.13
v,(2) 065 063 0.81 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.96 0.92 0.94 1.00 0.80 1.00 1.00 1.00 0.32 0.66 0.28 0.36
v, (R) - - - - - - - - 1.00 1.00 1.00 1.00 0.96 0.93 0.92 1.00 0.81 1.00 1.00 1.00 0.36 0.68 0.27 0.37
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Table 4
Powers of tests under non-sparse alternative with @ = 0.05. Based on 1000 replications.
p 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400 50 100 200 400
K = 3 with non-sparse alternative
Model 1 Model 2 Model 3 Model 4 Model 5 Model 6
LRT 0.99 099 1.00 - 1.00 1.00 0.99 - 1.00 1.00 1.00 - 1.00 1.00 1.00 - 1.00 1.00 093 - 0.69 0.71 0.71 -
FHW 0.17 0.12 0.15 0.06 0.42 0.63 0.62 0.69 0.94 0.98 1.00 1.00 0.82 0.96 1.00 0.98 0.41 0.63 0.65 0.84 0.30 0.43 0.38 0.41
Sc 0.16 0.12 0.14 0.06 0.38 0.57 0.52 0.54 0.94 0.98 0.98 1.00 0.82 0.96 1.00 0.92 0.41 0.55 0.54 0.71 0.30 0.37 0.28 0.21
Sr 0.99 099 1.00 0.00 1.00 1.00 0.99 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00 1.00 1.00 0.93 0.00 0.69 0.71 0.71 0.00

v, (I 0.34 0.35 047 0.54 0.38 0.39 0.44 0.52 0.74 0.64 0.86 0.86 0.68 0.66 0.84 0.84 0.31 0.34 0.42 0.48 0.22 0.17 0.24 0.21
¥, () 088 0.89 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.73 0.73 0.88 0.69

7@ - - - - - - - - 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.77 0.72 0.90 0.75
K = 5 with non-sparse alternative

LRT 1.00 1.00 1.00 - 1.00 1.00 1.00 - 1.00 1.00 1.00 - 1.00 1.00 1.00 - 1.00 1.00 1.00 - 0.95 096 0.92 -

FHW 0.59 0.21 0.27 0.10 0.93 0.96 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.96 1.00 0.94 1.00 0.99 1.00 0.46 0.53 0.66 0.69

Sc 0.59 0.21 0.27 0.10 0.91 0.96 0.98 0.99 1.00 1.00 1.00 1.00 1.00 1.00 0.96 1.00 0.93 1.00 0.97 0.97 0.41 0.50 0.54 0.47

Sr 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00 1.00 1.00 1.00 0.00 0.95 0.96 0.92 0.00

v, (I 0.83 045 0.63 0.62 0.59 0.66 0.87 0.75 1.00 0.98 0.98 1.00 0.84 0.82 0.86 0.94 0.59 0.78 0.73 0.85 0.23 0.30 0.26 0.21
¥, (%) 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.88 0.87 0.97 0.87

¥, (R) 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 090 0.88 0.97 0.86
1
— FHW
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Fig. 3. Plots of the comparisons of powers for all models.

the covariance matrix X. The simulation results showed that the data-driven test @, (fl) performs well when X is sparse.
See [8] for further details on estimating covariance matrices and their inverse under the matrix £; norm.

In the present paper, it is shown that the test @, () outperforms @, (I) when testing against sparse alternatives. Similar
comparison can be made between @, () and @, (2'/?) as in [7]. The power of &, () can be proved to dominate the power
of &, (/%) as in Proposition 2, but under stronger conditions. For reasons of space, we omit the discussion in this paper.

We have focused on the Gaussian case in this paper. The results can be extended to non-Gaussian distributions. Let X,
j=1,...,K, be p-dimensional random vectors satisfying

where U, ..., Uy are independent and identical distributed random vectors with mean zero and covariance matrix
% = (0j)pxp- Let V; = QU; =: (Vyj, ..., V)T forj = 1,..., K. The results in Theorem 1, Proposition 1 and Theorem 4 still
hold with the Gaussian assumption replaced by either of the following moment conditions.

e (C6). (Sub-Gaussian-type tails) Suppose that log p = o(n'/4). There exist some constants > 0 and C > 0 such that
Eexp(nVj/wy) <C for1<i<p,1<j<K.

e (C7). (Polynomial-type tails) Suppose that for some constants yg, c; > 0, p < ¢yn’?, and for some constants € > 0 and
C>0

1
ElVj/w2 [P0 <C for1<i<p,1<j<K.

6. Proof of main results

We prove the main results in this section. We begin by collecting and proving in Section 6.1 a few technical lemmas that
will be used in the proofs of the main theorems.
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6.1. Technical lemmas

Lemma 1 (Bonferroni Inequality). Let A = U‘t’:l A;. Forany k < [p/2], we have

2k 2k—1

D (=DTE < PA) < Y (-DTE,

t=1 t=1

where E; = Z]Si1<'“<itfp P(Ai, N+~ NA).

