Data Analysis with Bayesian Networks: A Bootstrap Approach

Nir Friedman The Institute of Computer Science The Hebrew University Jerusalem 91904, ISRAEL nir@cs.huji.ac.il

Moises Goldszmidt SRI International 333 Ravenswood Ave. Menlo Park, CA 94025 moises@erg.sri.com

Abraham Wyner Department of Statistics, Wharton School University of Pennsylvania Philadelphia, PA ajw@stat.wharton.upenn.edu

Abstract

In recent years there has been signi^cant progress in algorithms and methods for inducing Bayesian networks from data. However, in complex data analysis problems, we need to go beyond being satis^ed with inducing networks with high scores. We need to provide con^dence measures on features of these networks: Is the existence of an edge between two nodes warranted? Is the Markov blanket of a given node robust? Can we say something about the ordering of the variables? We should be able to address these questions, even when the amount of data is not enough to induce a high scoring network. In this paper we propose Efron’s Bootstrap as a computationally ef^cient approach for answering these questions. In addition, we propose to use these con^dence measures to induce better structures from the data, and to detect the presence of latent variables.

1 Introduction

In the last decade there has been a great deal of research focused on learning Bayesian networks from data [2, 12]. With few exceptions, these results have concentrated on computationally ef^cient induction methods and, more recently, on the issue of hidden variables and missing data. The main concern in this line of work is the induction of high scoring networks, where the score of the network re- ~ects how well does the network ^ts the data. A Bayesian network, however, also contains structural and qualitative information about the domain. We should be able to exploit this information in complex data analysis problems, even in situations where the available data is sparse.

Part of our motivation comes from our ongoing work on an application of Bayesian networks to molecular biology [11]. One of the central goals of molecular biology is to understand the mechanisms that control and regulate gene expression. A gene is expressed via a process that transcribes it into an RNA sequence, and this RNA sequence is in turn translated into a protein molecule. Recent technical breakthroughs in molecular biology enable biologists to measure of the expression levels of thousands of genes in one experiment [6, 17, 21]. The data generated from these experiments consists of instances, each one of which has thousands of attributes. However, the largest datasets available today contain only few hundreds of instances. We cannot expect to learn a detailed model from such a sparse data set. However, these data sets clearly contain valuable information. For example, we would like to induce correlation and causation relations among genes (e.g., high expression levels of one gene ŞcauseŤ the suppression of another) [16]. The challenge is then, to separate the measurable ŞsignalŤ in this data from the Şnoise,Ť that is, the genuine correlations and causations properties from spurious (random) correlations.

Analysis of such data poses many challenges. In this paper we examine how we can determine the level of con- ^dence about various structural features of the Bayesian networks we induce from data sets. We consider an approach and methodology based on the Bootstrap method of Efron [7] for addressing this type of challenges. The Bootstrap is a computer-based method for assigning measures of accuracy to statistics estimates and performing statistical inference. We regard these measures of accuracy as establishing a level of con�dence on the estimates, where con^dence can be interpreted in two ways. The more important (and more elusive) notion assesses the likelihood that a given feature is actually true. This con^dence will, ultimately, stand or fall by the method of estimation. The second notion is more akin to an assessment of the degree of support of a particular technique towards a given feature. This latter idea nicely separates the variation in the data from the shortcomings of the algorithm. It is this latter interpretation of con^dence that was pursued in [10]. The methods introduced in this paper encompass both types of con^dence, and focuses on the former (more below).

Although the Bootstrap is conceptually easy to implement and apply in our context, there are open question in the theoretical foundations. The main dif^culty (as compared to classic statistical estimation methods) is the lack of closed form expressions for the events under study (e.g., that an edge appears in a network). Still, the widespread use of the bootstrap despite such dif^culties re~ects the general conditions under which bootstrap distributions are consistent, even when the statistics cannot be concisely de^ned in a simple expression (see [7]). An example is the application of the bootstrap in evolutionary biology to measure con^dence in inferences from phylogenetic trees. Felsenstein [9], has applied re-sampling tools to estimate uncertainty in edges (clades) of evolutionary trees (which specify the phylogenetic evolution of a gene over time).

