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Abstract: Construction of valid statistical inference for estimators based on data-driven
selection has received a lot of attention in the recent times. Berk et al. (2013) is possibly
the first work to provide valid inference for Gaussian homoscedastic linear regression with
fixed covariates under arbitrary covariate/variable selection. The setting is unrealistic and
is extended by Bachoc et al. (2016) by relaxing the distributional assumptions. A major
drawback of the aforementioned works is that the construction of valid confidence regions
is computationally intensive. In this paper, we first prove that post-selection inference
is equivalent to simultaneous inference and then construct valid post-selection confidence
regions which are computationally simple. Our construction is based on deterministic in-
equalities and apply to independent as well as dependent random variables without the
requirement of correct distributional assumptions. Finally, we compare the volume of our
confidence regions with the existing ones and show that under non-stochastic covariates,

our regions are much smaller.

1. Introduction and Motivation
1.1. Motivation of the Problem

In recent times, there has been a crisis in the sciences because too many research results are
found to lack replicability and reproducibility. Some of this crisis has been attributed to a failure
of statistical methods to account for data-dependent exploration and modeling that precedes
statistical inference. Data-dependent actions such as selection of subsets of cases, of covariates,
of responses, of transformations and of model types has been aptly named “researcher degrees of
freedom” (Simmons et al., 2011), and these may well be a significant contributing factor in the
current crisis. Classical statistics does not account for them because it is built on a framework
where all modeling decisions are to be made independently of the data on which inference is to
be based. But if the data are in fact used to this end prior to statistical inference, then such
inference loses its justifications and the ensuing validity conferred on it by classical theories. It

is therefore critical that the theory of statistical inference be brought up to date to account for
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data~driven modeling. Updating the theory that justifies statistical inferences usually requires
modifying the procedures of inference such as hypothesis tests and confidence intervals. As a
consequence, the new procedures may lose some power relative to the previously stipulated but
illusionary power derived from classical theories. This, however, is a necessary price to be paid
for better justification of statistical inference in the context of the pre-inferential liberties taken
in today’s data-analytic practice. While updating of statistical theories and inference procedures
will not solve all problems underlying the current crisis, it is a necessary step as it may help
mitigate at least some aspects of the crisis. In what follows we refer to all data-analytic decisions
that are made using the data prior to inference as “data-driven modeling”.

A second issue with theories of classical statistical inference is that many of them rely on
the assumption that the data have been correctly modeled in a probabilistic sense. This means
the theories tend to assume that the probability model used for the data correctly captures the
observable features of the data generating process. Justifications of statistical inferences derived
from such theories are therefore invalid if the model is incorrect or (using the technical term)
“misspecified”. With the proliferation of data-analytic approaches in science and business, it is
becoming ever more unrealistic to assume that all statistical models are correctly specified and
inferences are made only after carefully vetting the model for correct specification, for example,
using model diagnostics. Such vetting may never have been realistic in the first place, and it
should also be said that pre-inferential diagnostics should be counted among “researcher degrees
of freedom” as they may result in data-driven modeling decisions. It is therefore a mandate
of realism to use so-called “model-robust” methods of statistical inference, and for statistical
theory to provide their justifications. In matters of misspecification the situation is somewhat
less dire than data-driven modeling as there exists a rich literature on the study of inference when
models are misspecified. We will naturally draw on extant proposals for misspecification-robust
or (using the technical term) “model-robust” inference and adapt them to our purposes.

To summarize, there exist at least two ways in which statistical inferences with justifications

from classical mathematical statistics only can be invalidated, namely,

(P1) data-driven modeling prior to statistical inference, and

(P2) model misspecification.

In light of the replicability and reproducibility crisis in the sciences, it is of considerable interest,
even urgency, to develop methods of statistical inference and associated theoretical justifications
that account for both (P1) and (P2). Even though these problems are manifest in almost all
statistical procedures used in practice, it is no simple task to provide methods of valid statistical
inference that address these problems in greater generality. For this reason the present article

puts forth specifically a method of valid inference for the case that the fitting procedure is
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ordinary least squares (OLS) linear regression. Here there exists a literature that documents
the drastic effects of ignoring (P1) and (P2); see, for example, Buehler and Feddersen (1963),
Olshen (1973), Rencher and Pun (1980), and Freedman (1983). We will address one particular
form of problem (P1), namely, data-driven selection of regressor variables, and we will deal with
several forms of problem (P2).