Lemma 2 (Berman [3]). If X and Y have a bivariate normal distribution with expectation zero, unit variance and correlation
coefficient p, then

. PX>cY>o0
lim =1,

X 2 (1 - )2 exp (— 15 ) (14 )

uniformly for all p such that |p| < §, forany §,0 < 4§ < 1.

Lemma 3 (Zolotarev [22]). Let Y be a nondegenerate Gaussian mean zero r.v. with covariance operator X. Let o2 be the largest
eigenvalue of X and d be the dimension of the corresponding eigenspace. Let aiz, 1 < i < d, be the positive eigenvalues of
¥ arranged in a nonincreasing order and taking into account the multiplicities. Further, if d < oo, put Uiz =0,i>d.Let
H(X) = [[Z41(1 = o0?/c?) "2 Then for y > 0,

PUIY | > v} ~ 240°y" 2 exp(=y*/(207)), asy — oo,
where A := (20%)~921~1(d/2)H(X) with I" (-) the gamma function.
Lemma 4. For general positive definite matrix A and (b;;) =: B = AXA, suppose C7! < Amin(A) < Amax(@) < C and
C7!' < Amin(B) < Amax(B) < C for some constant C > 0 and X has all diagonal elements equal to 1. Then for p"-sparse

(80,1 < j < I < K}, withr < 1/4 and nonzero locations of 8% randomly and uniformly drawn from {1, ..., p} for every
1 <j<I<K,wehave

P(%X LZ; - j%l&lz = O(p“““)qgl&b) -1, (13)
and
P(max n” o s = O(pr‘“/z)maxa'gl)> -1 (14)
ieH | o/bii ~/bii ' ieH ’
for1 <j <1l < Kandforany2r < a < 1 —2r,asp — oo, where §; = (8;12), 81-(13), e, Bi(K_”())T and §; =
(A8, ..., (AS M) )T forieH:={1<i<p:8" #£0forsomel <j<I<K}={i,...,in)
Proof of Lemma 4. We only need to prove (13) because the proof of (14) is similar. We re-order a;1, ..., aj as |ajq)| >

- > |ajp|. Let a satisfy 2r < a < 1 —2r withr < 1/4.Defined = {1 <i; <--- <in < p}and
Jo={1<i;<---<in <p: thereexistsome 1 < k < mandsomej # kand 1 <j < m, such that
|Giyi; > @i, oy [}

We can show that

=0 (")) /(2)

So we have % = 0(p*™? 1) = o(1).For 1 <t < m, write

> s = 3 (z) P> ( > ) |

1<j<I<K 1<j=I<k \k=1 1<j=I<K a=Tat
So we have
m m
0,12 = | i, + E Qigig8iy | > a4, 8|2 — E @i 63|
q=1.q#t 2 q=1.q#t 2
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and |n;, |2 < @, 8,12 + | ZZ‘:LQ# @i,i, 8i, |2 Note that for any (iy, ..., in) € 4G,

m . Cl
Z |iig| =P [ —-
q=1,q#t b

It follows that for H € dgandi € H,
Imil2 @i

So the lemma is proved. =

18il2 + O(p""?) max |§i .
ieH

6.2. Proof of Theorem 1

Without loss of generality, we assume o;; = 1fori = 1,...,p throughout the proof. Let Y; = ( nrifrzlz X, —
X5)i, n’:‘f% X1 = X3)i ..., /nl’:m (Xk—1 — Xx))T. Let Xy be the b x b covariance matrix of Y; = (Yii, ..., Yp)"
fori=1,...,p,whereb = @ Let M;, = max<i<p |Y,-|§. Then it is enough to prove the following lemma.

Lemma 5. Suppose that max<ixj<p loy| <1 < 1and C(;1 < Amin(X) < Anmax(X) < Co. We have

P (Mn —20%logp — (d — 2)o% loglogp < x) — exp (—F‘l (g) H(X) exp(—x/202)> . (15)

Proof. Setx, = V202 logp + (d — 2)o2 loglog p + x. By Lemma 1, we have for any fixed m < [p/2],

m 2m—1
Z(_])[—lEt <P <max |Yi|2 > Xp> < Z (—1)[_15“ (16)
1<i<p
t=1 =1
where
E= 3 P(Vub =% ..V 2x)= Y Py
1<ij<--<ir<p 1<ij<--<it<p

Then it suffices to show that
1 __.(d ¢ tx
Yo P =0+o)=I = JH (D) exp (- ). (17)
1< ) t! 2 202
<iy<--<ig=p
When t = 1, by Lemma 3, we have
1 (d X
Y Py=+oNr (5 ) H® exp (——) .
5 2 202
=11=p
This implies (17). It remains to prove the lemma when t > 2. Let y > 0 be a sufficiently small number which will be

specified later. Define

I=11<i<---<ig<p: max |oy|l=p 7.
1<k<I<t

For d = 1, define
Ji={1<ii<---<ig<p:loyl >p forevery1 <k <l=<t}.
Sowhent = 2,wehaved = {;.For2 <d <t — 1andt > 3, define
Jg = {1 <i; <--- <i, <p:thecardinality of S is d, where S is the largest subsetof

{i, ... i} such that Vk # [ € S, |y | < p~7}.