Similar to phylogenies, we test re-sampling strategies for Bayesian networks, experimentally, by beginning with an explicit probability distribution and a known network model (the Ťgolden modelŤ). In [10], we report preliminary results that indicate that, in practice, high con^dence estimates on certain structural features are indicative of the existence of these features in the generating model. In these experiments, we used edges in partially directed graphs (PDAGs) as the feature of interest. These edges describe features of equivalence classes of networks (see below).

This paper extends the results in [10] in three fundamental ways: First it includes other important features of the induced models such as the Markov neighborhood of a node (i.e., with what con^dence can we assert that X is in Y ’s Markov Blanket), and ordering relations between variables in the PDAGS (with what con^dence can we assert that X is an ancestor of Y ). Second, we focus on examining to what extend the degree of con^dence returned by the bootstrap can be interpreted as establishing the likelihood of a feature being actually true in the generating model. To this end we performed an extensive set of experiments varying various parameters such as the search method in the learning algorithms, the sizes of the datasets, and the bootstrap method. Third, we also examine the bootstrap as providing information to guide the induction process. We look at the increase in performance when the learning procedure is biased with information from the bootstrap estimates.

Our experiments, in Section 4, yield the following results, that to the best or our knowledge are unknown on the application of the bootstrap for establishing the likelihood that a particular feature is in the generating model:

1. The bootstrap estimates are quite cautious. Features induced with high con^dence are rarely false positives.

2. The Markov neighborhood and partial ordering amongst variables features are more robust than the existence of an edges in a PDAG.

3. The conclusions that can be established on high con- ^dence features are reliable even in cases where the data sets are small for the model being induced.

In Section 5 we examine how to use the bootstrap estimated to induce higher scoring networks. These results are still preliminary but encouraging nevertheless. Altogether, these results provide strong evidence for the bootstrap as an appropriate method for extracting qualitative information about the domain of study from features in the induced Bayesian network.

The study of methods for establishing the quality of induced Bayesian networks has not been totally ignored in the literature. Cowell et al. [5] present a method based on the log-loss scoring function to monitor each variable in a given network. These monitors check the deviation of the predictions by these variables from the observations in the data. Heckerman et al. [14] present an approach, based on Bayesian considerations, to establish the belief that a causal edge is part of the underlying generating model. The problem of con^dence estimation that we study in this paper, is similar in spirit to the one investigated by Heckerman et al. Yet, the basis of the approach and the algorithmic implementation is completely different. The relation is further explored in [10] where we propose (and show results) how the Bootstrap can be used to implement a ŞpracticalŤ Bayesian estimate of the con^dence on features of models. For completeness we summarized this relation in Section 6.

2 Learning Bayesian Networks

We brie~y review learning of Bayesian networks from data. For a more complete exposition we refer the reader to [12].

Consider a ^nite set X = {X_1, . . . , X_n} of discrete random variables where each variable X_i may take on values from a ^nite set. We use capital letters, such as X, Y, Z, for variable names and lowercase letters x, y, z to denote speci^c values taken by those variables. Sets of variables are denoted by boldface capital letters X, Y, Z, and assignments of values to the variables in these sets are denoted by boldface lowercase letters x, y, z.

A Bayesian network is an annotated directed acyclic graph that encodes a joint probability distribution of a set of random variables X. Formally, a Bayesian network for X is a pair B = ⟨G, Θ⟩. The ^rst component, namely G, is a directed acyclic graph whose vertices correspond to the random variables X_1, . . . , X_n, and whose edges represent direct dependencies between the variables. The graph G encodes the following set of independence statements: each variable X_i is independent of its nondescendants given its parents in G. The second component of the pair, namely Θ, represents the set of parameters that quanti^es the network. It contains a parameter θ_{xi|}pa_{(xi)} = P_B(x_i | pa(x_i)) for each possible value x_i of X_i, and pa(x_i) of pa(X_i), where pa(X_i) denotes the set of parents of X_i in G. A Bayesian network B de^nes a unique joint probability distribution over X given by:

P_B(X_1, . . . , X_n) = n∏ i=1 P_B (X_i | pa(X_i)).