Some of the earliest work that studies estimators under data-dependent modeling (P1) in-
clude Hjort and Claeskens (2003) and Claeskens and Carroll (2007). Although these articles deal
with a general class of statistical procedures, a major limitation, in view of the current article,
is that the data-dependent modeling is restricted to a very narrow class of principled variable
selection methods such as AIC or some other information criterion. The fact is, however, that
few data analysts will confine themselves to a strict protocol of data-driven modeling. To address
broader aspects of “researcher degrees of freedom” there have more recently emerged propos-
als that provide validity of statistical inference in the case of arbitrary data-driven selection of
regressor variables. The first such proposal was by Berk et al. (2013) who solve the problem
allowing misspecified response means but retaining the classical assumptions of homoskedastic
and normally distributed errors. We refer to Berk et al. (2013) for many other prior works re-
lated to problem (P1) where data-driven modeling consists of selection of regressor variables. A
more recent article that expands on Berk et al. (2013) is by Bachoc et al. (2016). An alternative
approach is by Lee et al. (2016), Tibshirani et al. (2016), Tian et al. (2016) (for example). Sim-
ilar to Hjort and Claeskens (2003), these proposals do not insure validity of inference against
arbitrary regressor selection but against specific selection methods such as the lasso or stepwise
forward selection. This type of post-selection inference is conditional on the selected model and
dependent on distributional assumptions, thereby not addressing problem (P2).

The present article is close in spirit to Berk et al. (2013) and Bachoc et al. (2016) and lends
their approach a considerable degree of generality by covering both fixed regressors (as in these
references) and (newly) random regressors. Bachoc et al. (2016) is the only work we know of
that provides valid statistical inference under arbitrary data-dependent regressor selection and
general misspecification of the regression models. Their framework assumes a situation where
the set of sub-models is finite and of fixed cardinality independent of the sample size. Their
method of statistical inference is NP-hard, hence requires computational heuristics. To overcome
these limitations we propose here a simplified procedure with the following properties: (1) it is
comparatively computationally efficient with at most polynomial complexity in the total number
of covariates, and (2) it allows the set of sub-models to grow almost exponentially as a function
of the sample size. Thus the procedure is also in the spirit high-dimensional statistics where the

total number of covariates is allowed to be much larger than the sample size.
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1.2. Overview

In what follows, the term “model-selection” will always mean arbitrary data-driven selection of
regressor variables, which is the only aspect of problem (P1) that will be addressed in this article.
Furthermore, the only fitting method considered here is OLS linear regression; this limitation is
for expository purposes, and results for more general types of regressions will be given elsewhere.
Problem (P2) will be addressed by the complete absence of modeling assumptions. In particular,
it will not be assumed that the response means behave linearly in the regressors, and equally it
will not be assumed that the errors are homoskedastic and normally distributed. The goal is to
provide confidence regions for linear regression coefficients obtained after model-selection. In the
process, we will prove simple but powerful results about linear regression that lend themselves
to proving the validity of confidence regions. The main contributions of the current paper are

as follows:

1. We treat OLS linear regression as a fitting method for linear equations while treating
the associated Gaussian linear model merely as a working model that is permitted to
be misspecified. We consider the case where the observations are the random vectors
comprised of a response variable and one or more regressor variables/covariates, allowing
the latter to be random rather than fixed. Note that fixed covariates are assumed in the
settings of Berk et al. (2013) and Bachoc et al. (2016). Random covariates require us to
interpret and understand what is being estimated more carefully. See Buja et al. (2014)
for an explanation why under misspecification the treatment of random covariates as fixed
is not justified.