So we have 4 = Uf;] Jq for t > 2. Let Card({4) denote the total number of the vectors (iy, ..., i;) in 4. We can show
that Card(44)< Cp?*2rt. In fact, the total number of the subsets of {is, ..., i;} with cardinality d is (5) For a fixed subset
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S with cardinality d, the number of i such that |oj;| > p~" for some j € S is no more than Cdp®”. This implies that
Card(4q4)< Cp®+2! Define 4 = {1 < i; <

< iy < p} \ {. Then the number of elements in the sum Z(il
is (7) = 0y p770 = (7) — 0@ ) = (1 + o(1)) (§)-
To prove Lemma 5, it suffices to show that

,,,,, ir)edc Pi,...ie
_ —t d t —t tx
Py i = +o()I 3 H (Z)p™ exp ) (18)
uniformly in (i1, ...,i;) € 4 andfor1 <d <t —1,
> Pii—0 (19)
(i1,.it)€dq
By submitting (18) and (19) into (16), we obtain that

(1+o0(1)Sm <P (1max |Yil, > Xp) < (14 0(1))Szm—1,
<i<p

(20)
where S, = Y (=D I TH(HHY(E) exp(—327). Note that

—r! d H(Z) exp(—x/20?
5 p(—x/207) ).

By letting p — oo first and then m — oo in (20), we prove Lemma 5
First we prove (18). Let Y = (Y7

m— 00

lim S, =1 —exp

oo YT and (Zi, . Z)T =0 Z ~ N(O, Inp), where b = Dz, =
(Zvj;s .,bej)T forj=1,...,tand Y and Z are independent. Let |Y|; = mini<j< |¥;[> and let 2, = Cp~7/* for some
constant C > 0. Then we have

Pireie = P(Y e = %)

IA

P <|1? +ApZle = Xp — hp max |z,-j|2>
<j=<t
1
(27)bt/2 det(E + Apl)1/2

1
/ exp (—sz():l + Apl)’lz> dz
2l =xp—Cp7 /3 2
+P (Ap max |Z; |, > Cp‘”8>
1<j<t
1
<
T @2m)Pt/2det(X + Apl)1/?

1
/ exp (—sz(z1 + xpl)lz) dz + 0(p™%), (21)
2l =xp—Cp7 /8 2

where z € R and ¥, is the covariance matrix of Y and C is a constant. Let ¥ be a bt x bt matrix with Ejbﬂz(,-ﬂ)b’jbﬂ:(jﬂ)b =
Yoforj=0,...,t—1and X; = 0 otherwise. For (i1,
and |X;| < p~7 otherwise. Write

., it) € 45 we have Xqjpi1:4+1)b,jp+1:G+1)p = Zoforj =0, ..., t—1

1
/ exp (—sz():l + A,,I)‘lz> dz = / exp (—sz():l + kpl)‘lz) dz
Jzle =3 —Cp7 /8 2 Jzle 2x,—Cp7 /8, 12112 = (log p)>? 2

1

+ / exp (—sz(z1 + Apz)—1z> dz. (22)
lzl=xp—Cp~ /3. |z 2<(log )2 2

Because Amax(Z1 + Apl) < Amax(To) + O(p~7/#) < M by some constant M > 0, we can get

/ exp <—sz(21 + Apl)_]z) dz < Cexp(—(logp)?/2bt) < Cp~2,
lzle2x,—Cp7 /8, | 2]12= (log p)>? 2

(23)
., Ir) € I°. For the second part of the sum in (22), note that
I(E1+ 2D = E+ 1D < CA%p 7 < p 72,

uniformly in (iq,

(24)
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we can obtain that

1
/ exp (— —ZI(Z + A,,I)”z) dz
lzle 2xp—Cp /8, 1212 < (log p)? 2

1 - 1.~
= / exp (—sz(o:l +aD) =+ A0 Nz — =2 (2+ )\pl)-lz) dz
Izl 2xp—Cp~7 /8. 1212 <(log p)? 2 2

= (1+0(p~""?(logp)?)) exp <— %ZT(f + Apl)‘lz> dz

|zle=xp—Cp~7/8, |22 < (log p)?

= (14 0(p~""*(logp)*)) exp (— %zT(E + Apl)lz) dz 4+ 0(p~2bt)

|z]¢>xp—Cp~V /8

t
1
= (1+ 0" (logp)")) / exp (—fz,T] (S0 + )\pl)*lzil) gz, | + o002, 05)
llzi; 2 =xp—Cp=7/8 2

where z;, € RP.So for (iy, . .., ir) € 4¢, we have

= (1+0(1) (P(Yi ]2 = %)) +Cp*

—t d t —t tx
= Q40N | s )JH®Ep exp|—-= ), (26)
2 202
where the last equation comes from Lemma 3. Similarly, because
P(Y| = %) = P<|fr+xp2|[ = Xy + kp max |zi,-|2>, (27)
<j<
we can get
. (d _ tx
Pipic = (1 =0 (5> H'(Z)p~" exp (—ﬁ> (28)
So (18) is proved.