The problem of learning a Bayesian network structure can be stated as follows. Given a training set D =

{x[1], . . ., x[N ]} of instances of X, ^nd a network B that best matches D. The common approach to this problem is to introduce a scoring function (or a score) that evaluates the Ş^tnessŤ of networks with respect to the training data, and then to search for the best network (according to this score). In this paper we use the score proposed in [13] which is based on Bayesian considerations, and which scores a network structure according to the posterior probability of the graph structure given the training data (up to a constant).

We note that the derivation of such score treats the problem as a density estimation problems. The desire is to construct networks that will assign high probability to new (previously unseen) data from the same source. The structural features of the networks are induced indirectly, since presumably the ŞrightŤ structure is the one that can better generalize from the training data.

Finding the structure that maximizes the score is usually an intractable problem [4]. Thus, we usually resort to heuristic search to ^nd a high-scoring structure. Standard proposals for such search include greedy hill-climbing, stochastic hill-climbing, and simulated annealing; see [13]. In this paper, we will use a greedy hill-climbing strategy augmented with TABU lists and random restarts to escape local maxima.

In our experiments, we will not assess directly the con^- dence on the features of the induced network, but rather, on the features in the class of networks that are equivalent to it. Two Bayesian network structures G and G^′ are equivalent, if they imply exactly the same set of independence statements. The characterization of Bayesian network equivalence classes is studied in [3, 18, 19, 20]. Results in these papers establish that equivalent networks agree on the connectivity between variables, but might disagree on the direction of the arcs. These results also show that each equivalence class of network structures can be represented by a partially directed graph (PDAG), where a directed X → Y denotes that all members of the equivalence class contain the arc X → Y ; and, an undirected edge XŮY denotes that some members of the class contain the arc X → Y , and some contain the arc Y → X. The score in [13] is structure equivalent in the sense that equivalent networks receive the same score. In our experiments, we learn network structures and then use the procedure described in [3] to convert them to to PDAGs.

3 Bootstrap for Con�dence Estimation

Let G be a network structure. A feature of interest in this structure might be the existence of an X → Y in the PDAG that corresponds to G. Another feature of interest might be that X precedes Y in the PDAG that corresponds to G. In general, we can treat these features as functions from network structures into the set {0, 1}. We will usually use the letters f and g to denote features.

Suppose we are given a data set of N observations

D = {x[1], . . ., x[N ]}, each an assignment of values to X. Moreover, assume that these assignments were sampled independently from a probabilistic network B with structure G. Let Ĝ(D) be the network structure returned by our induction algorithm invoked with data D as input. For any feature f consider the following quantity p_N (f) = Pr{f(Ĝ(D)) = 1 | |D| = N }. This is the probability of inducing a network with the feature f among all possible datasets of size N that can be sampled from B.^1 If our induction procedure is consistent, then we expect that as N grows larger, p_N (f) will converge to f(G). That is, we will give f con^dence close to one if it holds in G, and close to 0 if it does not.

The quantity p_N (f) is a natural measure of the power of any induction algorithm. Our goal is to estimate p_N (f), given only a single set of observations D of size N . This would mimic the usual induction situation when we want to learn a model from data. We now describe two possible algorithms: the parametric and non-parametric bootstraps.

We start with the non-parametric bootstrap. The underlying intuition is that we should be more con^dent on features that would still be induced when we ŞperturbŤ the data. The question is how to perturb the data and yet maintain the general statistical features of the dataset. In the non-parametric bootstrap we generate such perturbations by re-sampling from the given dataset. We then estimate con^dence in a feature by examining in how many of the perturbed datasets it appears induced. The non-parametric bootstrap is performed by executing the following steps: • For i = 1, 2, . . .m Ű Re-sample, with replacement, N instances from D. Denote by D_i the resulting dataset.

Ű Apply the learning procedure on D_i to induce a network structure Ĝ_i = Ĝ(D_i).

• For each feature of interest, de^ne p^{∗,n}_N (f) = 1 m m∑ i=1 f(Ĝ_i). The parametric bootstrap is a similar process. Instead of re-sampling the data with replacement from the training data, we sample new datasets from the network we induce from D:

• Induce a network B from D. • For i = 1, 2, . . .m Ű Sample N instances from B. Denote by D_i the resulting dataset.

