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We discussinteractive techniques for multidimensional scaling (MDS) and a two sys-
tems, named\GGvis" and \X Gvis", that implement thesetechniques.

MDS is a method for visualizing proximity data, that is, data where objects are char-
acterized by dissimilarity valuesfor all pairs of objects. MDS constructs maps (called
\con gurations") of theseobjectsin IR* by interpreting the dissimilarities asdistances.

As a data-mapping technique, MDS is fundamentally a visualization method. It is
hence plausible that MDS gains in power if it is embedded in a data visualization
ervironment. Consequetly, the MDS systemspreseried here are conceied as exten-
sionsof multiv ariate data visualization systems(\GGvis" and\X/GGobi" in this case).
The visual analysis of MDS output prots from dynamic projection tools for viewing
high-dimensional con gurations, from brushing multiple linked views, from plot en-
hancemens sud as labels, glyphs, colors, lines, and from selective removal of groups
of objects. Powerful is alsothe ability to move points and groups of points interactively
and thereby create new starting con gurations for MDS optimization.

In addition to the bene ts of a data visualization environment, we enhanceMDS by
providing interactive cortrol over numerous options and parameters, a few of them
novel. They include choicesof 1) metric versusnonmetric MDS, 2) classicalversusdis-
tance MDS, 3) the con guration dimension,4) power transformations for metric MDS,
5) distance transformations and 6) Mink owski metrics for distance MDS, 7) weights in
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the form of powers of dissimilarities and 8) asa function of group memberships,9) var-
ious types of group-dependert MDS sudc as multidimensional unfolding and external
unfolding, 10) random subselectionof dissimilarities, 11) perturbation of con gura-
tions, and 12) a separatewindow for diagnostics,including the Shepardplot.

MDS was originally deweloped for the scocial sciencesput it is now also usedfor laying
out graphs. Graph layout is usually done in 2-D, but we allow layouts in arbitrary
dimensions. We shawv applications to the mapping of computer usagedata, to the
dimension reduction of marketing segmetmation data, to the layout of mathematical
graphs and scocial networks, and nally to the spatial reconstruction of molecules.

Key Words: Proximity Data, Dissimilarity Data, Multiv ariate Analysis, Dimension
Reduction, Multidimensional Unfolding, External Unfolding, Graph Layout, Sccial
Networks, Molecular Conformation.

1 Intro duction: Basics of Multidimensional Scaling

This paper is about functionality that proves useful for the application and interpretation
of MDS. In a companionpaper (Buja and Swayne 2002) we descrite methodology that is
supported by the functionality.

The presen sectiongivesa short introduction to those typesof MDS that are relevant
for this article. Section 2 gives an overview of how a user operatesthe XGvis or GGvis
system. Section3 dealswith algorithm animation, direct manipulation and perturbation of
the con guration. Section4 gives details about the cost functions and their interactively
corntrolled parametersfor transformation, subsetting and weighting of dissimilarities. Sec-
tion 5 descrikesdiagnosticsfor MDS. Section6 is about computational and systemsaspects,
including coordination of windows, algorithms, and large data problems. Finally, Section7
givesa tour of applications with examplesof proximity analysis, dimensionreduction, and
graph layout in two and more dimensions.

Software availabilit y: The XGvis and GGvis systemscan be freely downloaded, respec-
tively, from:

www.researh.att.com/areas/stat/xgobi/
www.ggobi.org

XGuvis is currently more established,but GGvis is more recen, easierto run under MS
Windows, and programmablefrom other systemssud asR. In what follows we refer to the
two systemsas X/GGuvis.

1.1 Proximit y Data and Stress Functions

Multidimensional scaling(MDS) is a family of methods for analyzing proximity data. Prox-
imity data consistof similarity or, equivalertly, dissimilarity information for pairs of objects.
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Figure 1. Simple Examplesof Dissimilarity Matricesand Their Optimal Saling Solutions.

This cortrasts with multiv ariate data that consistof covariate information for individual ob-
jects. If the objectsarelabeledi = 1;:::; N, proximity data canbeassumedo be dissimilarity
valuesDj; . If the data are given as similarities, somemonotone decreasingiransformation
will corvert them to dissimilarities. Dissimilarity data occur in many areas(seeSectionl.3).

The goal of MDS is to map the objects i = 1;::;N to points x1;:::;xn 2 IR in sudh
a way that the given dissimilarities D;; are well-appraximated by the distanceskx;  x;k.
Psydometricians often call thesedistancesthe \model" tted to the data Dj; .

The dissimilarity matrices of Figure 1 are simple exampleswith easily recognizederror-
free MDS solutions: the left matrix suggestsmappingthe v e objectsto an equispacedinear
arrangemett; the right matrix suggestsmapping the three objects to a right triangle. The
gure showscon gurations actually found by MDS. The rst con guration canbe enbedded
in k = 1 dimension, while the secondneedsk = 2 dimensions. The choice of embedding
dimensionk is arbitrary in principle, but low in practice: k = 1; 2; 3 are the most frequerily
useddimensions,for the simple reasonthat the points sene aseasilyvisualizedrepresetors
of the objects.

In real data, there aretypically many more objects, and the dissimilarities usually cortain
error aswell as bias with regardto the tted distances.

The oldest version of MDS, called classicalscaling, is due to Torgerson(1952). It is,
howewer, a later versiondueto Kruskal (1964a,b)that hasbecomethe leadingMDS method.
It is de ned in terms of minimization of a cost function called \Stress", which is simply a
measureof lack of t betweendissimilarities D;; and distanceskx;  x;k. In the simplest
case,Stressis a residual sum of squares:

0
X
Stress (X1 5 Xy) = @ (Di;  kxi  x;k)*A (1)

i6j=1:N
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wherethe outer squareroot is just a corveniencethat givesgreaterspreadto smallvalues. For
a given dissimilarity matrix D = (D;; ), MDS minimizes Stressover all point con gurations
(X1; 55Xy ), thought of ask N -dimensional hypervectors of unknown parameters. The
minimization can be carried out by straightforward gradiert desceh applied to Stress,
viewed as a function on IRN .

We note atechnical detail: MDS is blind to asymmetriesin the dissimilarity data because

(Di;j KX Xj k)2+ (Dj;i ka Xik)2 = 2 ((Di;j + Dj;i )=2  KX; Xj k)2+ i

where::: is an expressionthat doesnot depend on kx;  xjk. Without lossof generality
we assumefrom now on that the dissimilarities are symmetric: D;; = Dj; . If they are not,
they shouldbe symmetrizedby forming pairwise averages.The assumptionof symmetry will
later be broken in one special case,when one of the two valuesis permitted to be missing
(Section4.4).

1.2 Types of Multidimensional Scaling

There exist many MDS methods, di ering mostly in the cost function they use. Here are
two dichotomiesthat allow usto structure somepossibilities:

Krusk al-Shepard distance scaling versusclassical Torgerson-Go wer inner-

pro duct scaling: Distance scalingis basedon direct tting of distancesto dissimi-
larities, whereasthe older classicalscalingis basedon a detour wherely dissimilarities
are corverted to a form that is naturally tted by inner products hx;; x;i (seebelow).

