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Summary: In many clinical studies with a survival outcome, administrative censoring occurs when

follow-up ends at a pre-specified date and many subjects are still alive. An additional complication

in some trials is that there is noncompliance with the assigned treatment. For this setting, we study

the estimation of the causal effect of treatment on survival probability up to a given time point

among those subjects who would comply with the assignment to both treatment and control. We

first discuss the standard instrumental variable method for survival outcomes and parametric max-

imum likelihood methods, and then develop an efficient plug-in nonparametric empirical maximum

likelihood estimation (PNEMLE) approach. The PNEMLE method does not make any assumptions

on outcome distributions, and makes use of the mixture structure in the data to gain efficiency

over the standard instrumental variable method. Theoretical results of the PNEMLE are derived

and the method is illustrated by an analysis of data from a breast cancer screening trial. From our

limited mortality analysis with administrative censoring times 10 years into the follow-up, we find a

significant benefit of screening is present after 4 years (at the 5% level) and this persists at 10 years

follow-up.
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1. Introduction

In randomized trials with a survival outcome, two common problems are administrative

censoring and noncompliance. Administrative censoring means follow-up ends at a pre-

specified date when many subjects have not failed yet. Noncompliance means a subject does

not take his or her assigned treatment. A trial that had both administrative censoring and

noncompliance is the HIP study, a trial of the effect of breast cancer screening (Joffe, 2001).

Other examples of trials involving both administrative censoring and noncompliance are

Kubik (1990), Follmann (2000) and Oken (2005). When there is noncompliance, in addition

to the intent-to-treat effect, it is often of interest to estimate the causal effect of actually

receiving the active treatment compared to receiving the control. Knowledge of this effect is

useful for predicting the impact of the treatment in a setting for which compliance patterns

might differ from the randomized trial and for scientific understanding of the treatment

(Sommer & Zeger, 1991; Sheiner & Rubin, 1995; Cheng & Small, 2006; Small et al., 2006).

There is a lot of literature studying the causal effect of a treatment on a continuous, binary

or multinomial outcome when there is noncompliance. A few papers have considered trials

with a survival time as the outcome in the presence of noncompliance. Robins & Tsiatis

(1991) considered a structural accelerated failure time model in which treatment multi-

plies the failure time by a constant factor for each subject, and developed semiparametric

estimators for this model. Joffe (2001) provided a good discussion of their approach and

comparisons with other survival analysis methods. Loeys & Goetghebeur (2003) and Cuzick

et al. (2007) considered a structural proportional hazards model in which the hazard of

the potential failure time under treatment for a certain group of subjects is proportional

to the hazard of the potential failure time under control for these same subjects. Both the

structural accelerated failure time model and the structural proportional hazards model

are semiparametric models, the parametric part being the effect of the treatment on the
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distribution of failure times. In this paper we use empirical likelihood (a nonparametric

approach) to estimate the effect of treatment on survival at specific times in the presence

of non-compliance and administrative censoring. Our work builds on Baker (1998). Baker

extended the model and assumptions for settings with noncompliance of Baker & Lindeman

(1994) and Angrist et al. (1996) to discrete-time survival data. He derived closed form

expressions for the maximum likelihood estimates of the hazards of compliers (subjects who

would only receive the treatment if assigned to the treatment) in the treatment and control

groups when these estimates lie in the interior of the parameter space. For the effect of the

treatment at a specific time, Baker’s estimator is analogous to the standard instrumental

variable (IV) estimator in the setting with a survival outcome. However, this estimator can

provide negative estimates of hazards (Baker, 1998) and be inefficient in some situations.

The reason for the inefficiency is the same as the reason that the standard IV estimator

is inefficient in the non-survival setting: standard IV methods do not fully use the mixture

structure implied by the latent compliance model (Imbens & Rubin, 1997; Cheng et al.,

2009a; Cheng et al., 2009b). The nonparametric approach developed in this paper makes

full use of this mixture structure and thus has the potential to be more efficient than the

standard IV method.

2. Notation, Assumptions, Compliance Classes, and Model Structure

2.1 Notation

We assume that the treatment has two levels. Let R be the indicator vector of random-

ization assignments for all subjects. Its individual element Ri = ri ∈ {0, 1} indicates the

randomization assignment for subject i: Ri = 1 if subject i is assigned active treatment

(hereafter, it is referred to as ’treatment’), Ri = 0 for control. We also let Ar denote the

vector of potential treatments received under randomization assignments r. Its individual
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element A
r
i = ai ∈ {0, 1}, is equal to 1 if subject i takes the treatment and 0 if subject i

takes the control under the randomization assignments r.

Let T r,a be the vector of the potential failure times under randomization assignments r

and treatments received a. Its individual element T
r,a
i is the potential failure time for subject

i with the vector of randomization assignments r and the vector of treatment received a.

Let C denote the vector of administrative censoring times for all subjects with individual

element Ci as the administrative censoring time for subject i, i.e., Ci is the time between

the date of enrollment for subject i and the prespecified date at which follow-up finishes.