1More generally, we can consider the joint distribution of several features. Of course, there are nontrivial relationships between con^dence estimates for different features. For example, if we consider edges in PDAGs, then clearly pN (X ! Y ) + pN (Y ! X) + pN (XŮY ) ˇ 1.

Edge

Markov

Order

True Positives False Positives False Negatives

Figure 1: Quality of prediction of partially directed edges, markov neighborhoods, and orders in the alarm domain with non-parametric bootstrap. The columns correspond to average number of True Positives, False Positives, and False Negatives classi^cations. Each curve correspond to a value of the con^dence threshold t. The x-axis shows the number of instances, and the y-axis shows the average number of edge features in each category. These averages are taken from bootstrap estimates, each with 100 resamples, from 10 datasets sampled from the ŞalarmŤ network.

Ű Apply the learning procedure on D_i to induce a network structure Ĝ_i = Ĝ(D_i).

• For each feature of interest, de^ne p^{∗,p}_N (f) = 1 m m∑ i=1 f(Ĝ_i).

The parametric bootstrap is quite different than the nonparametric one in the following sense. We are using simulation to answer the question: If the true network was indeed B, could we induce it from datasets of this size? By answering this question we can determine the level of con- ^dence in the results of our induction.

We note that main computational cost in both variants of the bootstrap is dominated by the repeated calls to the induction procedure, and not by the since the sampling steps.

An important question is under what conditions will the Bootstrap estimate converge. Namely, under what conditions |p_N (.)−p^∗_N (.)| will approach 0 as m and n tend to ∞. The parametric bootstrap estimates of p_N (e) will converge under more general conditions than the non-parametric bootstrap, provided, of course, that the parameterization converges to the true underlying model at least asymptotically. On the other hand, if this last condition is not satis^ed then no consistency claim can be made. The nonparametric bootstrap estimates require no such model consistency. The consistency of the non-parametric bootstrap, however, requires uniform convergence in distribution of the bootstrap statistic as well as a continuity condition (in the parameters). The experiments and results presented in [10] were designed to verify convergence in both types of bootstrap for the features tested (existence of an edge in the PDAGS). We are currently working on providing a thorough theoretical analysis of these conditions in the context of Bayesian network induction. The experiments in the next section test to what extend we can use the bootstrap estimates as expressing the likelihood that the features tested belong to the generating model.

Edge

Markov

Order

True Positives False Positives False Negatives

Figure 2: Quality of prediction of partially directed edges, markov neighborhoods, and orders in the gene domain with non-parametric bootstrap. (See caption of Figure 1 for details.)

4 Empirical Evaluation

To test the bootstrap, we use synthetic data that we generated from known models. This allows us to compare the features that the bootstrap is con^dent about to the true features in the generating network. Thus, for example, if our bootstrap con^dence on node X belonging to the Markov blanket of node Y is high (above a determined threshold), we expect X to be in the Markov blanket of Y in the generating model. In addition, we also want to characterize how does the bootstrap estimates depend on various parameters, such as size of dataset, type of feature, and bootstrap method.

4.1 Methodology

We performed simulation results from three networks:

• alarm [1]. This network has 37 random variables and 46 edges, only 4 of which are undirected in the PDAG. This is a standard benchmark in the learning literature.

• gene. A network induced using a gene expression dataset from [8] for 76 genes. Genes were grouped by a clustering algorithm that searches for groups of related genes (details of the induction can be found in

[11]). The network has 140 edges, only 5 of which are undirected in the PDAG.

• text. A network induced from a dataset of messages from 20 newsgroup [15]. Each document is represented as an instance with a variable denoting the newsgroup, and 99 boolean variables corresponding to most frequent words (other than stop words) and denoting whether the word appears in the message. The network has 350 edges, only 12 of which are undirected in the PDAG.

£From these networks, we performed experiments with N (the number of instances in our data set) being 100, 250, 500, 1, 000. For each network and sample size, we sampled 10 ŞinputŤ datasets for the bootstrap procedure. We then applied both the parametric and non-parametric bootstraps with m = 100.