Metric scaling versusnonmetric scaling: Metric scalingusesthe actual valuesof
the dissimilarities, while nonmetric scaling e ectively usesonly their ranks (Shepard
1962,Kruskal 1964a). Nonmetric MDS is realizedby estimating an optimal monotone
transformation f (D;; ) of the proximities simultaneously with the con guration.

In X/GGvis we implemerted both distance scaling and classicalinner-product scaling,
and both metric and nonmetric scaling. In all, four types of MDS are provided: metric
distance, nonmetric distance, metric classical,and nonmetric classicalscaling. The unusual
caseof nonmetric classicalscalingwill be described in Section4.2.

A conceptual di er ence betweenclassicaland distancescalingis that inner products rely
on an origin, while distancesdo not; a set of inner products determinesuniquely a set of
distances,but a set of distancesdeterminesa set of inner products only modulo change of
origin. To avoid arbitrariness, one constrains classicalscaling to con gurations with the
meanat the origin.

The computational di er ene betweenclassicaland distancescalingis that the minimiza-
tion problem for classicalscaling can be solved with a simple eigendecompsition, while
distance scaling requires iterative minimization. In X/GGvis, though, classicalscaling is
implemerted with iterative gradiert desceh of a cost function called \Strain", as is dis-
tance scaling with regard to Stress. This computational uniformity has advantages: it is
straightforward to introduce weights and missingvaluesin Strain and Stress,but not soin
eigendecompsitions. Both weights and missingvaluesare extensiwely usedin X/GGvis.
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1.3 Applications of MDS

Hereis an incompletelist of application areasfor MDS:
MDS wasinverted for the analysisof proximity datawhich arisein the following areas:

{ The sccial scien@s: Proximity data take the form of similarity ratings for pairs
of stimuli sud astastes, colors, sounds,people,nations, ...

{ Archaelogy: Similarity of two digging sites can be quartied basedon the fre-
guency of sharedfeaturesin artifacts found in the sites.

{ Classi cation problems: In classi cation with large numbers of classespairwise
misclassi cation rates produceconfusionmatricesthat canbe analyzedassimilar-
ity data. An examplewould be confusionrates of phonemesn speed recognition.

Another early useof MDS was for dimension reduction: Given high-dimensionaldata
yuinyy 2 IRE (K large), computea matrix of pairwise distancesdist(y;;y;) = Dij,
and usedistance scalingto nd lower-dimensionalxy; :;;xn 2 IR¥ (k << K) whose
pairwise distancesre ect the high-dimensionaldistancesD;; as well as possible. In
this application, distance scalingis a non-linear competitor of principal componerts.
Classicalscaling, on the other hand, is idertical to principal componerts when used
for dimensionreduction. For a dewelopmen of multiv ariate analysisfrom the point of
view of distance appraximation, seeMeulman (1992).

In chemistry, MDS can be usedfor molecular conformation, that is, the problem of
reconstructing spatial structure of molecules. This situation di ers from the above
areasin that 1) actual distanceinformation is available from experimerts or theory, and
2) the only meaningful embedding dimensionis k = 3, physical space.Con gurations
are herecalled\conformations.” Somereferencesre Crippen and Havel (1978), Havel
(1991), Glunt et al. (1993), and Trosset(1998a). Seealso our nanotube examplein
Section7.

A fourth useof MDS is for graph layout, an active areaat the intersection of discrete
mathematicsand network visualization, seeDi Battista et al. (1994). An early example
beforeits time was Kruskal and Seery (1980). From graphsone can derive distances,
sud as shortest-path metrics, which can be subjected to MDS for planar or spatial
layout. Note that shortest-path metrics are generally strongly non-Euclidean, hence
signi cant residual should be expectedin this type of application.

In Section7 we will shov examplesof data in all four categories. Our overall experience
with the varioustypesof MDS is asfollows: distancescalingis sometimesnot very good at
dimensionreduction, whereasclassicalinner-product scalingis sometimesnot very good at
graph layout. The exampleswill exemplify thesepoints.

1.4 A First Example: The Rothk opf Morse Code Data

For illustration we use as our running examplethe well-known Rothkopf Morse code data
(1957) (available with the X/GGvis distributions). They areto MDS what Fisher'sIris data
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Figure 2: Rothkopfs Morse Code Data: four 2-D con gurations. Top row: metric and
nonmetric distane saling. Bottom row: metric and nonmetric classi@l saling.

areto discriminant analysis. They originated in an experimert whereinexperiencedsubjects
were exposedto pairs of Morsecodesin rapid order. The subjects had to decidewhether the
two codesin a pair wereidertical or not. The data were summarizedin a table of confusion
rates.

Confusionrates are similarity measures:codesthat are often confusedare interpreted
as\similar* or \close." Similarities needto be converted to dissimilarities. Any monotone
decreasingransformation can be usedfor conversion, but we usedthe following:

2 _ .
D =sii +s5  2sj ¢

This yielded all non-negati\e valuesbecausehe confusionmatrix (s;; )i is diagonally domi-
nant (most idertical code pairs are correctly judged even by inexperiencedsubjects). Unlike
other corversion methods, this one has the desirable property D;; = 0. We also sym-



metrized the dissimilarities before the corversion as MDS responds only to the symmetric
part of proximity data, as noted earlier.

Applying all four scalingmethods in k = 2 dimensionsto the Morse code dissimilarities
producedthe con gurations shavn in Figure 2. We decoratedthe plots with labelsand lines
to aid interpretation. In particular, we connectedgroupsof codesof the samelength, except
for codesof length four which we broke up into three groupsand a singleton. We obsene
that, roughly, the length of the codesincreasedeft to right, and the fraction of dots increases
bottom up. Both of these obsenations agreewith the many published accourts (Shepard
1962, Kruskal and Wish 1978, p. 13, Borg and Groenen1997, p. 59, for example). The
oriertation of the con gurations in IR? is arbitrary dueto rotation invarianceof the distances
kxi x;k andinner products hx;; x;ji. We werethereforefreeto rotate the con gurations in
order to adhiewve this particular interpretation of the horizontal and vertical axes.

The con gurations produced by the four scaling methods showv signi cant di erences.
Nonmetric distancescaling (top right) producesprobably the most satisfying con guration,
with the exceptionof the placemen of the codesof length 1 \E" and\T"). Metric scaling
(top left) suers from circular bending but it places\E" and \T" in the most plausible
location. The classicalscaling methods (bottom row) bend the con gurations in di erent
ways. More problematically, they overlay the codesof length 4 and 5 and invert the placemen
of the codesof length 1 and 2, both of which seematrtifactual. In fact they aren't: classical
scalingrequiresathird dimensionto distinguish betweenthesetwo pairs of groups. Distance
scalingis better at achieving compromisesn lower dimensions,while classicalscalingis more
rigid in this regard.