Subject i would get censored under randomization assignments r and treatments received a

if T
r,a
i > Ci. Let Y

r,a
i = min{T r,a

i , Ci} denote the length of subject i’s follow-up time and let

∆
r,a
i = I{T r,a

i 6 Ci} be an indicator of failure for subject i under r, a; ∆
r,a
i = 1 if failure

occurs before censoring and ∆
r,a
i = 0 otherwise.

2.2 Assumptions

We make the same five assumptions as Angrist, Imbens and Rubin (1996) made for the

non-survival setting and then an additional assumption for the survival setting.

Assumption 1: Stable Unit Treatment Value Assumption (SUTVA) (Rubin,

1978).

a. If ri = r
′
i, then A

r
i = A

r
′

i for all i.

b. If ri = r
′
i and ai = a

′
i, then T

r,a
i = T

r
′
,a
′

i for all i.

The SUVTA assumption allows us to write T
r,a
i , Y

r,a
i , ∆

r,a
i and A

r
i as T ri,ai

i , Y ri,ai
i , ∆ri,ai

i

and Ari,ai
i respectively for subject i.

Assumption 2: Random Assignment

The treatment assignment Ri is random: Pr(R = u) = Pr(R = u
′
) for all u and u

′
such

that lT u = lT u
′
, where l is the vector with all elements equal to one.

Assumption 3: Exclusion Restriction
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T ri,ai
i = T

r
′
i ,ai

i for all ri, r
′
i, ai and all subjects i.

According to this assumption, the randomization assignment does not affect the potential

failure time except through its effect on the treatment received. Thus, we write T ri,ai
i , Y ri,ai

i

and ∆ri,ai
i as T ai

i , Y ai
i and ∆ai

i respectively for subject i.

Assumption 4: Nonzero Average Causal Effect of R on A

E(A1
i − A0

i ) 6= 0.

This assumption requires randomization assignment R to have an effect on the average

probability of receiving treatment.

Assumption 5: Monotonicity (Imbens and Angrist, 1994).

A1
i > A0

i for all i, which rules out treatment defiers.

Besides Assumptions 1 - 5 from Angrist et al. (1996), we also make the following assumption

as in Kaplan and Meier (1958).

Assumption 6: Independence of Failure Times and Censoring Times

The distributions of potential failure times T and administrative censoring times C are

independent of each other. Type I censoring (i.e., censoring times are the same for all

subjects) and random censoring are two special cases.

2.3 Compliance Classes

A subject in a two-arm trial can be classified into one of four compliance classes: always-

takers (A1 = 1, A0 = 1), who will always take the treatment no matter which group they

are assigned to; compliers (A1 = 1, A0 = 0), who will comply with their assignments; never-

takers (A1 = 0, A0 = 0), who will never take the treatment no matter which group they

are assigned to; and defiers (A1 = 0, A0 = 1), who will do the opposite of their assigned

treatment. Note the monotonicity assumption rules out the existence of defiers. First assume

Assumption 7: Only Compliers and Never-takers in Our Model

This occurs in a trial in which only subjects assigned to the treatment have the opportunity
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to receive the treatment, e.g., a single consent design (Zelen, 1979). Let I = 1 if the subject

is a complier and I = 0 if he or she is a never-taker. Let πc = P (I = 1). We will later extend

our results to more general trials with always-takers.

2.4 Model Structure

Under Assumption 7, the compliance status is observed for the treatment group but not for

the control group. If R = 1 and A = 1, we know that the subject is a complier; if R = 1

and A = 0, we know that the subject is a never-taker. However, in the control group, we

cannot tell which group the subject belongs to, and hence have a mixture of compliers and

never-takers in the control arm. We can organize the data as follows, where there are m1+m2

subjects in the treatment group and N subjects in the control group:

(1) Compliers in the Treatment Group

For i = 1, · · · , m1, assume that Ri = 1 and Ai = 1, which means that they are

compliers in the treatment group (Ii = 1). Let Yi denote the observed follow-up time

for subject i and ∆i denote the censoring indicator. Let the n1 ordered unique failure

times corresponding to {Yi}m1
i=1 be 0 < T

(1)
1 < · · · < T (1)

n1
< ∞, where n1 6 m1. For

j = 1, · · · , n1, let d
(1)
j be the number of failures at T

(1)
j and r

(1)
j be the number of

subjects at risk of failure just prior to T
(1)
j .

(2) Never-takers in the Treatment Group

For i = m1 +1, · · · ,m1 +m2, assume that Ri = 1 and Ai = 0, which means that they are

never-takers in the treatment group (Ii = 0). Again, let Yi denote the observed follow-

up time for subject i and ∆i denote the censoring indicator. Let the n2 ordered unique

failure times corresponding to {Yi}m1+m2
i=m1+1 be 0 < T

(2)
1 < · · · < T (2)

n2
< ∞, where n2 6 m2.