In all of our experiments, we used the BDe score of [13] with a uniform prior distribution with equivalent sample size 5. This prior was chosen as a relatively uninformative one. The search procedure we used is a greedy hillclimbing search with random restarts. This procedure attempts to apply the best scoring change to the current network until no further improvement can be made. Once

Edge

Markov

Order

True Positives False Positives False Negatives

Figure 3: Quality of prediction of partially directed edges, markov neighborhoods, and orders in the text domain with non-parametric bootstrap. (See caption of Figure 1 for details.)

the hill-climbing procedure is stuck at a local maxima, it applies 20 random arc changes (addition/deletion/reversal) and restarts the search. The search is terminated after a ^xed number of restarts.

We computed the bootstrap estimates for three types of features:

• Edges in PDAGS. We treat the directed and undirected edges between pairs of variables as different features.

• Ordering relations of the form ŞX is an ancestor of Y Ť in the PDAG.

• Markov neighborhoods, of the form ŞX is in the Markov blanket of Y Ť (or vice verse). Two variables are Markov neighbors if there is an arc between them, or if they are both parents of another variable.

4.2 Evaluation There are many possible ways of interpreting the bootstrap results. Perhaps, the simplest is to select a threshold t, and report all features that with p_N (f) ≥ t. This way we can label all features as either ŞpositiveŤ, if the con^dence in them is above the threshold, or ŞnegativeŤ, if it is below the threshold. Given such a labeling of features, we can measure the number of Ştrue positivesŤ, correct features of the generating network that are correctly labeled, Şfalse positivesŤ, wrong features that are labeled as positives, Şfalse negativesŤ, correct features that are labeled as negative, and Ştrue negativesŤ, wrong features that are labeled correctly. We report the numbers in the ^rst three categories in prediction of the three type of features in Figures 1, 3, and 2, for the alarm, gene, and text domains respectively. The reported numbers are averaged over the estimates generated by the 10 non-parametric bootstrap runs.

There are several noticeable trends in these results. First, as expected, as the number of instances grow, the prediction quality improves. That is, the number of true positives increases, and the number of false positives and false negatives decreases. In addition, since as we increase the threshold we label fewer features as positive, the number of true positives and false positives decreases, while the number false negative increases.

Second, and more interestingly, the bootstrap samples are quite cautious. As we can see, the number of false positives is usually smaller than the number of true positives and false negatives. (Note the different scales in the graphs.) Thus, most of the prediction errors are one-sided in that they usually omit correct features and do not include incorrect ones.

Alarm

Text

Gene Edge Markov Order

Figure 4: Comparison of parametric to non-parameteric bootstrap. The x-axis shows the average number of false positives and the y-axis shows the average number of false negatives. The curve shows the tradeoff between false positives and false negatives at different values of t, 0.95, 0.8, 0.75, and 0.5, for the predictions of a particular feature by one of the procedures. The columns correspond to the type of feature predicted.

Third, we notice that the ŞreasonableŤ level of con^dence for thresholding depends on the domain. For example, in the alarm domain setting t = 0.8 leads to few false positives and a reasonable number of true positives. On the other hand, in the text domain, setting t = 0.8 leads few positives predictions, while setting t = 0.65 returns few false positives. Thus, we might be inclined to use this lower threshold value in this domain. It is unclear to us at this stage what is the source of this phenomena.

Finally, some features are easier to predict than others. For example, the prediction of Markov neighborhood of two variables is more robust than that of PDAG edges. Similarly, ordering information can also be quite reliably predicted based on the bootstrap con^dence measures. This last observation is a bit surprising. Clearly, the ŞlongrangeŤ orderings between variables are a function of edge direction. Thus, the fact that we can predict some of them reliably indicates that some variables are recognized as ancestors of others, although this relation is determined by different directed paths in different bootstrap runs.

The ability to predict Markov neighborhoods, on the other hand, seem in line with common sense. This type of feature is less sensitive to the exact ordering between variables. In fact, it might be argued that these features might be easily estimated by other methods. To test this, we performed a simple test (suggested by an anonymous reviewer): instead of learning networks in the bootstrap samples, we learned Bayesian networks with in-degree at most one. These networks are easy to learn and take into account only pairwise interactions between variables. Figure 5 shows the tradeoff curves for non-parametric bootstrap using networks and trees. As we can see, the treebased estimates are worse (both in terms of false positives and false negatives), except for the text domain. We suspect that this is partially due to the sparse nature of the source network in this domain.