2 Interactiv e MDS Operation

The main useof MDS con gurations is for visualization. Becausecon gurations are essen-
tially multivariate data, any MDS system calls for a multivariate data visualization tool.
Two of us being co-authorsof the XGobi and GGobi systemsfor data visualization, it was
natural that we chosethem asviewing engines(XGobi: Swayne, Cook and Buja 1998,Buja,
Cook and Swayne 1996; GGobi: Swayne, Buja and Temple Lang 2003, Swayne, Temple
Lang, Buja and Cook 2002). We thus conceied of X/GGvis as master programsthat cre-
ate and feed X/GGobi windows. Figure 3 shavs how this preseits itself to the userin the
caseof GGobi: a master panel with MDS cortrols (left), a GGobi window for viewing the
con guration (right), and a discretionary GGobi window for diagnostics(bottom).

In what follows, we make X/GGvis and X/GGobi operations recognizableby placing
them in quotation marks. The basicsequencef MDS interactions is as follows:

Start up with dissimilarity data, multivariate data, or graph data. X/GGvis will
perform proximity analysis,dimensionreduction, or graphlayout, respectively. Provide
an initial con guration, or elsea random con guration is generatedautomatically.

Selectone of the four scalingmethods. The default is metric distancescaling.
Choosea dimension. The default is 3.
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Figure 3: The Major GGvis Windows. On the left is the master control panel, on the right is
the GGobiwindowfor the con guration. Belowis the GGobiwindowfor an optional Sheard
plot.

Initiate optimization \Run MDS") and watch the animation of the con guration and
the progressiorof the Stressor Strain value. When the shape of the con guration stops
changing, slow the optimization down by lowering the stepsizeinteractively. Finally,
stop the optimization (toggle \Run MDS"). X/GGvis does not have an automatic
cornvergencecriterion, and optimization doesnot stop on its own.

Examine the shape of the optimized con guration: If the chosendimensionk is two,
remainin \XY Plot". If k is three, use 3-D \Rotation" or the \Grand/2-D Tour". If
k is higher, usethe \Grand/2-D Tour".

Interpret the con guration: Assuminginformative object labelswereprovided with the
input data, seart the con guration by labeling points (\ldentify"). If covariates are
available in addition to the dissimilarities, interpretation canbe further aidedby linked
color brushing between covariate views and con guration views (\Brush"). Multiple
X/GGobi windows are automatically linked for brushing and labeling. As this is only
a tentativ e seart for interpretable structure, use\transient" brushing.



Enhancethe con guration: After acquiring a degreeof familiarity with the con gura-
tion, use\p ersistert” brushingin orderto permanenly characterizesubsetsof interest.
Enhancethe con guration further by persisterly labeling interesting points. Finally,
enhancethe overall perception of shape by connectingselectedpairs of nearby points
with lines (\Line Editing”) and coloring the lines (\Brush").

Turn on optimization and leave it cortinually running. Obsene the e ects of

{ experimerting with various parameters,

subsetting objects,

subsetting dissimilarities,

weighting dissimilarities,

manually moving points and groupsof points.

{ perturbing the con guration or restarting from random con gurations.

[t Bt W et W ot}

Stop optimization and perform diagnosticsby generatinga separateX/GGobi window
that shavs amongother things a\Shepard plot" of the transformeddissimilarities and
the tted distances.

We descriled elsewhergSwayne et al. 1998) X/GGobi operationssud asthree-D rotations
and grand tours, as well as (linked) brushing, labeling and line editing. Moving points is
alsoan X/GGobi operation, but in conjunction with MDS optimization it takeson a special
importance and is therefore descriked in Section3. MDS parametersas well as weighting
and subsetting of dissimilarities a ect the cost function and are therefore speci ¢ to MDS.
They are the subject of Section4.

3 Animated Optimization and Point Manipulation

At the time of writing, most software for MDS still works with batch processing,even
though many older programshave beenwrapped in somewhatinteractive PC ervironmerts.
A pioneeringsystemthat is truly interactive in our meaningof the term is McFarlane and
Young's\ViSta-MDS" (1994). Dewvelopmen of this systemtook placearound the time when
we deweloped a rst versionof XGuvis (Littman et al. 1992). Although the two systemswere
deweloped independerily, they sharetwo important interactive capabilities:

1. Animated Optimization:  The con guration points are displayed cortinuously as
they are subjected to MDS optimization. For a seriesof stills from an animated
optimization, seeFigure 4. At the sametime, the valuesof the cost function are also
shown in a trace plot (Figure 3).

2. Manual Dragging: Con guration points can be moved interactively with mouse
dragging.



Figure 4: Snapshotsfrom a MDS Animation. The gure showsnine stagesof a Stress
minimization in three dimensions. It reconstructed a 5 5 squae grid from a random
con guration. The grid was de ned as a graph with 25 nodesand 40 edges. The distances
were computed as the lengthsof the minimal pathsin the graph (= city block-, Manhattan-,
or L;-distanaes). Thesedistanesare not Euclidean, causing curvature in the con guration.

McFarlane and Young call this methodology \sensitivity analysis" becausemoving points
and observing the response of the optimization amourts to chedking the stability of the
con guration.

ViSta-MDS implemerts a two-step mode of operation in which usersalternate between
animated optimization and manipulation. X/GGvis permits the two-step mode also, but
in addition it implemenrts a uid mode of operation in which the user runs a newer-ending
optimization loop, with no stopping criterion whatsoever. The user manipulatesthe con g-
uration points while the optimization is in progress.The optimizer ignoresthe manipulated
point, but the other points \feel" the dislocation through the changein the cost function,
and they are thereforeslowly dragged. They try to position themsehesin a local minimum
con guration with regard to the manipulated point. As scon as the manipulated point is
let go, it snapsinto a position that turns the con guration into a local minimum of the cost
function. The resulting feel for the useris that of pricking and tearing the fabric of the
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Figure 5: Four Local Minima Found by Moving the Group f E,T g into Di er ent Locations.
The Stressvaluesare, left to right and top to bottom: 0.2101,0.2187,0.2189,0.2207.

con guration while exploring deformationsof its shape.

In addition to moving one point at a time, X/GGvis permits moving groups of points
de ned by sharedpoint glyphsand colors. This capability canbe helpful whenit hasbecome
evidert that certain points always stay together, asin the Morsecode data the points for the
codesof length one \E" and\T"). The only way to nd further local minima is by moving
the points jointly. Indeed, when the Morse code data are mapped into two dimensions
with metric distance scalingand a third power transformation (which mimics a nonmetric
solution very well), we found four di erent locally optimal locations for the codesof length
one (Figure 5). Another two local minimum con gurations can be found by moving the
codesof length two.

More local minima can be found by restarting optimization with a random con gur ation
(X/IGGvis provides Gaussianrandom point clouds). In addition, it is possibleto examine
local stability by perturbing a con guration with normal random numbers by forming a con-
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vex mixture of the presen con guration and a random Gaussiancon guration. The default
mixing parameteris 100%random, which meansa completely new random con guration is
generated.A smallerfraction of 20%or socan be usedfor local stability cheds: if optimiza-
tion always drivesthe perturbed con guration bad to its previousstate, it is stable under
20% perturbation. Further stability cheds will be discussedbelon. For a discussionof the
problem of local minimum con gurations, seeBorg and Groenen(1997), Section13.4.