For j = 1, · · · , n2, let d
(2)
j be the number of failures at T

(2)
j and r

(2)
j be the number of

subjects at risk of failure just prior to T
(2)
j .

(3) Mixture in the Control Group
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For i = m1 + m2 + 1, · · · ,m1 + m2 + N , assume that Ri = 0, which shows that they

are subjects in the control group. Similarly, let the n3 ordered unique failure times

corresponding to {Yi}m1+m2+N
i=m1+m2+1 be 0 < T

(3)
1 < · · · < T (3)

n3
< ∞, where n3 6 N .

We assume that the survival functions of compliers in the treatment group and compliers

in the control group at time V are given by Sc1(V ) and Sc0(V ) respectively. Never-takers in

both the treatment group and control group have the same survival function Snt(V ) at time

V because of the exclusion restriction (Assumption 3). Furthermore, we let ST |R=1(V ) and

ST |R=0(V ) denote the survival probabilities at time point V of the mixture distribution in

the treatment group and that in the control group, respectively. Notice that

ST |R=1(V ) = πcSc1(V ) + (1− πc)Snt(V )

ST |R=0(V ) = πcSc0(V ) + (1− πc)Snt(V )

3. Standard Instrumental Variable Estimation

Under Assumptions 1-6, the compliers are the only subgroup for which a randomized trial

provides information on the causal effect of receiving treatment (Angrist et al., 1996). By

Proposition 1 in Angrist et al. (1996), the difference between the survival probability at a

time point V of compliers in the treatment group and that in the control group is given by

W (V ) =
ST |R=1(V )− ST |R=0(V )

E[A|R = 1]− E[A|R = 0]

which is the difference of the survival probability at time V in the two arms divided by

the proportion of compliers. Under Assumption 7, note that E[A|R = 0] = 0 since there

are no subjects with treatment in the control group. The standard IV estimator is given by

substituting estimators of the quantities in the above formula, i.e.,

Ŵ (V ) =
ŜT |R=1(V )− ŜT |R=0(V )

Ê[A|R = 1]− Ê[A|R = 0]
(1)
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where Ê denotes the sample mean, and ŜT |R=1(V ), ŜT |R=0(V ) represent the Kaplan-Meier

estimators in the treatment arm and the control arm, respectively. In the survival setting,

Assumption 6 is needed to ensure that these Kaplan-Meier estimators are consistent. (1) is

also the standard IV estimator for general trials under Assumptions 1 - 6, where always-

takers exist in both arms. The estimators in Baker (1998) are equivalent to the standard IV

estimators. For the standard IV method in the non-survival setting, Angrist et al. (1996)

provides the foundation and Cheng et al. (2009b) discussed various properties.

Although the standard IV estimator is very useful, it does not take full advantages of

the mixture structure of the outcomes in two arms. The likelihood approach which uses the

mixture information provides considerable efficiency gains over the standard IV estimation.

4. Parametric Maximum Likelihood Estimation

For a parametric model, the EM-algorithm can be used to find the maximum likelihood

estimators (MLE) of the parameters, and hence the MLE of the difference between the

survival probability of the compliers in the treatment group and that in the control group at

a specific time V . In Web Appendix E, we derive the EM-algorithm for Weibull distributions

for each of compliers in the treatment group, compliers in the control group and never-takers.

5. Nonparametric Empirical Likelihood Estimation

If the parametric assumptions are not correct, then the MLE could be biased. Therefore,

in this section, we propose a nonparametric approach based on empirical likelihood (Owen,

2001). Under the exclusion restriction (ER) assumption, the never-takers have the same

distribution in both treatment arm and control arm, so it is natural to incorporate this

constraint in the empirical likelihood. However, this corresponds to an infinite number of

estimating equations and leads to poor performance of empirical likelihood as in the examples

in Chapter 10 of Owen (2001). Instead, we impose a finite subset of the infinite set of
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constraints as in Owen (2001). In particular, we impose the constraint that the survival

probabilities of the never-takers at the time point we are focusing on are the same in both

arms. Our approach, which we call plug-in nonparametric empirical maximum likelihood

estimation (PNEMLE), uses three steps to find an approximation to the empirical maximum

likelihood estimator of the difference between the survival probability of the compliers in the

treatment group and that in the control group at a specific time V subject to the constraints

that (a) the survival probabilities of the never-takers in two arms at the time point we are

focusing on are the same and (b) the proportions of compliers are the same in both arms.

• Step I: Estimate Sc1(V ), Snt(V ) and πc in the treatment group. We estimate Sc1(V ), Snt(V )

by Kaplan-Meier estimators Ŝc1(V ), Ŝnt(V ), and we use the observed fraction of compliers

in the treatment group π̂c = Ê(I = 1|R = 1) to estimate πc.

• Step II: Estimate Sc0(V ) in the control group. We get our estimator Ŝc0(V ) by applying

the nonparametric empirical likelihood approach to model the distribution of the control

group with constraints Snt(V ) = Ŝnt(V ) and πc = π̂c.