As a conclusion, the bootstrap con^dence measures are quite informative about the generating distribution. Moreover, some global features, such as partial ordering relations, can be determined from small data sets.

Next, we compared the parametric bootstrap to the nonparametric one. Figure 4 shows graphs of false positives vs. false negative tradeoffs between the two methods. Although, the performance of the two methods is similar,

Alarm Gene Text

Figure 5: Comparison of non-parameteric bootstrap with network and with trees in prediction of Markov neighborhoods. (See caption of Figure 4 for details.)

Edge Markov Order

Figure 6: Comparison of non-parameteric bootstrap and Bayesian weighted non-parametric bootstrap on the alarm domain. (See caption of Figure 4 for details.)

Domain N Constrained Unconstrained avg. s.d. avg. s.d.

alarm 100 -21.64 0.65 -21.51 0.61 250 -18.39 0.36 -18.41 0.37 500 -17.01 0.17 -17.02 0.16 1000 -16.17 0.20 -16.19 0.20 gene 100 -58.81 2.03 -58.85 2.10 250 -52.25 1.23 -52.53 1.22 500 -48.04 0.62 -48.33 0.67 1000 -45.21 0.52 -45.70 0.67 text 100 -60.44 1.00 -60.44 1.00 250 -57.87 0.74 -57.77 0.76 500 -56.06 0.69 -55.90 0.57 1000 -54.68 0.52 -54.69 0.53

Table 1: Average and standard deviation of normalized scores (BDe score divided by N ) for networks learned with and without using the ordering constrained from the nonparametric bootstrap estimation.

these graphs suggest that non-parametric bootstrap has better performance. The performance curves for the nonparametric bootstrap are usually closer to the origin, implying a smaller number of errors.

Domain N Constrained Unconstrained avg. s.d. avg. s.d.

alarm 100 -17.67 0.26 -17.54 0.22 250 -16.04 0.16 -16.05 0.18 500 -15.63 0.07 -15.62 0.06 1000 -15.34 0.02 -15.36 0.03 gene 100 -54.73 1.18 -54.82 1.02 250 -47.30 0.51 -47.73 0.35 1000 -42.01 0.26 -42.55 0.52 text 100 -57.08 0.24 -57.05 0.24 250 -55.57 0.07 -55.57 0.07 500 -54.53 0.07 -54.54 0.09 1000 -53.62 0.06 -53.65 0.07

Table 2: Average and standard deviation of test set log-loss of the networks learned with and without using the constraints from the non-parametric bootstrap estimation.

5 Bootstrap for Network Induction

A common idea in learning is the use of prior knowledge. In particular, when learning structure, we can use prior knowledge on the structures we are searching to reduce the size of the search space, and thus improve both the speed of induction and more importantly, the quality of the learned network. Commonly used prior information include ordering constraints on the random variables, or the existence of certain arcs. In this section we explore the use of the Bootstrap for determining this information. The proposal consists of re-sampling from the dataset to induce bootstrap sample and then gather estimates on the con^dence of these features. Then, we can use structural properties with high con^dence to constrain the search process.

As a preliminary exploration of this idea, we performed the following experiment. We generated non-parametric bootstrap samples, and collected from them two types of constraints. First, if the estimate that X precedes Y has con^dence higher than 0.8, then we require that the learned network will respect this order. That is, we disallow learning networks where Y is an ancestor of X. In addition, if the con^dence that X is in the Markov neighborhood of Y is smaller than 0.05, then we disallow Y as a parent of X. The intuition, is that if X and Y are closely related, then we should be able to detect that in our bootstrap runs. If only a tiny fraction of the bootstrap networks have these two variables connected to each other, then they are probably not related.

After collecting these constraints, we invoke the search procedure to learn a network from the original data set, but we restrict it to consider only structures that satisfy the given constraints. We repeated this experiment 10 times for different initial data sets. In Table 1 we report the score of the networks induced by this procedure. In Table 2 we report the error from the generating distribution (measured in terms of log-likelihood assigned to test data) for the same networks.