As a nal point, hereis another use of manual dragging: rotation of con gurations for
interpretability, essetially the factor rotation problem translated to MDS. After examining
a con guration and decoratingit with labels, colors, glyphs and lines, one usually obtains
interpretations of certain directions in con guration space. This is when one dewlops a
desireto rotate the con guration to line thesedirections up with the horizontal and vertical
axes. One can adiiewe this by dragging points while optimization is running cortinuously.
When points are moved gertly, the optimization will try to rotate the con guration sothat
the moved point maintains a local minimum location relative to the other points. We used
this e ect to rotate the four con gurations of Figure 2 into their presen orientations.

4 Cost Functions: Stress and Strain

As mertioned in the introduction, we useiterative minimization of costfunctions even where
eigendecompsitions would work, the reasonbeing that missingand weighted dissimilarities
are handledwith di cult y by the latter but trivially by the former. We dewelop the speci ¢
forms of Stressand Strain usedin X/GGvis.

4.1 Stress

Although the simplestform of costfunction for distancescalingis a residual sum of squares,
it is customaryto report Stressvaluesthat are standardizedand unit-free. This may take
the form

P o V=2
Stress, (X1; 115 Xn) = L D-2I- ’
IiJ I3
In this form of Stressone can explicitly optimize the sizeof the con guration:
0 1=
P 2 —1=2
min Stresg (t Xq; 5t Xy) = E«pl p 1 Di;j“ i Xk K

This ratio inside the parenscan be interpreted geometrically as the squaredcosinebetween
the \vectors" fDj; g and fkx;  x;jkgi; , which is hencea number betweenzero and one.
The completeright hand side is therefore the sine betweenthesetwo vectors. This is the
form of Stressreported and traced by X/GGuvis.

The Stresswe actually useis of considerably greater generality, howewer: it permits
1) power transformations of the dissimilarities in metric mode and isotonic transformations
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in nonmetric mode, 2) Mink owski distancesin con guration space 3) powersof the distances,
4) weighting of the dissimilarities, and 5) missing and omitted dissimilarities. We give
the complete formula for Stressas implemented and defer the explanation of details to
Section4.3:

1=2

STRESS (X1;::xn) = 1 cog

P
ol = iz Wiy F(Dig) kxi o XKy
= —p P 2
iiH21 Wi f(Dij)? iz Wi kG xki!

Dij 2IR; 0, N N matrix of dissimilarity data
( < .

Dij 5 for metric MDS

s Isotonic(Djj )+ (1 8) Df"l ; for nonmetric MDS
0 p 6; default: p= 1 (no transformation)
0 s 1; default: s= 1 (fully isotonic transformation)
Isotonic = monotone"” transformation estimated

with isotonic regression

f(Dij) =

x1; XN 2 IRK; con guration points; 1 k 12 default: k = 3

X
kxi  xjki = ( Xi X jmME™, con guration distances,(::)?
=1;u5k
1 m 6 m= 2: Euclidean(default)
m = 1: City block

0 g 6 g=1: commonStress(default)
q= 2: so-calledSStress

The summationset| and the weights w;; will be discussedn Section4.5.

4.2 Strain, Metric and Nonmetric

Classicalscalingis basedon inner products, which unlike distancesdepend an the origin. One
standardizesthe procedureby assumingcon gurations with zeromean: ; X; = 0. Under
this assumption,one ts inner products hx;; x;i to a transformation of the dissimilarity data.
The derivation of this transformation is basedon the following heuristic:

D|2J KX; Xj k? = kXik2+ ka k? 2h>(i;in

As the matrix (hx;;X;i)i; haszerorow and column means,onerecognizeghat the necessary
transformation is simply the removal of row and column meansfrom the matrix

Dij = Df=2;
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a processwhich is commonly known as\double-certering":
Bij = Dij Di Dj + D

whereD; , D ; and D are row, column and grand means. The quartities B;; are now
plausibly called\inner-pro duct data™:

Bi;j hXi;in

We call \Strain" any costfunction that involvesinner products of con guration points and
inner-product data. One form of Strain is a standardizedresidual sum of squaresbetween
the quartities B;; and the inner products:

P . ! =]
5 (B hasxi)?

Strainp (X1; 5 Xn) =

ij s X2
In size-minimizedform this is:
0 P o2 L=
, : ij Bij XX
min Strainp (t Xg;:5t XN) = %}1 P . B.ZJ Pi;j e

Again, this is not the form of Strain we use. Instead, we poseourselhesthe problemof nding

aform that canbe madenonmetric. Nonmetric classicalMDS seemsa cortradiction in terms
becauseclassicalscalingmust be metric accordingto the convertional interpretations. Yet
we may askwhetherit would not be possibleto transform the dissimilarity data D;; in sud
a way that a better Strain could be obtained, just asthe data are transformedin nonmetric
distance scalingto obtain a better Stress. This is indeed possible,and a solution has been
given by Trosset(1998b). We give here an alternative derivation with additional simpli -

cations that permit usto t the Strain minimization problem in the existing framework.
Classicalnonmetric scalingis not a great practical advance,but it lIs a conceptualgap. It

also givesthe software a more satisfactory structure by permitting all possiblepairings of
f metric, nonmetricg with f classicalscaling, distance scalingy. The properties of nonmetric
classicalscalingare not well-understaod at this point. The implemertation in X/GGvis will

hopefully remedythe situation.

We start with the following obsenations:

Becausethe matrix (B;; )i; is doubly-certered, any Strain-minimizing con guration is
certered at the origin.

If, howewer, the con guration is constrainedto be certered at the origin, onemay use
( Diz;j =2);; instead of (Bj;);; in the Strain formula; the minimizing con gurations
will be the same.That is, double certering of ( D,2J =2);; may be replacedwith forced
certering of the con guration.
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The rst bullet is almost tautological in view of our introduction of classicalscaling. The
secondbullet may be new; it is certainly the critical one. To elaborate we needa little linear
algebra: b

If A and C are N N matrices, denoteby bA; Cig = trace(A'C) = ; A;; Cj; the
Frobeniusinner product, and by kAke = hA; Ai'? the Frobenius norm. Furthermore, let
e=(1;::1)" 2 RN andly bethe N N idertity matrix, sothat P = Iy ee’=N'? isthe

certering projection. Then the equationB;; = Dj; D D ; + D canbere-expressed
asB = PDP. Finally, let X bethe N Kk con guration matrix whoserows cortain the
oordinatesof the con guration points, sothat (hx;; x;i)i; = X X T. The certering condition

i X; = 0 canbere-expressecas P X = X, and the residual sum of squaresof Strain as

X
(Bi;j hXi;in)z = kB Xka|2: .
i

Usingrepeatedlya basicproperty of traces,trace(ATC) = trace(CTA), onederiveshB; X X Tig
= B;PXXTPir and hence:

kB XXTk2=kB PXXTPkZ + kPXX'TP XXTkZ:

Therefore, a minimizing con guration matrix satises PX = X, which shows the rst
bullet above. For the secondbullet, assumePX = X and obsene that hD; XX Tig =
PDP; XX Tig = B;XXTig. It follows

kD XXTk2 = kD BkZ + kB XX TkZ :

Therefore,undsrthe constrairt P i Xi = 0 minimizing P ij (( Diz;j =2) xi;x;i)?is the same
asminimizing i (Bi;  X;; X; i)2 asthe two cost functions di er only by a constart.