2. Following Berk et al. (2013) and Bachoc et al. (2016) we decouple the inference problem
from model selection, meaning that the inferences proposed here are valid no matter how
the model selection was done. This feature has pluses and minuses. On the plus side,
inferences will be valid even in the presence of ad-hoc and informal selection decisions made
by the data analyst, including, for example, visual diagnostics based on residual plots. On
the minus side, decoupling implies that inferences cannot take into account any properties
of the model selection procedure when in fact only one such procedure was used. A strong
argument by Berk et al. (2013) and Bachoc et al. (2016) in favor of decoupling, however,
is that in reality data analysts will rarely limit themselves to one and only one formal
selection method if it produces unsatisfactory results on the data at hand. Therefore, in
order to truly contribute to solving the crisis in the sciences, unreported informal selection
should be assumed and accounted for. Decoupling of model selection and inference has a

further benefit: It solves the circularity problem by permitting selection to start over and
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over as often as the data analyst pleases; inferences in all selected models will be valid,
whether they are found satisfactory or unsatisfactory for whatever reasons.

3. Our theory provides validity of post-selection inferences even when model selection is
applied to a very large number of covariates — almost exponential in the sample size. Thus
the theory is in the spirit of contemporary high-dimensional statistics which is interested
in problems where the number of variables is larger than the sample size. Of course we
require model selection to produce models of size smaller than the sample size in order to
avoid trivial collinearity when the number of covariates exceeds the sample size.

4. We mostly focus on one simple strategy for valid post-selection inference that has the ad-
vantage of great simplicity, both in theory and in computation — its computational cost
being proportional to the number p of covariates. This is surprising as the computational
complexity of Berk et al. (2013) is exponential in p because it requires searching all covari-
ates in all possible submodels. The drawback of the strategy is that its confidence regions
are not aligned with the coordinate axes in covariate space, hence do not immediately
provide confidence intervals for the slope parameters of the form “estimate + half-width”.

5. Most of the present results are based on deterministic inequalities that allow for valid post-
selection inference even when the random vectors involved are structurally dependent. This
approach may not produce best possible rates in some contexts, but the resulting inferences

will be more robust to independence assumptions.

As a caveat, it should be stated that we do not address the question of when linear regression is
appropriate in a given data analytic situation when misspecification is present. We consider it
a reality that many if not most linear regressions are fitted in the presence of various degrees of
misspecification, and reporting results for interpretation should be accompanied by statistical
inference just the same. Our goal is therefore limited to providing asymptotic justification of
inference in the presence of misspecification and after data-driven model selection.

The remainder of the paper is organized as follows. Section 2 provides the necessary notation
for a rigorous formulation of the problem of valid post-selection inference. In Section 3, the
problem of post-selection inference is shown to be equivalent to a problem of simultaneous
inference. In Section 4 we present the first strategy for valid post-selection inference along with its
main features. Section 5 describes an implementation method based on the multiplier bootstrap.
Section 6 provides a simple generalization to linear regression-type problems. Section 7 points
out an interesting connection between the post-selection confidence regions proposed here and
the estimators proposed in the high-dimensional linear regression literature. In Section 8, we
discuss various advantages and disadvantages of the approach presented in this paper. The final

Section 9 summarizes the results.
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Many of the proofs are deferred to Appendices A, B and D. Most of the discussion in the
paper is based on the assumption of independent random vectors, although comments about
applicability to dependent random vectors are given in appropriate places. Appendix E provides
theoretical background about a high-dimensional central limit theorem and the consistency
of multiplier bootstrap. These results are required for computation of joint quantiles for the
proposed confidence regions. Appendix F describes the functional dependence setting where the

computation of required quantiles is not much different from that of the independence setting.

2. Notation and Problem Formulation
2.1. Notation related to Vectors, Matrices and Norms

For any vector v € R? and 1 < j < ¢, v(j) denotes the j-th coordinate of v. For any non-empty
subset M < {1,2,...,q}, v(M ) denotes the sub-vector of v with indices in M. For instance, if
= {2,4} and ¢ = 4, then v(M) = (v(2),v(4)). If M = {j} is a singleton then v(j) is used
instead of v({j}). Therefore, v(M) € RIM| where |M| denotes the cardinality of M.
For any symmetric matrix A € R7*? and M < {1,2,...,q}, let A(M) denote the sub-matrix
of A with indices in M x M and for 1 < j,k < ¢, let A(j, k) denote the value at the j-th row
and k-th column of A.