It remains to prove (19). For S C J4 with d > 1, without loss of generality, we can assume S = {i;_441, ..., i¢}. By the
definition of S and {4, for any k € {i1, ..., i;_q4}, there exists at least one [ € S such that |oy| > p~7. We divide {4 into two
parts:

lg1 = {1<iy <---<i <p:thereexistsank € {iy, ..., i;_q} such thatfor some Iy, I, € S with
Ii # b, low,| = p~” and |o,| = p~7},
La2 = La \ La,1-

Clearly, 417 = @ and 4;, = J;. Moreover, we can show that Card({4)< Cp* '*?’‘, Similarly as proved in (21) and
(26)-(28), forany (i1, ..., ;) € 44,1,

P(IYil2 = Xpo o Yigl2 = %) < P(IYiyiil2 > %p, o, [Yila = %) = 0(p79).
Hence by letting y be sufficiently small,
D Py ST =0(). (29)
24,1
Forany (iy, ..., it) € 44, without loss of generality, we assume that |0y, ;,_,.,| > p~”. Note that
P(IYil2 = Xp, oo IYil2 = %) < P(IYiyl2 = X, [Yie g2 = Xp oo Y2 = %)
Let W, be the covariance matrix of (Y|, Yl-T[_dH, ..., YDT. We can show that [W, — W], = O(p~"), where W, =

diag (D, f(t_d)m_];[b,(t_mb“;tb) and D is the covariance matrix of (YiT] , Ygim )T. Using the similar arguments as in (22)-(25),
we can get

P(IYil2 = %p, - I¥il2 = %) < (14 0(D))P(Yi, |2 = X, [Yi_g,y 12 = %) x O~ ) + 0(0~%).



T.T. Cai, Y. Xia / Journal of Multivariate Analysis 131 (2014) 174-196 189

DefineasetA={—1,—-1+p™%, —1+2p7%, ..., —1+4+2[p*]p~*, 1}, where « is a constant that will be specified later and
[p® ] is the largest integer no larger than p*. Because Y, | = supj;,—; |Yile|, we have

P(Yi l2 = Xp, [Yi_gyy |2 = Xp) = P(sup Yzl = X, sup Y .2 = xp>

lzl2=1 1z|2

T —a T —a
<P max |Y;z| >x, —Cmax |Y|p max |Y; z| > x, — C max |Yj Ip
(zieA,\z\zzl B P 1<j<b h ? zieA |z]p=1 't—d+1 p 1<j<b Jle—d+1

< P( max |Y]z|>x,—Cp~*? max |Y]  z[>x,— Cp’“/2> +0(p™H)

Ir—,
zi€A, |z]p=1 zi€A, |z]p=1 t—d+1

< (A+o()p™ max  POY]zW| = x,, Y] | 2P| =x)+0(p™™)

7" €A 20 ]p=1

ir—d+1

< (1+o(1)Cp™ ,, max (IX1| > xp/\/V ar(YzD), %] = X/, /V ar(Y] 1z(z>))+0@‘2f>
7" €A 120)]p=1

fori =1,...,bandj = 1,2, wherex; = Y{ 2"/ /Var(Y{z®) ~ N(0,1) andx, = Y| de(z)/ /Var(Y] 2P~
N(0, 1) and
Cov(Y[ 2z, Y[ ;,,2?)

Cov(x1, X3) =

\/V ar(YTz“))V ar(Yl - 12(2))
Because
1 a H_(
Var(¥{z) = Y~ cov(¥z" Yz ") = Z &2z,
1<j,l<b <j,I<b
and

2 (2) (2) (2),(2)
var(Y] z?)= )" Cov(¥i_,.z" Yz = Y &zP7”,
1],1<b 157.1<b

where & = Cov(Yj;,, Yj;,), then we have

T T _ M, @@
\/V ar(YizD)Var(Y; z?)= \/ Z &1z 'z Z &1z, 7

1<j,I<b 1<j,I<b
— (1) 2) (1) )
=2 6574 3 &y
1<j,I<b <j,I<b
1, 2)
= Z &1z, 7"
1<j,I<b

Also we have

T, T 2 (M () (1) (2)
COV(Yilz( ), Y[_d+1z( )) = Z COV(Yﬁ]Zj ) Ylit_d_H ) - Z Tijie_ d_nglz P
1<j,I<b 1<j,I<b

so we get Cov(X1, X2) = Tijj_y,,- In addition, V ar(Y] z") < Amax(Zo) = o and v ar(YLde(z)) < Amax(Zo) = o2, we

have
P(Yil2 = %o, [Yii_gpy|2 = %) < (14 0(D))CP™ P(1x1] = X/, [x2] > x,/0) +0(p™%).
Thus, by Lemma 2 and the assumption maxi<jj<p || <1 < 1,forany (i1, ..., i) € 442, we have
_2 _
P(IYi 2 = Xp, ... [¥i |2 = %) < (14 0(1)4Cp™p™ T x 0(p~*).
Thus by letting ¥ and « be sufficiently small,