The former cost function hasthe property we were looking for: it lendsitself to a non-
metric extensionby replacingthe original transformation Diz;j =2 with a generaldescending
transformation f ( Dj; ), wheref is a monotoneincreasing(non-decreasing)function that
can be estimated with isotonic regressionof hx;;x;i on D;j;. In the metric case,an ex-
tension to power transformationsis natural: f( D) = Diz;jp. Thus we have solved the
problem of nding a natural nonmetric form of classicalscaling.

Like Stress,the Strain actually implemerted in X/GGuvis is a standardizedsize-optimized
version (to avoid the collapseof f ( Dj;)), and it also has somegeneralizationssud as
weighting and omitting of dissimilarities:

STRAINp (x3;:5Xy) = 1 cog
P -
ol = @iyz2r Wig f( Dij) hiix;i
= - t |
@iyzr Wij F( Dij)? @21 Wij X xji2

15



Di; 2 IR; 0; N N matrix of dissimilarity data

( i
D2 - for metric MDS

o
s Isotonic( Dij)+ (1 s) ( DZ);  for nonmetric MDS
0O p 6; default: p= 1 (no transformation)
0 s 1; default: s= 1 (fully isotonic transformation)
Isotonic = monotone" transformation estimated
with isotonic regression

f( Dij) =

X
x1; XN 2 IR¥; con guration points, constrainedto Xi=0
1 k 12 default: k=3

i, x;i = Xi  Xj con guration inner products
The summationset| and the weights w;; will be discussedn Section4.5.

4.3 Parameters of Stress and Strain

Stressand Strain have parametersthat should be under interactive usercortrol, asthey are
in X/GGvis:

The mostfundamertal \parameters" arethe discretechoicesof metric versusnonmetric
and distanceversusclassicalscaling. The default is metric distance scaling.

Next in importanceis the choiceof the dimension,k. The corventional choiceisk = 2,
but with 3-D rotations availableit is plausibleto chosek = 3 asthe default. Fork 4
onecan usethe so-called\grand tour" or °2 Dtour % a generalizationof 3-D rotations
to higher dimensions.

Both metric and nonmetric scaling are cortrolled by a parameter that a ects the
transformation of the dissimilarities. The two parametersare very di erent in nature:

{ Metric saling usesa power transformation with exponert p. The valuep = 1
(default) correspndsto no transformation. In our experiencepowers as high as
4 have proven useful. An interesting power is 0: in distance scalingit describes
objects that form a simplex, that is, every object is equally far from ewery other
object. This is the \null case"of total indiscrimination.

{ Nonmetric salingisimplemerted in X/GGvis with a parameters for mixing of the
isotonic transformation f (D;; ) with the metric power transform D,"’J . The value
s = 1 (default) correspnds to the isotonic transformation (purely nonmetric
scaling), and s = 0 to the pure power transformation (purely metric scaling).
Sliding s acrossthe interval [0; 1] while the MDS optimization is running shows
transitions between a nonmetric and a metric solution. Moving s temporarily
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belonv 1 can help a con guration recover when it gets trapped in a degeneracy
(usually clumping of the points in a few locations, and near-zeroStress,seeBorg
and Groenen(1997) Sections13.2-3). (In X/GGvis the power exponert p cannot
be changedin nonmetric mode; it is inherited from the last visit to metric mode.)

A parameter speci ¢ to distance scaling, both metric and nonmetric, is the distance
power g. We introducedthis parameterto include so-calledSStresswhich is obtained
forp= q= 2. That is, SStressts squareddistancesto squareddissimilarities. SStress
is usedin the in uential MDS software \ALSCAL" by Takane et al. In our limited

experience SStressis somewhatlessrobust than Stress, as the former is even more
strongly in uenced by large dissimilarities than Stress.

There is nally a choice of metric in con guration spacefor distance scaling. We
allow Minkowski (also called Lebesgue)metrics other than Euclidean by permitting
the Minkowski parameterm to be manipulated. The default is Euclidean,m = 2; the
city block or L, metric is the limiting casem ! 1.

4.4 Subsetting

The cost functions can trivially handle missing valuesin the dissimilarity matrix: Missing
pairs (i; j) are simply dropped from the summationsin the cost function and its gradiert.
Through the deliberate use of missingvaluesone canimplemert certain extensionsof MDS
sud as multidimensional unfolding (seeBorg and Groenen(1997), chapter 14, in particular
their Figure 14.1).

Missing valuescan be codedin the dissimilarities le as\NA", or they canbe introduced
through conditions that are under interactive cortrol. Hereis a synbolic description of the
summation set of Stressand Strain:

| = f(i;j)ji6j Dij 6 NA; To Dj; Ty Runif(i;j)< ;g

0 To Ty, thresholds,defaults: To=0; T =1

Runif(i; j) = uniform random numbers 2 [0; 1].
= selectionprobability, default: = 1.

:.: = conditions basedon color/glyph groups.
Here are details on removal conditions under interactive cortrol:

Thresholding: The lower and upper threshold parametersT, and T; for the conditions
To D T, can be interactively cortrolled (by grips under the histogram in the
X/GGuvis cortrol panel,onthe left in Figure 3). Thresholdingcanbe usedto ched the
in uence of large and small dissimilarities by removing them. We implemerted these
operations basedon the received wisdomthat the global shape of MDS con gurations
is mostly determinedby the large dissimilarities. This statemernt is basedon a widely
cited study by Graef and Spence(1979) who ran simulations in which they removed,
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respectively, the largestthird and the smallestthird of the dissimilarities. They found
dewastating e ects whenremoving the largestthird, but relatively benigne ects when
removing the smallestthird. With interactive thresholding the degreeto which this
behavior holds can be exploredfor every datasetindividually.

Random selection isimplemerted by thresholdinguniform randomnumbersRunif(i; j ).
The condition Runif(i; j) < removesthe dissimiliarity D;; with probability 1

The selectionprobability  can be cortrolled interactively. Becausethe selectionis
probabilistic, the number of selecteddissimilarities is random. Repeatedly generating
new sets of random numbers while optimization is cortinuously running, one gets a
senseof how (un)stable the con guration is under random removal of dissimilarities.
In our experienceclassicalscalingdoesnot respond well to the removal of even a small
fraction of distances.Distance scalingis considerablymore robust in this regard.

Another set of removal conditions for dissimilarities is based on color/glyph groups.
Sud groupscan be entered from les or they can be generatedinteractively with brushing
operations. We implemerted the following ways of using groupsin scaling:

Subsetting objects: Remove someobjects and scalethe remaining objects. Removal
is achieved by \hiding" color/glyph groups.

Within-groups  scaling: Remove the dissimilarities that crosscolor/glyph groups.
This option can be usefulfor nding and comparinggroup-internal structure, which is
often obscuredin global con gurations.

Within-groups scaling has slightly di erent behavior in classicaland distance scaling:
In classicalscalingthe groupsare linked to eat other by a commonorigin, but oth-
erwise they are scaledindependerily. In distance scaling the groups can be moved
independerly of ead other.