• Step III: Estimate W (V ) = Sc1(V ) − Sc0(V ) by Ŵ (V ) = Ŝc1(V ) − Ŝc0(V ), where Ŝc1(V )

and Ŝc0(V ) are obtained in Step I and Step II.

Since Step I and Step III are straightforward, we only focus on Step II. For j = 1, · · · , n3, let

pc0
j = P (T = T

(3)
j | R = 0, I = 1) and pnt

j = P (T = T
(3)
j | R = 0, I = 0). Then the empirical

likelihood for the observed data in the control group is given by

Lobs =
m1+m2+N∏

i=m1+m2+1

(π̂cL
1
i + (1− π̂c)L

2
i ) (2)

where

L1
i = {

n3∑

j=1

pc0
j I(T

(3)
j = Yi)}∆i{

n3∑

j=1

pc0
j I(T

(3)
j > Yi)}1−∆i

L2
i = {

n3∑

j=1

pnt
j I(T

(3)
j = Yi)}∆i{

n3∑

j=1

pnt
j I(T

(3)
j > Yi)}1−∆i
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Our constraints are given by

n3∑

j=1

pnt
j I(T

(3)
j > V ) = Ŝnt(V ) (3)

n3∑

j=1

pc0
j 6 1 (4)

n3∑

j=1

pnt
j 6 1 (5)

pc0
j > 0, j = 1, · · · , n3 (6)

pnt
j > 0, j = 1, · · · , n3 (7)

We want to maximize (2) under the constraints (3) - (7). Since failure times and censoring

times are independent, we can use the hazard function to get the equivalent form of our

optimization problem. For j = 1, · · · , n3, let λj = P (T = T
(3)
j | T > T

(3)
j , R = 0, I = 1)

and ξj = P (T = T
(3)
j | T > T

(3)
j , R = 0, I = 0). Then the optimization function (2) with

constraints (3) - (7) has the equivalent form

Lobs =
m1+m2+N∏

i=m1+m2+1

(π̂cL
3
i + (1− π̂c)L

4
i ) (8)

where

L3
i = { ∏

j:T
(3)
j <Yi

(1− λj)−
∏

j:T
(3)
j 6Yi

(1− λj)}∆i{ ∏

j:T
(3)
j 6Yi

(1− λj)}1−∆i

L4
i = { ∏

j:T
(3)
j <Yi

(1− ξj)−
∏

j:T
(3)
j 6Yi

(1− ξj)}∆i{ ∏

j:T
(3)
j 6Yi

(1− ξj)}1−∆i

subject to

∏

j:T
(3)
j <V

(1− ξj) = Ŝnt(V ) (9)

0 6 λj 6 1, j = 1, · · · , n3 (10)

0 6 ξj 6 1, j = 1, · · · , n3 (11)
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We want to use the EM-algorithm to solve this mixture problem. Here, our complete data

likelihood function is given by

Lc =
m1+m2+N∏

i=m1+m2+1

(π̂cL
3
i )

Ii{(1− π̂c)L
4
i }1−Ii (12)

E-Step Since the complete data log-likelihood is linear in Ii, the E-step just involves

substituting Îi = Ê(Ii|λ(t)
j , ξ

(t)
j ) into (12), where for all i = m1 + m2 + 1, · · · ,m1 + m2 + N ,

Îi is given by

Îi =
π̂cL

3
i

π̂cL3
i + (1− π̂c)L4

i

(13)

M-Step After plugging (13) into (12), we can get the maximizers of λ and ξ as below.

(1) Maximizers of λj, ∀j = 1, · · · , n3

For each Yi, we consider it as Îi “subjects” instead of one subject. Let dc0
j be the number

of failures at T
(3)
j , and rc0

j be the number of subjects at risk of failure just prior to T
(3)
j . Then

the maximization problem is equivalent to maximizing

n3∏

j=1

λ
dc0

j

j (1− λj)
rc0
j −dc0

j (14)

Therefore, the maximizer of λj is given by

λ̂j = dc0
j /rc0

j (15)

(2) Maximizers of ξi, ∀i = 1, · · · , n3

For each Yi, we consider it as 1 − Îi “subjects” instead of one subject. Let dnt
j be the

number of failures at T
(3)
j , and rnt

j be the number of subjects at risk of failure just prior to

T
(3)
j . Then our maximization problem is equivalent to maximizing

n3∏

j=1

ξ
dnt

j

j (1− ξj)
rnt
j −dnt

j (16)

subject to

∏

j:T
(3)
j <V

(1− ξj) = Ŝnt(V ) (17)

0 6 ξj 6 1, j = 1, · · · , n3 (18)