Ld2

Combining (29) and (30), we prove (19). The proof of Lemma 5 is complete. ®
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6.3. Proof of Theorem 2

1
It suffices to prove P (maxlgigp [1nil2/+/bii|l = /(202 +¢/2) logp) — 1. By Lemma 4 and the condition max; || /0,
> /2028 logpwith § > 1/(min; oya;) + ¢ for some constant ¢ > 0, we can get maxi<i<p |0;l2/ /@i = /(202 + ¢/2) logp

with probability tending to one. So Theorem 2 follows. ®

6.4. Proof of Theorem 4

We only prove part (ii) of Theorem 4 in this section, part (i) follows from the proof of part (ii) directly. Without loss of

. . nn v v nin v v ng_—1n, v
generality, we assume thato;; = 1for1 <i <p.LletY; = ( n]‘ﬁz X1 — X2)i, /n11+33 X1 —X3)i, ..., nKK_11+1’1(:< Xx—-1—
T )
X T — 1 nin Y Y_\). ng—1n Y v ) _ . . 0
XooT and let 21 = i ([ AR — Ko | [EEEE AR~ X)) LetH = (1< i< p o 2

Oforsome1 <j<I!<K}={l,...,In} Define the event G = {max;<i<, |8il» < 8y/c2 log p}. We first prove the following
two lemmas.

Lemma 6. (i) Suppose (C1) and (C2) hold. Then under H; withr < 1/6, we have
P(®,(I) = 1,6) = aP(G) + (1 — a)P(E*, G) + o(1), (31)
where E = {maXen |Yil2 < X}, and

P(ES.G) =1{G}) — {G} [ [ (1 = Pisy.c (I¥il2 = x5)) + o(D).
ieH

(ii) Suppose (C1) and (C3) hold. Then under H, withr < 1/6, we have
P(0,(2) = 1,6) = aP(G) + (1 — a)P(E", G) + o(1), (32)
where E = {maxiey |Zi]2 < Xp}, and
PE, 6) =1{G} — HG} [ | (1 — Pusyc (1Zil2 = %)) + 0(1).
ieH

Lemma 7. Let a, = o((logp)~/2). We have

max

1<k<p"

P({nfi)ﬂyib 2xp+an> —P({l'la)§<|yi|2 z»q;)’ =o(1) (33)
<i< <i<

uniformly in the means &;, 1 < i < p, where x, = \/202 logp + (d — 2)o2loglogp + G, ¥ < 1/6 and Y;,i € H are
independent normal random vectors with covariance matrix X,.

Proof of Lemma 6. To prove (31) and (32), we only need to prove
P(@,(I) =1,G) < aP(G) + (1 — a)P(ES, G) + 0o(1),
under (C1) and (C2) and
P(®,(R) = 1,6) = aP(G) + (1 — a)P(E", G) + o(1),
under (C1) and (C3). In the case when A = , by Lemma 4, we have

P | max m > (
1<i<p /bj;

—_

— O(])) max |3,|2) — 1.
1<i<p
Thus we have

P (Pa(A) = 1,G°)

v

P (8 o2logp — max
1<i<p -
1<j<I<K

. (A(U; — U)))>?
mm_ AW = UDY S (1 4 5) /207 10gp. 6 | — o(1)
le-}-ﬂ[ b,’i

(1=0(1)P(G) — o(1),



T.T. Cai, Y. Xia / Journal of Multivariate Analysis 131 (2014) 174-196 191
where Uji, ..., Ujpp; ~ N(0,%),j = 1,....K, for sufficiently small § > 0. We next consider P (®,(I) = 1, G) and

P (®4(A) = 1, G). For notation briefness, we denote P(LG|§;) and P(L|8;) by Ps;.¢(L) and P,y (L) respectively for any
eventLandi=1,...,p.LetH* = {1, ..., p} \ H. We have

Psy,6(@o(I) = 1) = P,y (max |Yil2 > Xp) + Psi.6 (max [Yil2 < xp, max |Yj], > Xp) , (34)
ieH ieH JjeH®

where x, = \/202 logp + (d — 2)o2loglogp + q,. Define
H{ ={je H: |oj| <p~* foranyi € H}
for 2r < & < (1 —r)/2.1tis easy to see that Card (H;) < Kp"+%.1t follows that

P ( ax Yl > x,;) < Kp™EP (Y1l 2 %) = 071 = o(1). (35)
Jet

We claim that

Psiy.6 (max [Yil2 < xp, max|Yjlp > Xp) < (A +o(1)Pyy.c (max [Yil2 < Xp) Pisi).6 (max [Yjl2 > Xp) + 0(1).(36)
ieH jeHs ieH JjeH{
To prove (36), we set
E= {TE’XWJZ <Xp}, Fi ={lYjl = x,}, jeH].