Note also that nonmetric scaling always introduces a certain dependencebetween
groups becausethe isotonic transformation is obtained for the pooled within-groups
dissimilarities, not for ead group separately

Bet ween-groups scaling: Remove the dissimilarities within the groups. Beetween-
groupsscalingwith two groupsis calledmultidimensional unfolding (Borg and Groenen
1997, chapter 14). Two groupsis the casethat is most prone to degeneraciebecause
it removesthe most dissimilarities. The more groupsthere are, the more dissimilarities

are retained and hencestability is gained.

Anc hored scaling: The objects are divided into two subsets,which we call the set of
anchors and the setof oaters. We scalethe oaters by only usingtheir dissimilarities
with regardto the andors. Floaters are therefore scaledindividually, and their posi-
tions do not a ect ead other. The anchors a ect the oaters but not vice versa. The
con guration of the andhorsis dealt with in one of two ways:

{ Fixed anchors: The anchors have a priori coordinates that determine their con-
guration. Sud coordinates can be entered in an initial position le, or they
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are obtained from previouscon gurations by manually moving the andhor points
(with mousedragging).

{ Salad anchors: The andors have dissimilarities also. Con gurations for the
anahors can therefore be found by subjecting them to regular scaling. Internally
scalingthe andhors and externally scalingthe oaters with regardto the andchors
can be donein a single optimization (Section6.3).

In our practice we usually start with scaledandors. Subsequetty we switch to xed
andhors. Then, while the optimization is running, we drag the andhor points into new
locations in order to ched the sensitivity and reasonablenessf the con guration of
the oaters.

The andhor metaphor is ours. Anchored scalingis called \external unfolding” in the
literature (Borg and Groenen1997,Section15.1).

45 Weights

The cost functions are easily adaptedto weights. We implemerted weights that depend on
two parameters,ead for a di erent task:

(

W = DI W ; if color/glyph of i;j is the same
& t) 2 w); if color/glyph of i; j is di erent
4 r +4; r = 0: ignoredissimilarities (default)
r= 1: Sammon'smapping
0O w 2 w = 1: ignore groups (default)

w = 2: within-groups scaling
w = 0: between-groupsscaling

The rst factor in the weights can depend on a power r of the dissimilarities. If r > 0, large
dissimilarities are upweighted; if r < 0, large dissimilarities are downweighted. This is a
more gradual form of moving small and large dissimilarities in and out of the cost function
comparedto lower and upper thresholding.

For metric distance scalingwith r = 1, Sammon'smapping (1969) is obtained, an
independen rediscwery of a variant of MDS.

The secondfactor in the weights dependson groups: The parameterw permits cortinuous
up- and downweighting of dissimilarities dependingon whetherthey link objectsin the same
or di erent groups. This is a gradual form of moving betweencorventional scaling, within-
groupsscaling,and between-groupsscaling. The latter are our ideas,while the weight-based
gradual versionis due to Priebe and Trosset(personalcomrmunication).

Note that weighting is computationally more costly than subsetting. The latter saves
time becausesomedissimilarities do not needto be looked at, but weights are costly in
terms of memory as we store them to save power operationsin ead iteration.
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Figure 6: Two Diagnostic Plots for Con gurations from Metric Distance Saling of the Morse
Code Data. Left: raw data, power p = 1; right: transformed data, power p = 6. An outlier
is marked in the right hand plot: the pair of codes(1;2) ( ; ) havea tted
distance that is vastly larger than the target dissimilarity.

5 Diagnostics

A standarddiagnosticin MDS is the Shepardplot, which is a scatterplot of the dissimilarities
againstthe tted distances,usually overlayed with a trace of the isotonic transform. Seefor
exampleBorg and Groenen(1997,Sections3.3and 4.1) or Cox and Cox (1994,Section3.2.4).
The plot provides a qualitative assessménof the goodnessof t, beyond the quartitativ e
assessmengiven by the Stressvalue.

The componerts for a Shepardplot are provided by X/GGvis on demand. The plot is
part of a separateX/GGobi window which goesbeyond a mere Shepardplot. The window
cortains seen variables:

di; , the tted quartities, which are kx;  x;k for distance scaling and hx;; x;i for
classicalscaling (in which casethe axis is labeled\b _ij* rather than \d _ij"),

f (Dij ), the transformation of the dissimilarities, which is a power for metric scaling
and an isotonic transformation for nonmetric scaling,

Di; , the dissimilarities,

rij = f(Di;) dj, the residuals,

w;; , the weights, which may be a power of the dissimilarities,
i, the row index,
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j , the columnindex.

Selectingthe variablesd;; and D;; yieldsthe Shepardplot for distancescaling,and an obvi-
ousanalogfor classicalscaling. SelectingD;; andf (D;; ) yields a plot of the transformation
of the dissimilarities. Selectingd;; andf (D;; is possiblyeven more informative becausethe
strength of the visible linear correlation is a qualitative measurefor the quality of the t.
The right side of Figure 6 shavs an example.

The residuals are provided for userswho prefer residual plots over plots of ts. The
weights are occasionallyuseful for marking up- and down-weighted dissimilarities with col-
ors or glyphs. The row and column indices are useful for those X/GGvis modesin which
dissimilarities have beenremoved from the Stressor Strain, or if somedissimilarities are
missing. Plotting i versusj providesa graphical view of the missingand removal pattern of
the dissimilarity matrix asit is usedin the current cost function.

If the objects are given labelsin an input le, the labels of the diagnosticswindow are
pairs of object labels. In Figure 6, for example, an outlying point is labeled\I..,2..- --",
showving two Morse codes,\.." for \I' and\..- --" for \2", whosedissimilarity is not tted
well.

6 Computational and Systems Asp ects

6.1 Coordination and Linking of Windo ws

When starting up X/GGvis, two windows appear: the X/GGvis cortrol panel and the
X/GGobi window for the display of the con guration. A diagnosticswindow for the Shepard
plot is createdlater at the user'sdiscretion.

Both the X/GGvis paneland its subordinate X/GGobi display live in the sameprocess.
As aresult, the X/GGvis \master" and its X/GGobi \slave" cantrivially shareead other's
data. For example,the X/GGvis masteris able to feedthe X/GGobi slave the coordinates
of the con gurations at a fast pace so as to achieve algorithm animation. Similarly, the
X/GGvis masteris able to fetch the glyphs and colorsfrom the X/GGobi slave in order to
perform \within-groups MDS," for example.

The window cortaining the con guration display is a complete X/GGobi window with
all its capabilities for multiv ariate data visualization, including brushing and labeling (pos-
sibly linked to X/GGobi windows of covariates), data rotations (3-D rotations, grand tours
and projection pursuit), parallel coordinate displays, and more (Swayne et al. 1998). We
mertioned manually moving points in Section 3: this capability works even when viewing
data with 3-D rotations and higher-D grand tours, in which casemotion in data spaceis
performed parallel to the currert projection plane, leaving the orthogonal badkdimensions
xed.

The diagnosticswindow is a full X/GGobi window of its own. It is not linked to the
con guration display. Onecancreatediagnosticswindowsin arbitrary numbersand compare
them with ead other. The diagnosticswindow is a frozen snapshotand doesnot animate
itself when X/GGvis performsoptimization. The main reasonfor detaching the diagnostics
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window from the rest of X/GGuvis is that the sizeof its data is in the order N 2 if the sizeof
the con guration is N. A Shepardplot can henceget solarge even for moderateN that the
systemwould slow down to an intolerable degreef animation wereattempted. It is, however,
usefulto always show the currert number of dissimilarities and update it cortinuously when
operations are performedthat remove or add dissimilarities.