Inference for the Effect of Treatment on Survival Probability 11

We easily use the Lagrange Multiplier method to solve this optimization problem. The

maximizer of ξj is given by

ξ̂j =





dnt
j

rnt
j

, if T
(3)
j > V

dnt
j

rnt
j −α

, if T
(3)
j < V

(19)

where α is uniquely obtained by solving

log Ŝnt(V )− ∑

j:T
(3)
j <V

log (1− dnt
j

rnt
j − α

) = 0

Theoretical properties in Section 7 show that the EM sequence converges to the unique

global maximum no matter where we start our algorithm. One possible way to get the initial

values is to run the maximization step by assuming Îi = m1/(m1 + m2). From Theorem 7.2,

the EM sequence converges to the unique global maximum. We repeat this EM-algorithm

until {λ(t)
j }n3

j=1 and {ξ(t)
j }n3

j=1 converge. Assume that {λ(t)
j }n3

j=1 converge to {λMLE
j }n3

j=1, and

{ξ(t)
j }n3

j=1 converge to {ξMLE
j }n3

j=1. Then the estimator of Sc0(V ) is given by

Ŝc0(V ) =
∏

j:T
(3)
j <V

(1− λMLE
j ) (20)

In summary, our EM-algorithm in Step II is described as below:

E-Step Estimate Ii through (13).

M-Step Estimate λi and ξi through (15) and (19).

6. Extension to Trials under Assumptions 1 - 6

In Web Appendix F, we extend our PNEMLE approach to more general trials under As-

sumptions 1 - 6 in which the control group has access to the treatment. For such trials,

we have one more compliance class, the always-takers, in addition to the compliers and the

never-takers. The basic idea is that we estimate the survival function of compliers in the

treatment group based on the information we have for always-takers in the control group,

and the survival function of compliers in the control group based on the information we have

for never-takers in the treatment group. Please refer to Web Appendix F for details.
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7. Theoretical Properties of PNEMLE

In this section, we establish theoretical properties of our PNEMLE estimator, which are

proved in Web Appendix A - C.

7.1 Existence and Uniqueness

Theorem 1: For any specific time V and plug-in Ŝnt(V ), π̂c, the maximization problem

(2) under constraints (3) - (7) has a unique global maximum.

Proof. See Web Appendix A.

7.2 Convergence of EM-algorithm

Theorem 2: The EM sequence converges to the unique global maximum of the maxi-

mization problem in Theorem 7.1.

Proof. See Web Appendix B.

7.3 Asymptotic Consistency

We discuss the asymptotic consistency of PNEMLE. For a specific time V , let r(1)
v , r(2)

v and rG
v

be the number of subjects at risk of failure just prior to V in compliers in the treatment group,

never-takers in the treatment group and the mixture in the control group respectively. Let

G to be the distribution of the mixture in the control group, that is, G = πcFc0 +(1−πc)Fnt.

We also assume that the distributions of compliers and never-takers in the control group

overlap at least minimally, which means that the never-takers in the control group can be

neither all in the lower 1−πc quantile nor all in the upper 1−πc quantile. This implies that

SG(V )− πc

1− πc

I(V 6G−1(1−πc)) < Snt < 1 +
SG(V )− (1− πc)

1− πc

I(V >G−1(πc)) (21)

Asymptotic consistency is shown in the following theorem.

Theorem 3: If (21) and the conditions below are satisfied

(i) r(1)
v →∞, r(2)

v →∞, rG
v →∞, as m1 + m2 + N →∞
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(ii)
m1 + m2

N
→ c, as m1 + m2 + N →∞,where c is a finite constant

(iii) 0 < πc < 1

then we have that

Ŝc1(V )− Ŝc0(V )
P→ Sc1(V )− Sc0(V ), as m1 + m2 + N →∞

Proof. See Web Appendix C.

8. Estimation of Confidence Intervals via Bootstrap Method

PNEMLE provides us a powerful tool to obtain the point estimate of the difference between

the survival probability of compliers in the treatment group and that of compliers in the

control group. However, we are interested in not only the point estimate but also the

confidence interval (CI). Efron & Tibshirani (1994) suggested using the Bootstrap Method

to obtain the confidence interval for censored data sets {(Yi, ∆i)}m1+m2+N
i=1 . We can construct

the CI based on bootstrap percentiles following the steps below.

• Step I: Draw a Bootstrap sample {(Y ∗
i , ∆∗

i )}m1+m2+N
i=1 . For compliers in the treatment group

{(Yi, ∆i)}m1
i=1, we sample with replacement by putting mass 1

m1
at each point (Yi, ∆i) in

order to get Bootstrap sample {(Y ∗
i , ∆∗

i )}m1
i=1. For never-takers in the treatment group

{(Yi, ∆i)}m1+m2
i=m1+1, we sample with replacement by putting mass 1

m2
at each point (Yi, ∆i)

in order to get Bootstrap sample {(Y ∗
i , ∆∗

i )}m1+m2
i=m1+1. For mixtures in the control group

{(Yi, ∆i)}m1+m2+N
i=m1+m2+1, we sample with replacement by putting mass 1

N
at each point (Yi, ∆i)

in order to get Bootstrap sample {(Y ∗
i , ∆∗

i )}m1+m2+N
i=m1+m2+1. We join the three Bootstrap samples

together to get a Bootstrap sample {(Y ∗
i , ∆∗

i )}m1+m2+N
i=1 .