Then by Bonferroni inequality, we have for any fixed integer k > 0,

2k—1
P{S,-},G U{E N Fj} < Z(—])ti] Z P{&,-},G (E ﬂF,‘l n-.-N F,‘[) . (37)
jEHf t=1 i1<--><ft€H€
Let Y* = (Y[,i € H)',Y* = (Y],....Y])!, and let |Y*|, = maxiey |Yil2 and |Y*|; = minj<< |Yilo. Let Z77, ...,

Z;)T = Z* ~ N(O, Iymxpm), independent with Y*, and (Z},...,Z;")" = Z* ~ N(0, Iptxp), independent with Y*.
Similarly as proved in Theorem 1, let A, = Cp~* for some constant C > 0, we have

P16 (E) = Py (Y |m < Xp)

IA

Psiv.c (|Y* +MZ" 2 <xp+Ap r}’éix |ZT|2)

IA

Pyc(Y* 4+ 2pZ* | < xp + Cp 58y +0(p™), (38)

for sufficiently large constant M > 0. We also have

Psy.e ( ﬂ F:;)
1<j<t

Psy.c (1Y e > xp)

< P[,;l.}’(; (|Y* + }\.pZ*lt > Xp — )"p 1H§1]a<xt |Z;|2)

IA

Pan.c(Y* + 1pZ" e = %, — Cp~*/%) + 0(p™%). (39)
Thus, we have

Payc (ENFiy, N~ NFy) < Paye (1Y +2pZ* 5 <%, +Cp 53, [Y + 1Z%] = x, — Cp¥/8) + 0(p™).  (40)
Let W = (wy;) be the covariance matrix of the vector ((Y* + A,Z*)T, (Y* + 2,Z*)1)T. Let (wy) = W = diag(W,, W),

where W4 and W, are the covariance matrices of Y* + A,Z* and Y* + A,Z* respectively. So for (i1, ..., i;) € H{, we have
W — Wi, =0 *).Setz = (§,i€H,z],...,z[)" and

R={lui+8 <x+C Bt ieH, |zil, >%..., |zi], > x, — Cp*/5),

Ri=RN {lmax |zijl> < 8b\/tlogp} ,
sj<t

Rry=RN {{nax |zij|2 > 8b\/tlogp} .
<j<t
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We have
Py (IY* 4+ 2pZ% 0 < Xp + Cp /%, [V + 0,2%|c = x, — (p~*/F)
1{G} 1 .4
= )OO |12 L{EXP (—Ez W'z )dz.

Note that |W| = (14 0(p"~$))"™+ |W| = (1 + 0(p*—¢))|W| and

_ ~ —1 _ _ _
W —W |, <CA2%p 5 =0 %/).

This implies that

1 L —
(27 ) bmtb) /2|y |1/2 [Rl exp <—EZ w Z) dz

1 1 . ~_1
= 2r—§ _ T
=(1+0(@ logp)) ) o072 = I /ﬁl exp ( 22 w z) dz.

Furthermore, it is easy to see that

! exp —lzTW’1z dz = O(p~ 6%
(zn)(bm+bt)/2|w|l/2 Ry 2 ’

1 1 71~-1
- exp —=z W z)dz =0(p %),
(27 ) bm+b0)/2 | |1/2 /:Rz p( 2 ) (» )

Thus, it follows from (41) to (43) that

Pie (IY* + 2pZ* [y < x, + Cp /3, |Y* + ApZ*| > x, — Cp5/%)
= (14 0(p* *logp)Py.c (IY* + ApZ* |5 < x, + Cp~8) P(IY* + 1pZ* | = X, — Cp~*/8) + 0(p~ 1)
= (1+0(D)Psy6 (IY*I2 < %) Py (IY*le = x,) +0(p™ ).
So
Piyc (ENFi, M- NF) < (14 0(1)Pysy.6(E) Py (Fi, N -+ NFy) + o).
Similarly as (40), we have
P (ENFy NN Fy) > Paye (1Y 4+ 2252 <%, — Cp /8, |Y* + 2,Z% |, > x, + Cp/8) + 0(p™2).
Thus, by using the exact argument as above, we have
Piyc (ENFiy N---NF) = (14 0(1)Pisy.6(E) Py (Fi, N -+ NFy) +0(p~").
So we have
Piyc (ENFiy, N---NF;) = (14 0(1) P, (E) Py (Fiy N---NF;) +0(p~%).
As the proof of Lemma 5, we can show that
L (K=1\1 tqy
> Py (Fy 0 NF) =1+ oI (2) o exP (—K) .
i1 << €HS

It follows from (37) that

Psiy.6 U{E NF;} | <aPgy6(E) +o(1).
jEHg

This, together with (34) and (35), implies that
Pisy.c(@o (D) = 1) < al{G} + (1 — &) Ps.c(EY) + o(1),
where 0o(1) is uniformly for 89,1 <j < I < K}. Hence, we have

P(@,(I) = 1,G) < aP(G) + (1 — a)P(ES, G) + o(1).