6.2 Optimization and Interactivit y

For minimization of Stressand Strain we mostly follow Kruskal's (1964b) gradiert method.
This choice was basedon the simplicity with which gradiert methods generalizeto cost
functions with arbitrary weights and non-Euclidean Minkowski metrics. An additional ar-
gumert could be derived from evidencethat the more popular SMACOF algorithm (Borg
and Groenen1997,and referencegherein) may su er from premature stopping or stopping
at stationary rather than locally optimal solutions (Kearsley Tapia and Trosset,1998).

For metric scaling, Kruskal's method is plain gradiert desceh on the cost function with
regardto the con guration. For nonmetric scaling, Kruskal's method consistsof alternation
betweengradiert desceh on the con guration and estimation of the isotonic transformation.
The latter is basedon a convex leastsquaresproblemthat canbe solved with Kruskal's pool-
adjacen-violators algorithm.

An important part of Kruskal's method is a stepsizestrategy. This, however, we do not
usebecausewne submit the stepsizeto interactive usercortrol. It is scaledin relation to the
sizeof the con guration sud that, for example,a stepsizeof 0.05meansthat the gradiert is
5%the sizeof the con guration, wheresizeof the con guration and the gradiert is measured
asthe sum of the distancesfrom their respective meanvectors.

As we indicated earlier (Section 3), we do not provide automated stopping criterion
either: the systemruns a gradiert desceh loop until the user stopsit interactively. An
advantage of interactive over automated stopping is that non-trivial local movemer in the
con guration may still be visually apparert even when the desceh in the cost function
has becomenegligible. Another advantage is enabling the \uid mode of operation” in
which the useris freeto manipulate con gurations and parameterswithout having to restart
optimization after every manipulation (Section 3).

6.3 Gradien t Descent on the Con guration and Force Graphs

We now focus on details of the gradiert desceh step with a xed transformation. The goal
is to bring convertional MDS and anchored MDS (Section4.4) into a single computational
framework. The derivations may seemsomewhattechnical but there is reward in the clarity
adhieved.

We rst note that minimizing Stressand Strain is equivalert to maximizing the respective
cosine expressionsof Sections4.1 and 4.2. Omitting terms that do not depend on the
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con guration, we are to maximize a ratio of the following form:

P
Num _ Gz Wi 9(Dig) s(xiXj) | @
- P =
Denom @)z Wi S(Xi;x;)?

where s(x;; X;) is a Minkowski distance (to the gth power) for distance scaling, and the
inner product for classicalscaling. Both, distancesand inner products, are symmetric in
their argumerts, hences(x;; x;) is symmetricin i andj. As D;; is assumedsymmetric in
the subscripts,sois w;; .

The gradiert of the ratio with regardto the con guration X = (X;)i=1-n IS the collection

of partial gradientswith regardto con guration points Xx;:
!

Q Num Q Num
@ Denom = @& Denom

i=1:N

Becausewne determinethe sizeof gradient stepsasa fraction of the sizeof the con guration,
we only needthe partial gradierts up to a constart factor:

@ Num / X N um

. Wij 9(Dij) === s(Xi;Xj)
@; Denom P2 i )21g D enon? @ X=X,

In the derivation of this formula we usedsymmetry of D;; , w;;j , S(X;; X;), and alsosymmetry
of the setl, that is, (i;j) 21 ) (j; i) 2 1. The summationshouldreally extend over the set

fijf@p)2tor(;i)21g;
but if I is symmetricit is su cient to sum over the reducedset
fij@j)21g:

Reducedsummation lends an intuitiv e interpretation to partial gradierts: The summand
indexedby j is the cortribution of x; to the gradiert movemen of the point x;. As sud, it
can be interpreted as the \force" exertedby X; on x;. The reducedsummation meansthat
under the symmetry assumptionsit is su cient to considerthe force exertedby D;; on X;
only, although strictly speakingboth D;; and D;; exert force.

We now elaborate on the implications of reduced summation when it is carried over
to certain types of non-symmetricsets|. First we re-interpret gradiert computation with
reducedsummation by noting that it really producesthe gradiert of another criterion that
is conceptually di erent from the above ratio (2). To seethis, we introduce \bimo dal"
Stress/Strain, or a \bimo dal" ratio analogousto the \unimo dal" ratio (2), asfollows:

P
Num . ij)21 Wiy 9(Dij) s %)
Sanom( 10 niXizxe) = g SR g (4)
Giy2r Wi S(i5%j)?

We note:
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The reduced-summationgradiert (3) is exactly the plain gradiert of (4) with regard
to the ;'sat ; = x; 8i.

Maximizing (4) with regard to the ;'s given xed x;'s amourts to andhored scaling
with xed andiorsfx,;::;;xyg and oaters f ;;::5; 0.

The rst point assuresthat gradiert stepsbasedon (3) with reducedsummation do nd
local maxima of the \unimo dal" criterion (2) whenthe summationset!| is symmetric. The
secondpoint hints that we should be able to incorporate anchored scaling by searting for
local maxima of the bimodal ratio (4) if we use suitable summation sets| that are not

symmetric.
We illustrate this point with an example. Consider a dissimilarity matrix whose rst
columnis missing: D;.; = NA 8i, or equivalertly, | = f(i;j)j1 i N; 2 j Ng. The

missing rst column meansthat x; doesnot cortribute to the partial gradiert (3) of any
point whatscewer, but its own partial gradiert hascortributions from thosepoints for which
D; is not missing. Intuitiv ely, x, doesnot exert forcebut it \feels" forcefrom other points;
it doesnot \push", but it is being\pushed". In other words, x, is a oater, and its anchors
arefx; jD1; 6 NAgQ. This exampleshows that a suitable NA pattern in the dissimilarities
permits us to implemert anchored scalingin addition to cornventional scaling.

We discussbrie y the N A patterns of the group-basedscaling methods of Section4.4:

Within-groups scaling, illustrated with two groups:

groupl group2 |
Dgr pl;arpl NA groupl

D =

Group 1 gets scaledinternally, and so doesgroup 2. The forcesare con ned within
the groups. The summation setl is symmetric.

Between-groupsscaling, illustrated with two groups (multidimensional unfolding):

groupl group2 |

D =
Dgrp2;grp1 NA grOUpz

The two groupsexert force on ead other, but there is no forcewithin the groups. The
summation set| is again symmetric.

Anchored scalingwith scaledandors (a form of external unfolding):

ancors oaters
D = Dancrianer NA andors
Df Itr :ancr NA oaters
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Here the summation set | is no longer symmetric. The top left submatrix causes
convertional scalingof the andhors. The bottom left submatrix exertsthe push of the
anchors on the oaters. The two blocks of N A's on the right imply that the columns
for the oaters are absen, that is, the oaters do not pushany points.