These results show that for small training sets we can ^nd slightly better scoring networks using the constraints generated by the bootstrap. Note that given the robustness of the estimates found in the previous section, these improvements can be trusted, even though in some cases the standard deviations of the scores and test set log-loss for the 10 experiments may seem relatively large. We should remember, however, that most of this variance is due to the small sample size.

6 Discussion: Bayesian estimation

The Bayesian perspective on con^dence estimation is quite different than the ŞfrequentistŤ measures we discussed above. A Bayesian would compute (or estimate) the posterior probability of each feature. Via reasoning by cases this is simply:

Pr(f | D) = ∑ G Pr(G | D)f(G). (1)

Where f denotes the feature being investigated and the term Pr(G | D) is the posterior of a structure given the training data, and for certain classes of priors, can be computed up to a multiplicative constant (where the constant is the same for all graphs G) [13].

A serious obstacle in computing this posterior is that it requires summing over a large (potentially exponential) number of equivalence classes. Heckerman et al. [14] suggest to approximate (1) by ^nding a set G of high scoring structures, and then estimating the relative mass of the structures in G that contains f. Pr(f | D) ≈ ∑ G∈G Pr(G | D)f(G) ∑ G∈G Pr(G | D) . This raises the question of how we construct G. One simple approach for ^nding such a set is to record all the structures examined during the search, and return the high scoring ones. The set of structures found in this manner is quite sensitive to the search procedure we use. For example, if we use greedy hill-climbing, then the set of structures we will collect will all be quite similar. Such a restricted set of candidates also show up when we consider multiple restarts of greedy hill-climbing and beam-search. This is a serious problem since we run the risk of getting estimates of con- ^dence that are based on a biased sample of structures. A way of avoiding this problem is to run an extensive MCMC simulation of the posterior of G. Then we might expect to get a more representative group of structures. This, procedure, however, can be quite expensive in terms of computation time.

The bootstrap approach suggests a relatively cheap alternative. We can use the structures Ĝ(D_1), . . . , Ĝ(D_m) from the non-parametric bootstrap as our representative set of structures in the Bayesian approximation. In this proposal we use the re-sampling in the Bootstrap processes as way of widening the set candidates we examine. The con- ^dence estimate is now quite similar to the non-parametric bootstrap, except that structures in the bootstrap samples are weighted in proportion to their posterior probability.

Figure 6 shows a comparison of the predictions of this approach with the non-parametric bootstrap on the alarm domain. The comparison on the other two domains is quite similar, so we omit it here. In general, the two approaches agree on high con^dence features. This is not surprising, since the high con^dence features appear in most of the bootstrap networks, and thus the Bayesian reweighting would still assign to them most of the mass. However, when we examine lower thresholds we can see some differences between the two approaches. This is particularly visible in the estimates of ordering relations.

We are currently exploring how to use the bootstrap in a more focused way to get a good approximation of the Bayesian posterior over features.

7 Conclusions

This paper proposes a methodology for computing con^- dence on features of an induced model based on Efron’s bootstrap method. Whereas in a previous paper [10] we studied the bootstrap as assessing the degree of support of a particular technique towards a given feature, in this paper we examine the more important notion of con^dence that assesses the likelihood that a given feature appears in the generating model. Our experiments lead to several conclusions: First, the bootstrap estimates are cautious and trustworthy; high con^dence estimations seldom contain false positives. Second, features such as establishing a Markov neighborhood and partial ordering relations amongst variables are more robust than features such as the existence of an edges in a PDAG. Third, the conclusions that can be established on high con^dence features are reliable even in cases where the data sets are small for the model being induced. These results extend, in our opinion, the role that adaptive Bayesian network are currently playing in data analysis tasks, enabling users to exploit the amount of qualitative information that the network structure provides about the domain.

We also provide preliminary results as of the use of the bootstrap for the induction of networks, and discussed its use in implementing a practical version of Bayesian estimates.

Finally, these results indicate that the bootstrap can be a reliable method for detecting latent causes. The problem of signaling the existence of latent causes, and uncovering the set of variables they should directly in~uence is of great interest. Given that we are computing estimates about the Markov blanket of each variables it would seems that a clique of variables that are de^nitely in each other’s Markov blanket, but the edge relationships are unclear, would be indicative of the existence of a hidden variable. Given the reliability of these estimates we are optimistic about the results, and are currently experimenting with this approach.