(41)

(42)

(43)

(44)
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We next prove that

P(®4(A) = 1,6) > aP(G) + (1 — a)P(E", G) + o(1), (45)
where

E= {max |Zi]2 < xp} .

ieH

Define

I:I1C ={j € H": |aj| <p~* and |b;| < p~* foranyi € H}

for2r < & < (1 —r)/2. We can see that Card(ﬁf) >p— 0(p'™%). Then

Pisy,6(Po(A) = 1) = Py6 (max 1Zi], > xp) + Pisiy6 (max |Zi], < xp, max|Zy|, > xp>
ieH ieH keH¢

= Psie (f{éé;lx 1Zi]> > Xp) + P (nglx 1Zil2 < Xp, Max |Zy[, = Xp) .

keH]

Note that on G,

1/2

2
‘l .
max ||, = max —= | )~ (Z améi””) = 0(p"*/logp).
1<j<I<K

(o
keHS keHS \/i icH

Following the exact arguments as above and using the left side Bonferroni inequality, we can show that

Psi).6 (“,E‘,X 1Zil2 < x,, max|Zy|, = xp) > PG (gglx |Zil2 < Xp, max|Zy — e/ v/ biela = xp + O(DFE\/logp)>
H kEH1

keH]

> aPyy c(E) — o(1).
Hence (45) is proved. Now we prove
Peive (rlrglx [Yil2 > Xp) = {G} - I{G} 1_[ (1= Py.c (IYil2 = xp)) + 0o(1). (46)
ieH

Let 4o = {(i1,...,im) : 31 < k <j < m, such that |oj;| > p~E)for2r < £ < %(1 —2r)andlet & = {(iy, ..., in)}. We
can show that

wnzolo 7 (,2) /()

Sofor & < 5(1—2r), [4ol/|4] = o(1). Let Y* = (Y],i € H)" and |[Y*|, = maXiey [Yil. Let (Z],....Z] )| = Z ~
N(0, I'pmxpm), where b = M%” and m = Card(H).Let . = Cp~% for§ < 3 (& — 2r).So for H € 45, we have
Peyc(max|Yilz <xp) < Pse <|Y* + ApZlm < Xp + Ap max |Zij|2>
ieH 1<ji<m

< 1ej / exp —lzT(): +a,D7z)dz+00p™)
= @2 det(S1 + D2 i< 2 T ’

where z € R” and 3, is the covariance matrix of Y*, C is a constant and M is a sufficiently large constant. Let T be a
bm x bm matrix with Xjp41.G+1)b,jp+1:G+1p = Zo forj =0, ..., m — 1and X = 0 otherwise. For (i, ..., i;) € 4§, we have
ijb1:G+ Db jb+1:G+0b = Zo forj =0,...,m —Tand |2y < p~¢ otherwise. Write

1 1
/ exp (—sz(zl + M)*‘z) dz = / exp (—sz(zl + A,,I)”z) dz
(2l <xp+Cp—? 2 [zl =<xp+Cp—>, 122 =m(log p)> 2

1
+ f exp (—fzfo:1 + Apl)—1z> dz.
Izl <xp+Cp 3 1212 <m(log p)2 2
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Because Amax (X1 + Apl) < Amax(Zo) + 0(p~?%) < M for some constant M > 0, we can get
1 —1 _ 2 —2b
exp z (X1 + Apl) 'z ) dz < Cexp(—(logp)“/2b) < Cp™ =,

lzlm <xp+Cp=? 212 = m(log p)2 2

uniformly in (i1, . . ., ir) € 5. For the second part of the sum in (22), note that
I(E1+ 2D ™ = (E+ 2D 2 < OO < pr 5%,
we can obtain that

1
/ exp (—sz(Zl + )\pl)”z) dz
Izlm <xp+Cp 3., |1z2<m(log p)? 2

1 < 1, ~
- / exp (— 2N (i + DT =@+ 0Dz - =22+ kpl)_lz> dz
lzlm <xp+Cp=? 212 <m(log p)? 2 2

1 ~
= (14 0(p* ¥ (logp)?)) exp (—5ZT(E + )\pl)’lz> dz

2|m <xp+Cp~3,||z]|> <m(log p)?

= (1+ 0™ ***(logp)*)) exp (— %zf(f + M)”z) dz +0(p~")

|2|m<xp+Cp—?
1
= (1+0(p" ™ (ogp)®) [ ] / exp <— =z (%o + Apl)‘lz,) dz; | +0(p~?),
icH |zjlp <xp+Cp~d 2
where z;, € RP, Because [|(Z1 + A1) — (2 + 4,12 = O(p" %), we have det(E; + A1) = (14 0(p" )P det(T + A1) =
(14 0(p* %)) det(X + A,l). So we have
Pian.c(max|Yily < xp) < (1+0(1)I{G} [ TPon.c(Yi+2pZila < xp) +0(1)
ieH