Anchored scalingwith xed andhors (another form of external unfolding):

andors oaters
D = NA NA andors
Dtitr-aner NA oaters
Again the summationset| is not symmetric. The two top blocks of NA's imply that
the anchors are xed: they are not being pushedby anyone. The only pushis exerted
by the andhors on the oaters through the matrix on the bottom left.

It becomesclearthat N A patterns and the correspnding summation setsl form a lan-
guagefor expressingarbitrarily complexconstellationsof forces. This idea can be formalized
in terms of what we may call a \force graph”, de ned as the directed graph with nodes
f1;:::;;Ng and edgesin the summation set

| = f(i;j)iDy 6 NAg:

An edge(i; j) standsfor \]j pushesi". Convertional MDS is represeted by a complete
graph, where every point pushesewery other point. For within-groups scaling the force
graph decompsesinto disconnectedcomplete subgraphs(cliques). Between-groupsscaling
has a completebi-directional, multi-partite graph, that is, the node setis decompsedinto
two or more disjoint partitions, and the edgesetis the setof edgesrom any onepartition to
any other. Anchored MDS with xed andorshasa uni-directional completebipartite graph,
that is, the two partitions have asymmetricrolesin that the edgesgo only from one of the
partitions to the other. In anchored MDS with scaledandors, the latter form in addition
a clique. One can obviously conceie of more complex force graphs, sud as multi-partite

graphswith layeredandoring, or graphswith selectedforce cycles,but this is not the place
to pursuethe possibilitiesin detail.

6.4 MDS on Large Num bers of Ob jects

MDS is basedon N2 algorithms, a fact that limits its read for large N. On the hardware
at our disposal,interactive useof X/GGvis is possibleup to about N = 1000. Larger N can
be processedlso, but the userwill leave the optimization to itself for a while. The largest
N we have scaledwith X/GGvis was N = 3648, but still larger N are feasiblewith more
patience.

Among the four types of MDS, the nonmetric varieties are never recommendedfor N
greaterthan a few hundred becausesetting up the isotonic regressioraddsinitially a consid-
erablecomputational burden. Among the two metric varieties, classicalscalingis fasterthan
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distancescaling. It is thereforea commonstrategy to useclassicalscalingsolutionsasinitial
con gurations for distance scaling. For what it's worth, on a laptop computer with model
year 2000the dimensionreduction example of Section7 with N = 1926 required about 5
secondger gradiert stepfor metric distancescalingand under 4 seconder step for metric
classicalscaling.

We mertioned in Section4.5 that weighted MDS is costly. When N is large, one should
abstain from the useof weights for spacereasons.We do not allocate a weight array if the
weights are idertical to 1.

The readh of MDS extends when a substartial number of terms is trimmed from the
Stressfunction. Sud trimming is most promising in anchored MDS (Section 4.4), which
can be applied if an informative set of anchors can be found. The choice of anchors can be
crucial; in particular, a random choice of andors often does not work. But we have had
succeswith the exampleof sizeN = 3648mertioned earlier: satisfying con gurations were
found with an andor set of size 100, which reducedthe time neededfor a single gradiert
step from 100secondgo 6 seconds.

7 Examples of MDS Applications

We give somedata examplesthat demonstratethe wide applicability of MDS and the use-
fulnessof X/GGuvis.

Distance data of computer usage: As part of a project on intrusion detection
at AT&T Labs (Theus and Sdonlau 1998), userswere characterizedby their logs of
operating system commandsthat they typed during a number of work days. From
ead log, pairs of commandswere characterizedby a dissimilarity value that measured
how far spacedin time the commandswere usedon average. Eac dissimilarity matrix
was consideredas the signature of a user. MDS was usedto create 2-D maps of the
commandsfor a particular user. Two examplesare shovn in Figure 7. One userwas
a member of technical sta, the other an administrative assistat. The mapsdier in
characteristic ways, and they have very intuitiv e meaningsin terms of generalactivities
sud asstart up at the beginningof the day, e-mailing, programming, word processing.

Dimension reduction: From a multiv ariate datasetwith eight demographicand tele-
phone usagevariablesfor 1926 householdswe computed a Euclidean distance matrix

after standardizingthe variables. MDS wasusedto reducethe dimensionfrom eigh to

two by creatinga 2-D map. Figure 8 shawvsthe result, sideby sidewith a 2-D principal

componert projection. While MDS squeeze£0% more variance into two dimensions
than PCA, its map shows rounding on the periphery that may be artifactual. This de-
fect, combined with vastly greater computational cost, corvinced us that MDS cannot
be generallyrecommendedor dimensionreduction.

Layout of telephone call graphs: The dewelopmen of XGvis was originally mo-
tivated by the problem of laying out graphsin more than two dimensionsand using
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XGobi asadisplay device(Littman etal. 1992). In orderto lay out a graphwith MDS,
onecomputesfrom the graph a distancematrix that canbe subjectedto MDS, sud as
the \shortest-path metric". X/GGvis acceptsgraphsasinput data, represeted as a
list of pairs of object numbers,and it computesthe shortest-pathmetric at start-up. It
alsorepresets the graph visually with lines connectingcon guration points. Figure 9
shows an exampleof a call graph with 110nodes.

Molecular Conformation: This is the task of embedding moleculesin 3-D basedon
partial information about the chemical bonds. We give a somewhatunusual example
that really amourts to a graph layout: D. Asimov (1998) deviseda method for de-
scribing all possiblecapped nanotubes. His construction producesgraphswith carbon
atoms as nodesand bonds as edges.We shaw the graph layout of one sud nanotube
in Figure 10. Although the shortest-path metric of this molecular graph is far from
Euclidean, the enbedding is quite acceptableand certainly an excellet start for a
more specializedchemical bond optimizer.

Conclusions

This article hoped to accomplishthe following:

To giveanintroduction to multidimensional scalingfrom the point of view of interactive
data visualization.

To descrike functionality of systems,X/GGvis, that act astest bedsfor exploring the
read of human cortrol in MDS computations.

To outline an extensiwe set of tools for creating, visualizing, manipulating and diag-
nosing MDS con gurations.

To give a selectedtour of MDS applications.

We nally refer the interested readerto a companion paper (Buja and Swayne 2002) for
MDS methodology that is supported by the functionality descriked in this article.
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Figure 7: Maps of Computer Commandsfor Two Individuals.

Left: a memler of technical sta who programs and manipulatesdata (Stress=0.29).
Right: an administrative assistantwho does e-mail and word processing(Stress=0.34).

Figure 8: Marketing Segmentation Data. Left: MDS reduction to 2-D; right: largesttwo

principal components. The glyphsrepresentfour market segmentsconstructed with k-means
clustering using four means.
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Figure 9: A TelephoneCall Graph, Layad Out in 2-D. Left: classi@l saling (Stress=0.34);
right: distance saling (Stress=0.23). The nodes represent telephonenumters, the edges
representthe existene of a call between two telephonenumkbersin a giventime period.

Figure 10: Nanotuke Embedding. One of Asimov's graphsfor a nanotuke is rendeed with
MDS in 3-D (Stress=0.06). The nodesrepresentcarbon atoms, the lines representchemial
bonds. The right hand frame showsthe cap of the tube only. Some of the pentagonsare

clearly visible.
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