• Step II: Estimate PNEMLE Ŵ ∗(V ) for this Bootstrap sample following the procedures in

Section 5.

• Step III: Independently repeat steps I and II B times and obtain {Ŵ ∗
b (V )}B

b=1. Find the
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lower α
2

percentile Ŵ ∗
LOW (V ) and the upper α

2
percentile Ŵ ∗

UP (V ). The (1− α) confidence

interval is given by (Ŵ ∗
LOW (V ), Ŵ ∗

UP (V )).

We can also use the BCa method (a bias corrected version of the bootstrap percentile

method). Please refer to Web Appendix J for details. As we see in Section 9, both types of

Bootstrap CIs have reasonably good coverage probability.

9. Simulation Studies

In this section, we conduct simulation studies to compare our PNEMLE method to the

standard IV estimation and the Weibull parametric estimation under various outcome dis-

tributions (see Table 1) and πc = 0.5 (see Table 2) or πc = 0.2 (see Table 3). In all settings,

we set the probability of being assigned to treatment as πc, and results are obtained from

1000 simulated data sets with a sample size of 2K(K = 100 or 200). The administrative

censoring time C is uniformly distributed on the interval [C0, C0 + ∆C]. For each setting,

we consider three values of V : close to zero, in the middle, and close to C0 + ∆C. We only

present results from single consent trials, in which we only have compliers and never-takers

in both arms. However, the method can be directly extended to more general trials.

Before discussing our simulation results, we consider the factors likely to affect the size of

the efficiency gain of our PNEMLE estimator over the standard IV estimator. Let Cmax

denote the maximum censoring time in the control group. The PNEMLE estimator is

Ŝc1(V )− Ŝc0(V ). Similarly, the standard IV estimator is written as Ŝc1(V )− S̃c0(V ), where

S̃c0(V ) =
ŜT |R=0(V )− ŜT |R=1(V ) + π̂cŜc1(V )

π̂c

(22)

(see Imbens & Rubin, 1997). The estimate of Sc0(V ) that PNEMLE uses, Ŝc0(V ), is always

between 0 and 1 because of the constraints applied but the estimate of Sc0(V ) that standard

IV uses, S̃c0(V ), might not be between 0 and 1. When S̃c0(V ) is not between 0 and 1, we

expect PNEMLE to be a better estimate than standard IV because PNEMLE incorporates
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the knowledge that 0 6 Sc0(V ) 6 1 whereas standard IV is implicitly based on an estimate

of Sc0(V ) that is not between 0 and 1. For similar reasoning in the non-survival setting, see

Imbens & Rubin (1997) and Cheng et al. (2009b). Three factors which affect the probability

that 0 6 S̃c0(V ) 6 1 are (a) sample size; (b) the time point V and (c) the proportion of

compliers πc. Asymptotically S̃c0(V )
P→ Sc0(V ). Consequently, it is more likely that S̃c0(V )

escapes from the interval 0 to 1 for small samples. Similarly, S̃c0(V ) is more likely to escape

from [0,1] when Sc0(V ) is near to 0 or near to 1, which will tend to happen as V gets closer to

zero or possibly Cmax. The variance of S̃c0(V ) is approximately proportional to 1
π2

c
for fixed

sample size, ST |R=1(V ), ST |R=0(V ) and Sc1(V ), so that S̃c0(V ) is more likely to escape from

[0,1] when πc is small. Thus, we expect PNEMLE to gain more over standard IV for small

sample sizes, when V is closer to the boundaries of [0, Cmax] and when πc is small, because

in these settings, S̃c0(V ) is more likely to escape from [0,1].

[Table 1 about here.]

Table 2 shows the relative biases, i.e., ((estimated-true)/true)*100%, and the root mean

squared errors (RMSE) under various outcome distributions with πc = 0.5. We see from

Table 2 that both PNEMLE and the standard IV method provide approximately unbiased

estimates for each V — the relative bias is at most 11.1% and is much less in most simulation

results. PNEMLE is always at least as efficient as the standard IV method, and PNEMLE

is sometimes much more efficient than the standard IV method, gaining as much as 28% in

RMSE. The gain in efficiency for PNEMLE is bigger when V is close to zero or C0+∆C, and

is bigger for the smaller sample size K = 100 than K = 200. Weibull parametric estimation

provides an approximately unbiased estimator with smaller RMSE compared to the other

two methods when the outcome distribution is actually Weibull (note that the exponential

is a special case of Weibull). However, it could have large bias and large RMSE when the

underlying distribution is not Weibull. In summary, PNEMLE gives us a more efficient
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nonparametric estimation method than the standard IV method and avoids the potential for

large bias and RMSE of a mis-specified parametric model.

[Table 2 about here.]

