
Reading: Sections 5.4.1, 5.5
Schedule: 

I will e-mail homework 7 tonight, due next Wednesday.  

I.  Normal Approximation to the Binomial Distribution (Section 5.4.1)
An important result in probability theory, known as the DeMoivre-Laplace limit theorem, states that when 
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is large, a binomial random variable with parameters n and p will have approximately the same distribution as a normal random variable with the same mean and variance as the binomial.  
DeMoivre-Laplace Limit Theorem:

If 
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denotes the number of successes that occur when n independent trials, each resulting in a success with probability p are performed, then for any 
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Comments on normal approximation vs. Poisson approximation to binomial: 

The normal distribution provides an approximation to the binomial distribution when 
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is large

The Poisson distribution provides an approximation to the binomial distribution when 
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is large and 
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is small so that 
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is moderate.  The normal distribution provides an approximation to the binomial distribution when 
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is large [The normal approximation to the binomial will, in general, be quite good for values of 
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satisfying 
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Example 3: Airlines A and B offer identical service on two flights leaving at the same time (meaning that the probability of a passenger choosing either is ½).  Suppose that both airlines are competing for the same pool of 400 potential passengers.  Airline A sells tickets to everyone who requests one, and the capacity of its plane is 230.  Approximate the probability that airline A overbooks.
Binomial approximation to hypergeometric (See Section 4.8.3).  If n balls are randomly chosen without replacement from a set of N balls, of which the fraction 
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is white, then the number of white balls selected is hypergeometric.  When 
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and N are both large in relation to n (say at least 50 times as large as n), it doesn’t make much difference whether the selection is being done with or without replacement.  The number of white balls is approximately binomial with parameters 
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and p.  To verify this intuition, note that if X is hypergeometric, then for 
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when 
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and m and N are large in relation to n and i.  

The fact that the binomial provides an approximation to the hypergeometric and the normal provides an approximation to the binomial can be combined to use the normal to provide an approximation to the hypergeometric when 
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and m and N are large in relation to n and 
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Example 4:  Suppose that sentiment for two political candidates for the governor of Pennsylvania is split evenly.  What is the probability that in a poll of 1000 randomly sampled voters, the proportion of voters preferring the Democratic candidate will be 0.55 or greater?  
II.  Exponential Distribution (Chapter 5.5)
Recall the following example from Notes 11.

Example: Suppose that earthquakes occur in the western portion of the United States in accordance with a Poisson process  with 
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and with 1 week as the unit of time, i.e.,

Example:  Suppose events over a time period t occur according to a Poisson process, i.e., 

(a) the probability of an earthquake occurring in a given small time period 
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t

is approximately proportion to 
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(b) the probability of two or more earthquakes occurring in a given small time period 
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is much smaller than  
[image: image25.wmf]'

t

l


(c) the number of earthquakes occurring in two non-overlapping time periods are independent.

Find the probability distribution of the time, starting from now, until the next earthquake.  What is the probability that the time is greater than two weeks?
A random variable with CDF 
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is called an exponential random variable with parameter 
[image: image27.wmf]l
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The density of an exponential random variable is for 
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and 0 for 
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As in the example, an exponential random variable describes the time until a specific event occurs when the events occur according to a Poisson process with rate 
[image: image31.wmf]l

, e.g., the amount of time until a new war breaks out or the amount of time until a telephone call you receive turns out to be a wrong number.

Example 1: In England from 1875 to 1951 the interval t (in days) between consecutive mining accidents was well described by an exponential distribution with parameter 
[image: image32.wmf]1/241

l

=

.  Extimate the probability that the gap between consecutive accidents would be somewhere between 50 and 100 days, inclusive.

Mean and variance of exponential random variable: 

We will show that 
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For n>0, we have
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Integrating by parts (
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Thus,
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Memorylessness of exponential random variable: 
Let X be an exponential random variable with parameter 
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.  We have for all 
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In other words, 
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 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.1)

If we think of X as the lifetime of some electrical device, equation 
(1.1)

 states the probability of that the device survives for at least  GOTOBUTTON ZEqnNum995272  \* MERGEFORMAT hours given that it has survived t hours is the same as the initial probability that it survives for at least s hours.  In other words, if the device is alive at age t, the distribution of the remaining amount of time that it survives is the same as the original lifetime distribution (that is, it is as if the instrument does not remember that it has already been in use for a time t).  This is called the memorylessness property of the exponential distribution.  
Example 2: Is the exponential distribution a good model for the distribution of human lifetimes?

Example 3: Consider a post office that is staffed by two clerks.  Suppose that when Mr. Smith enters the post office, he discovers that Ms. Jones is being served by one of the clerks and Mr. Brown by the other.  Suppose also that Mr. Smith is told that his service will begin as soon as either Jones or Brown leaves.  If the amount of time that a clerk spends with a customer is exponentially distributed with parameter 
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, what is the probability that, of the three customers, Mr. Smith is the last to leave the post office?

Hazard rate functions:

Consider a positive continuous random variable X  that we interpret as being the lifetime of some item having distribution function F and density f.  The hazard rate function 
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To interpret the hazard rate function, suppose that the item has survived for a time t and we desire the probability that it will not survive for an additional time dt.  That is, consider 
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Proof:

Thus, 
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represents the conditional probability density function that a t-unit old item will fail.  

For the exponential distribution, because of the memorylessness property, it follows that the distribution of remailing life for a t-year old item is the same as for a new item.  Hence, 
[image: image49.wmf]()

t

l

should be constant.  This checks out, since 
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A useful relationship between the hazard function and the cdf is that 
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Proof:

Example 4: One often hears that the death rate of a person who smokes is, at each age, twice that of a nonsmoker.  What does this mean?  Does it mean that a nonsmoker has twice the probability of surviving a give number of years as does a smoker of a given age?
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