Acknowledgments Some of this work was done while Nir Friedman and Abraham Wyner were at the University of California at Berkeley. We thank the NOW group at UC Berkeley and the MOSIX group at the Hebrew University for the use of their computational resources. Moises Goldszmidt was supported in part by DARPA’s High Performance Knowledge Bases program under SPAWAR contract N66001-97- C-8548.

References

[1] I. Beinlich, G. Suermondt, R. Chavez, and G. Cooper. The

ALARM monitoring system. In Proc. 2’nd Euro. Conf. on AI and Medicine. 1989.

[2] W. L. Buntine. A guide to the literature on learning probabilistic networks from data. IEEE Trans. Knowledge and Data Engineering, 8:195Ű210, 1996.

[3] D. M. Chickering. A transformational characterization of equivalent Bayesian network structures. In UAI ’95, pp. 87Ű 98. 1995.

[4] D. M. Chickering. Learning Bayesian networks is NPcomplete. In AI&STAT V, 1996.

[5] R. G. Cowell, A. P. Dawid, and D. J. Spiegelhalter. Sequential model criticism in probabilistic expert systems. IEEE Trans. Pat. Ana. Mach. Int., 15:209Ű219, 1993.

[6] J. DeRisi, V. Iyer, and P. Brown. Exploring the metabolic genetic control of gene expression on a genomic scale. Science, 278:680Ű686, 1997.

[7] B. Efron and R. J. Tibshirani. An Introduction to the Bootstrap, 1993.

[8] Spellman et al. Comprehensive identi^cation of cell cycleregulated genes of the yeast Sacccharomyces cerevisiae by microarray hybridization. Mol. Biol. of the Cell, 9:3273Ű 3297, 1998.

[9] J. Felsenstein. Con^dence limits for phylogenies: An approach using the bootstrap. Evolution, 39, 1985.

[10] N. Friedman, M. Goldszmidt, and A. Wyner. On the application of the bootstrap for computing con^dence measures on features of induced Bayesian networks. In AI&STAT VII. 1999.

[11] N. Friedman, I. Nachman, and D. Peťer. On using Bayesian networks to analyze whole-genome expression data. TR CS99-6, Inst. of Computer Science, Hebrew University, 1999. In progress. See www.cs.huji.ac.il/labs/pmai2.

[12] D. Heckerman. A tutorial on learning with Bayesian networks. In Learning in Graphical Models. 1998.

[13] D. Heckerman, D. Geiger, and D. M. Chickering. Learning Bayesian networks: The combination of knowledge and statistical data. Machine Learning, 20:197Ű243, 1995.

[14] D. Heckerman, C. Meek, and G. Cooper. A Bayesian approach to causal discovery. MSR-TR-97-05, Microsoft Research.

[15] T. Jochims. A probabilistic analysis of the rocchio algorithm with TFIDF for text categorization. In ML ’97. 1997.

[16] E. Lander. Array of hope. Nature Genetics, 21:3Ű4, 1999. [17] D. J. Lockhart, H. Dong, M. C. Byrne, M. T. Follettie, M. V.

Gallo, M. S. Chee, M. Mittmann, C. Want, M. Kobayashi, H. Horton, and E. L. Brown. DNA expression monitoring by hybridization of high density oligonucleotide arrays. Nature Biotechnology, 14:1675Ű1680, 1996.

[18] C. Meek. Causal inference and causal explanation with background knowledge. In UAI ’95, pp. 403Ű410. 1995.

[19] J. Pearl. Probabilistic Reasoning in Intelligent Systems, 1988.

[20] J. Pearl and T. S. Verma. A theory of inferred causation. In KR ’91, pp. 441Ű452. 1991.

[21] X. Wen, S. Furhmann, G. S. Micheals, D. B. Carr, S. Smith, J. L. Barker, and R. Somogyi. Large-scale temporal gene expression mapping of central nervous system development. Proc. Nat. Acad. Sci., 95:334Ű339, 1998.