To examine the effect of πc on efficiency and bias, we conduct a similar simulation but

change πc from 0.5 to 0.2. Simulation results in Table 3 shows that PNEMLE has a little

more efficiency gain but larger relative bias compared to results with πc = 0.5 in Table 2.

Considerable literature on IV estimators for uncensored outcomes shows that the estimators

have a finite sample bias which asymptotically goes to zero (Nagar, 1959; Bound et al., 1995;

Stock et al., 2002). The literature shows that the finite sample bias is approximately inversely

proportional to the concentration parameter (see discussion below equation (12) in Bound

et al., 1995), which in our setting is 2Kπc

1−πc
. This is consistent with the results in Tables 2 and

3, where the bias is larger when πc = .2, K = 200 and the concentration parameter is 100

than the bias when πc = .5, K = 100 and the concentration parameter is 200.

[Table 3 about here.]

We conducted a simulation study to check the coverage probability of 95% bootstrap CI.

We set πc = 0.5, K = 100 and simulated 1000 data sets with 2K bootstrap samples for each

data set. Table 4 shows that both types of Bootstrap CIs have reasonably good coverage

probability.

[Table 4 about here.]

10. Application to HIP Study

The HIP study was a randomized trial that began in 1963 and was aimed at examining

the effects of periodic screening on breast cancer mortality. More than 60,000 women were

randomized into two groups at the beginning of the study. Women in the treatment arm

received an initial screening examination and three annual follow-up visits. Women in the
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control group received usual care. There is a lot of literature studying this data set. Joffe

(2001) used G-estimation of the accelerated failure time model (AFTM) with artificial

censoring to analyze the data and concluded that screening increased the mean time to

death from breast cancer by 22% with 95% confidence interval (5.1%, 63.2%). However,

this approach depends on a parametric model for how the treatment affects failure time

for its validity. Baker (1998) extended the noncompliance setting to survival outcomes and

estimated that screening saved $16, 000 cost-effectiveness per life year with 95% confidence

interval ($10, 000, $51, 000). Baker’s estimate is equivalent to the standard IV estimate.

Similar to Joffe (2001), we consider the first 10 years of each woman’s follow-up, because

this reduces the attenuation of the effects of the screening in the initial three years by later

periods in which both groups receive the same treatments. Therefore, the administrative

censoring times for all subjects are 10 years in our study. Furthermore, we follow Baker

(1998) in conducting a limited mortality analysis by only considering data from subjects

whose breast cancer was diagnosed within the first 7 years of study. Note that our sample is

different from the samples of Joffe and Baker because we combine their sample selection rules.

We contrast PNEMLE with several other approaches. The left Panel of Figure 1 shows the

PNEMLE and standard IV estimates as well as 95% CIs. We find that both PNEMLE and

standard IV provide similar estimates and CIs at each time point. The 95% CIs are strictly

above zero after 4 years, which means that there is strong evidence that the treatment has

a beneficial effect for compliers after 4 years. Compliers who received treatment have 12.3%

(4.08%, 20.6%) higher probability to survive over 10 years than those who received control.

The right Panel of Figure 1 shows the parametric estimates under Weibull assumption and

the intent-to-treat (ITT) estimates as well as 95% CIs. The parametric estimator would be

more efficient if we knew that the underlying distribution of failure times is Weibull. However,

from the discussion in Web Appendix I, there is evidence to cast doubt on the validity of
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the Weibull model for never-takers in the treatment arm. The ITT estimates the effect of

assignment to treatment on survival in contrast to the PNEMLE which estimates the effect

of actually receiving treatment on survival. The ITT estimates are substantially smaller than

the PNEMLE estimates, meaning that there is a substantial amount of noncompliance.

[Figure 1 about here.]

11. Conclusion

In this paper, we developed a more efficient nonparametric method than the standard IV

to estimate the difference between the survival probability of the compliers in the treatment

group and that in the control group at some specific time. PNEMLE does not rely on

parametric assumptions, which is an advantage over the parametric method and accelerated

failure time model. An interesting problem for future work is to estimate the whole dis-

tribution of potential failure times through a nonparametric approach. In addition, under

the current setting, we assume that distributions of censoring times and failure times are

independent. Estimation of the causal effect under dependence is a potential research topic

for further studies. The first step is to extend this method to the cases when censoring is

at random given baseline covariates. It will also be important to investigate the cases where

the probability of the compliance depends on a baseline covariate such as co-morbidity.

12. Supplementary Materials

Web Appendices, Tables and Figures referenced in Sections 4,6,7,8 and 10 are available under

the Paper Information Link at the Biometrics website http://www.biometrics.tibs.org
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Figure 1. Results from HIP study. We provide estimates of the difference of survival
probability of compliers in the treatment group and that in the control group for every
half year as well as the 95% confidence intervals. In the left panel of Figure 1, we showed
the results of PNEMLE (cross, with solid line confidence interval) and the standard IV
(circle, with dashed line confidence interval). For the right panel, we showed the results of
Parametric Weibull (cross, with solid line confidence interval) and ITT (circle, with dashed
line confidence interval).
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Table 1
Outcome distributions of the simulation studies.The density function of Weibull distribution with ρ and κ is

ρκ(ρx)κ−1 exp (−(ρx)κ), the density function of lognormal distribution with µ and σ is given by
1

xσ
√

2π
e−(log(x)−µ)2/2σ2

, the density function of loglogistic distribution with a and s is given by

a(x/s)a/(x(1 + (x/s)a)2), and the density function of gamma distribution with κ and θ is given by xκ−1 exp (−x/θ)
Γ(κ)θκ .