Define the r-norm of a vector v € R? for 1 < r < o as usual by

1<ji<q

1/r
|v]|, : <Z lv(7) > , for 1<r<ow, and |v|, = max |v(j)|

Let ||v]|, denote the number of non-zero entries in v (note this is not a norm). For any symmetric
matrix A, let Apin(A4) denote the minimum eigenvalue of A. Also, let the elementwise maximum

and the operator norm be defined, respectively, as

41 = max 1AL and A4l = sup [43],,
The following inequalities will be used throughout without special mention:
1/2
lolly < lollg* 1olly,  [1Avll, < [ Al ol and  [u” Av| < [|All, Jully ol (1)

where A € R?*? and u,v € RY.

2.2. Notation Related to Regression Data and OLS

Let (X, ;)T € R? x R (1 < i < n) represent a sample of n observations. The covariate

vectors X; € RP are column vectors. It is common to include an intercept term when fitting the
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linear regression. To avoid extra notation, we assume that all covariates under consideration are
included in the vectors X;, so the data analyst may take the first coordinate of X; to be 1. In
case that the number p of covariates varies with n, this should be interpreted as a triangular
array. Throughout, the term “model” is used to refer to the subset of covariates present in
the regression and there will be no assumption that any linear model is true for any choice of
covariates.

In order describe “models” in the sense of subsets of covariates, we use index sets M <
{1,2,...,p} as in the previous subsection and write X;(M) for the covariate vectors in the
submodel M. For any 1 < k < p, define the set of all non-empty models of size no larger than k
by

Mp(k):={M: Mc{1,2,...,p}, 1 <|M|<Ek},

so that M, (p) is the power set of {1,2,...,p} excluding the empty set.

To proceed further, we assume that the observations are independent but possibly non-
identically distributed. Note that this assumption includes as special cases (i) the setting of
independent and identically distributed observations and (ii) the setting of fixed (non-random)
covariates (by defining the distribution of X; to be a point mass at the observed X;). Our setting
is more general than either (i) or (ii) in that some of the covariates are allowed to be fixed while

others are random.

For any M < {1,2,...,p}, define the ordinary least squares empirical risk (or objective)
function as .
. 1 2
Ry ( — Y - X (M)o for e RM. 2
P My, for &)

Using this, define the expected risk (or objective) function as
Ro(6: M) := - i E|{v; - X ()}, for oerM. (3)
n & i )

(The notations E and P are used to denote expectation and probability computed with respect
to all the randomness involved.) Define the least squares estimator and the corresponding target

for model M as

Bpar = argmin R, (0; M), and B, := argmin R,,(6; M), (4)

OecRIM| OecRIM|
for all M < {1,2,...,p}, hence ﬁAmM, ﬁmMe]R‘M'. Note, however, the following: Suppose M =
{1,2} and M" = {1}, then it is generally the case that Bn,M/(l) # ﬁAmM(l) and B, (1) #

B (1), that is, estimates and parameters in submodels are not subvectors of their analogues
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in larger models, except, for example when the columns of X (M) are orthogonal. The reason
for this is the collinearity between the covariates in model M. The comments above applies for
general models M’ < M. This is why we must write M as a subscript and not in parentheses.
(See Section 3.1 of Berk et al. (2013) for a related discussion.)

Next define related matrices and vectors as follows:

A . £ 1¢
En::EZXiXZTERpo, and Fn;:EZXiYYiERP,

i=1 i=1
n n (5)
1 1
S 1=~ ;E [XiX[] R, and Ty := — ;E [X,Y;] e RP.