< (1+ oG} [ Puyc(IYilz < xp + Ay max|Zil2) + o(1)
ieH

= (1+ oG} [ [ Piay.c(I¥il2 < %) + 0(1).

icH

Similarly, because
P16 <max [Yil2 < Xp) > Py <|Y* + ApZlm < Xp — A mMax |Zi,-|2> ,
ieH 1<jism
we can get

Psiy.6 (Te%x Yl < Xp) > (1 —o(1)I{G} 1_[ Pic(Yil2 < x5) —o(1).

ieH

So (46) is proved. Similarly, let 41 = {(i1,...,in) : 31 <k <j < m, st |by;l| > p~¢}, then we can get |41]/]4| = o(1),
and forH e 15,

Psiy.6 <TIT§IX 1Zil, > Xp) = l{G} - I{G} l_[ (1= Py (1Zil2 = x5)) +0(1). m
ieH

Proof of Lemma 7. Based on the proof of Lemma 4 in supplementary material [7] (available on the web at www.unc.edu/
~xiayin/mean-suppmaterial.pdf), it is enough to show that, fori = 1, ..., p, we have

P(Yil2 = xp + ap) = (14 o(1)P(Yil2 = %) + o(p™"). (47)

Without loss of generality, suppose a, > 0 and 8,@ >0for1 <j<IlI<Kandi=1,...,p.Because Y; ~ N(§;, Xo), let
Z ~ N(0, I), then similarly as the proof from (21) and (27) in Theorem 1 fort = 1and ¥ = ¥; = ¥,, we have

P(Yily > %, +ay) = P(Y; +Cp "*Z|, > x, + @, + 0(p"/®)) + 0(p™?)
P((hz1 + 8i)% 4+ (haza + 82)> + -+ - + (hpzp + 8)* > (%, + O(p7%) + a,)?) + 0(p2),


www.unc.edu/~xiayin/mean-suppmaterial.pdf
www.unc.edu/~xiayin/mean-suppmaterial.pdf
www.unc.edu/~xiayin/mean-suppmaterial.pdf
www.unc.edu/~xiayin/mean-suppmaterial.pdf
www.unc.edu/~xiayin/mean-suppmaterial.pdf
www.unc.edu/~xiayin/mean-suppmaterial.pdf
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where (8i1,...,8)" = UG, ..., 85" 5y = UTAU, &1, ...,25) = 2z ~ N@©,)and A2 > --- > A2 > Oare
eigenvalues of Xy + Cn~"/*I for some constant C satlsfying C > 0. Hence, there exist a § such that

P(IYil2 = X, + @) = P(Mz1 +8) = (X + 0 7/*) + 0,)° — (W35 + - -+ + A}z),
MZE ARz <+ 00 ®) +ay)?) +o(p")
= (14 0())P((Mz1 +8)* = (% + 0~ 7/*)? — (3325 + -~ + 4pz0)) + o),

where the last equality comes from the proof of Eq. 12 in Lemma 4 in supplementary material [7]. It follows from the fact
that

P(Yil, = x) = P(IY; + Cp "/*Z|, > x, + O(p™7/%)) + 0(p~?)
(47)is proved. ®

Proof of Theorem 4. We have P(lix ~ e =C logp/n) —~ lasnp — oo; see [5]. On the event {|Zx
— ¥ < C/logp/n} withA = @,

logp\ -0/
ASA — A%A|., < Cs,M2 (%) — o(1/logp).

Hence, as in the proof of Lemma 6, it is easy to show that P ((D @) =1, G) = P(G°) +o(1) and P (®,(A) = 1,G°) =

P(G‘)4o0(1).Notethat,for1 <j < [ <K, "f“’ LAX;—X) = (A—A)( "1"’ L (Xj—X)—8")+(A—A)8 " + ,,J','J‘T",QIA(X,-—X,).
On G, we have
~ nn - - - ~ ; logp 1
A-A | | ———x-x —80’>>+ A-A¥"| =0p| ——=]=0 <7>
‘( )( "j+"1( =X ( ) w  \/minfn;, n "\ Viogp
To prove Theorem 4, it suffices to show that
P ({nax 1Zil; > xp + an, G) =P <1max 1Zil2 > xp, ) +o(1), (48)
<i<p ==
for any a, = o((log p)~"/?), where Z; = ﬁ ( ,,:‘f,fz AX; — X2))i, - - - n’,:K 11:,'1(,( (AXk_1 _XK))) From the proof of
Lemma6,LetH ={1<i<p: Si(il) #0forsomel1 <j<I<K}={l,...,l,}, then we can get

P <1max 1Zily > xp + ap, G) =aPG)+(1—a)P (me}lx [Yilo > xp + ay, G) 4+ 0(1),
<i< 1€

P <1max 1Zi]y > xp, G) =aP(G)+ (1—a)P (me}t{x [Yila > xp, G) + o(1),
=<I<p ie

where given §, Y;, i € H are independent normal random vectors with covariance matrix X,. Thus, (48) can be proved by
Lemma 7 and Theorem 4 is proved. H
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