Group Compliers with Treatment Compliers with Control Never-Takers

E Exponential with hazard 0.6 Exponential with hazard 1.5 Exponential with hazard 0.3

W Weibull with ρ = 0.67, κ = 1.2 Weibull with ρ = 2, κ = 0.8 Weibull with ρ = 1, κ = 0.8

LN Lognormal with µ = 2, σ = 1 Lognormal with µ = 3, σ = 1 Lognormal with µ = 1, σ = 1

LL Loglogistic with a = 2, s = 1.5 Loglogistic with a = 1, s = 0.5 Loglogistic with a = 1.5, s = 2

G Gamma with κ = 2, θ = 0.5 Gamma with κ = 3, θ = 0.5 Gamma with κ = 1, θ = 1
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Table 2
Estimates of the difference of the survival probabilities between the compliers in the treatment group and those in the

control group at time point V when πc = 0.5. (Note: * sign in Table 2 means that the difference of the RMSEs
between PNEMLE and IV method in that row is significant at 5% level. The Monte-Carlo estimate of the SE of

differences in the RMSE is estimated using the delta method (See Web Appendix D))

Relative bias with RMSE with
Group V C0 ∆C K True PNEMLE IV Para PNEMLE IV Para

W

0.15 2 0.2 100 0.256 -0.313 -3.84 -2.66 0.110∗ 0.124 0.102
2.05 2 0.2 100 0.186 -6.42 2.10 -5.01 0.0890∗ 0.105 0.0807
0.15 2 0.2 200 0.256 0.608 0.910 -1.25 0.0764 0.0779 0.0676
2.05 2 0.2 200 0.186 -3.12 0.886 -2.87 0.0629∗ 0.0711 0.0543

LN

4 30 2 100 -0.216 -11.1 6.39 -21.7 0.112∗ 0.155 0.0821
31 30 2 100 -0.256 2.02 2.04 12.4 0.0891 0.0891 0.0898
4 30 2 200 -0.216 -7.04 0.597 -21.9 0.0803 0.0982 0.0659
31 30 2 200 -0.256 0.243 0.265 12.4 0.0645 0.0645 0.0684

LL

0.04 2.5 0.2 100 0.0734 2.57 6.15 2.44 0.0402 0.0403 0.0310
2.6 2.5 0.2 100 -0.270 -3.34 1.49 58.0 0.126∗ 0.133 0.128
0.04 2.5 0.2 200 0.0734 1.69 5.06 5.08 0.0275 0.0275 0.0213
2.6 2.5 0.2 200 -0.270 -4.63 -3.51 68.1 0.0888 0.0907 0.104



Inference for the Effect of Treatment on Survival Probability 25

Table 3
Estimates of the difference of the survival probabilities between the compliers in the treatment group and those in the

control group at time point V when πc = 0.2. (Again, * sign in Table 3 means that the difference of the RMSEs
between PNEMLE and IV method in that row is significant at 5% level. The Monte-Carlo estimate of the SE of

differences in the RMSE is estimated using the delta method (See Web Appendix D))

Relative bias with RMSE with
Group V C0 ∆C K True PNEMLE IV Para PNEMLE IV Para

W

0.15 2 0.2 100 0.256 11.9 45.2 -5.72 0.260∗ 0.604 0.246
2.05 2 0.2 100 0.186 -33.2 5.71 -25.9 0.207∗ 0.279 0.197
0.15 2 0.2 200 0.256 2.22 17.8 -3.79 0.193∗ 0.339 0.194
2.05 2 0.2 200 0.186 -19.0 3.54 -13.9 0.142 0.193 0.130

LN

4 30 2 100 -0.216 -59.2 -11.5 -19.4 0.269∗ 0.478 0.115
31 30 2 100 -0.256 2.69 2.81 25.5 0.170 0.172 0.168
4 30 2 200 -0.216 -30.6 -10.1 -10.2 0.185∗ 0.272 0.0792
31 30 2 200 -0.256 0.518 0.518 20.7 0.123 0.123 0.130
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Table 4
Coverage Probability of the 95% Bootstrap Confidence Intervals (Percentile Method) for PNEMLE

Group V C0 ∆C Percentile BCα

W
0.15 2 0.2 92.5% 93.0%
1 2 0.2 93.5% 92.3%

2.05 2 0.2 91.9% 91.7%

LN
4 30 2 93.7% 94.1%
16 30 2 92.4% 93.1%
31 30 2 95.8% 94.9%