Note that for these quantities there is no need to define separate versions in submodels M
because they are just the submatrices 3, (M) and X, (M) and subvectors T',, (M) and T, (M),
respectively. The OLS estimate of the slope vector and its target in the sub-model M satisfy

the following normal equations:
Zn(M)Bn,M = Fn<M)a En(M)Bn,M = Fn(M) (6)

Remark 2.1 We do not solve the equations (6) on purpose because the confidence regions to
be constructed below will accommodate exact collinearity by including subspaces of degeneracy.
Minimizers of the objective functions R, (0; M) and R,(0; M) defined in (2) and (3) always
exist, even if they are not unique. Estimates Bn m can only be unique when |M| < n because
3, (M) has rank at most min{|M|,n}. Targets B, as, on the other hand, can be unique without
a constraint on n because they are based on expectations rather than finite averages, so ¥, and
Yo (M) can be strictly positive definite and R,,(6; M) strictly convex with a unique minimizer

even when |M| > n. o

2.3. Problem Formulation

Under very mild assumptions, Bn M — Bn,m converges to zero as m tends to infinity for any
fixed, non-random model M (see Kuchibhotla et al. (2018)). This fact justifies calling Bn M an
estimator of 3, as or, equivalently, 3, s the target of estimation of Bn M- Also, for a fixed M,

Bn,M has an asymptotic normal distribution, i.e.,
n1/2 (ﬁn,M - ﬁn,M) £’ N (O, AVM) (0 € R'M‘, AV € R|M‘X|M\)

for some positive definite matrix AVj; that depends on M and some moments of (X,Y); see

the linear representation in Kuchibhotla et al. (2018). The notation £ denotes convergence in
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law (or distribution). Asymptotic normality lends itself for the construction of (1—«)-confidence
regions 7%” a such that
liminf P (B0 € Roar) 210
n—ao0

for any fixed o € [0,1]. We approach statistical inference using confidence regions rather than
statistical tests, but this is a technical rather than a conceptual choice because confidence regions
and tests are in a duality to each other: a confidence region with coverage at least 1—« is a set
of parameter values that could not be rejected at level « if used as point null hypotheses.

The problem of valid post model-selection inference is to construct for given non-random sets
of models M, a set of confidence regions {7% M MeM,} such that for any random model
M depending (possibly) on the same data satisfying P (M eMp> =1, we have

liminf P (8, 5 € R, ) = 1-a. (7)

n—00

The guarantee (7) requires the confidence asymptotically because we strive for a theory that
requires few assumptions, whereas finite sample confidence guarantees require strong assump-
tions.

The notation M for random models requires an elaboration of the sources of randomness
envisioned here. With the reproducibility crisis in mind, we cast a wide net for the sources of
model randomness by adopting a broad frequentist perspective that includes not only datasets
but data analysts as well. Conventional frequentism can be conceived as capturing the random
nature of an observed dataset in the actual world by embedding it in a universe of possible
worlds with datasets characterized by a joint probability distribution of the observations. We
broaden the concept by pairing the random datasets with random data analysts who have varying
data analytic preferences and backgrounds. This variability among data analysts may be called
“random researcher degrees of freedom”, a term that alludes to the freedoms we exercise when
analyzing in general, and when selecting covariates in a regression in particular. Some of the
latter freedoms have been described and classified by Berk et al. (2013), Section 1: (1) formal
selection methods such as stepwise forward or backward selection, lasso-based selection using a
criterion to select the penalty parameter, or all-subset search using a criterion such as C),, AIC,
BIC, RIC, etc.; (2) informal selection steps such as examination of residual plots or influence
measures to judge acceptability of models; (3) post hoc selection such as making substantive
trade-offs of predictive viability versus cost of data collection. The waters get further muddied
even in the case of formal selection methods (1) when “informal meta-selection” is exercised:
trying out multiple formal selection methods, comparing them, and favoring some over others
based on the results produced on the data at hand. This list of “researcher degrees of freedom” in

model selection should make it evident that these freedoms are indeed exercised in practice, but
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in ways that should be called “subjective”, namely, based on personal background, experience
and motivations, as well as historic and institutional contexts. For these reasons it may be
infeasible to capture the randomness contributed by data analysts’ exercise of their freedoms in
terms of stochastic models.

Following Berk et al. (2013), this infeasibility can be bypassed by adding a quantifier “for
all M” to the requirement (7), thereby capturing all possible ways in which selection may be
performed. The added gain is that at a technical level the requirement (7) permits a reduction
to a problem of simultaneous inference.

We must, however, impose certain limits on the freedom of model selection: The set of potential
regressors must be pre-specified before examining the data. For example, it is not permissible
to initially declare the regressors Xi,..., X, to be the universe for searching submodels, only to
decide after looking at the data that one would also like to search among product interactions
X X}.. The decision to include interactions in data-driven selection would have to be made before
looking at the data. Thus data-driven expansion of the universe of regressors for selection is not
covered by our framework.

Again following Berk et al. (2013), a curious aspect of the target of estimation has to be
noted: Bn’ iy has become a random quantity with a random dimension \M |, whereas for a fixed
M the target 3, ar is a constant. After data-driven modeling the selected target ﬁn, 1 has become
random due to data-driven selection M. This, however, is the only randomness present: among
all possible targets {5, v : M € My}, one is randomly selected, namely, 5% 17+ The associated
estimate ﬁn iy in the random model M , in addition to its intrinsic variability, also incurs the
randomness due to selection. On a technical level, note that the random target Bn’ y for the
random selection M may exist even if the estimate Bn 5y may not exist due to collinearity. This
issue requires some care in Lemmas 4.1 and 4.2 below.

The inference criterion in (7) can be decomposed by conditioning on the data-driven selections:

P(BicRy) = P(ﬁn,MeﬁM‘M_M>P(M_M>. (8)
MeM,

Plainly, if a guarantee of the form (7) is available for the marginal probability on the left hand
side, no guarantee can be deduced for the conditional probabilities given the random events
M = M on the right hand side. The decomposition (8) makes explicit the difference between
our current marginal approach and the approach taken by Lee et al. (2016), Tibshirani et al.

(2016) and Tian et al. (2016), for example.
We mention briefly that Rinaldo et al. (2016) use a notion of “honest confidence” that asks
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for valid inference uniformly over a class of data-generating distributions, that is,

liminf inf P (8, yeR, ) =10,

n—o PeP,

for some class of probability distributions P,, of the observations. This “honesty” holds for our re-
sults, too, due to the uniform validity of the multiplier bootstrap proved by Chernozhukov et al.
(2017), but we will not discuss this further.

2.4. Alternative Approaches

There exists an “obvious” approach to valid post-selection inference based on sample splitting,
as examined by Rinaldo et al. (2016): split the data into two disjoint parts, then use one part
for selecting a model M and the other part for inference in the selected model M. If the two
parts of the data are stochastically independent of each other, post-selection inferences will be
valid. For independent observations Rinaldo et al. (2016) were able to provide very general and
powerful results. Sample splitting has considerable appeal due to its universal applicability under
independence of the two parts: it “works” for any type of model selection, formal or informal,
as well as for any type of model being fitted. It has some drawbacks, too, an obvious one being
the reduced sample sizes of the two parts, which increase the sampling variability of both the
model selection stage and the inference stage. Another drawback is that required independence
of the two parts, which makes it less obvious how to generalize sample splitting to dependent
data. For customers of statistical inferences, it may also be somewhat disconcerting to realize
that the splitting procedure incurs a level of artificial randomness and might have produced
different results in the hands of another data analyst who would have used another random
split. Reliance on random splits brings to our attention a greater concern that relates to the
reproducibility crisis in the sciences: sample splitting introduces another “researcher degree of
freedom”, namely, the freedom to choose a particular split after having tried several splits. In
practice it would seem extremely unrealistic to assume that data analysts will in fact commit
themselves to using just one random split and not be tempted to try several. It could even be
argued that using just one split would be irresponsible because it throws away a chance to learn
about the stability of model selection and subsequent inferences under multiple splits. Having
performed such a stability analysis, however, invalidates the post-selection inferences obtained
from the splits because another level of selection arises: that of choosing one of the splits for
final reporting. This would not be a problem if stability analysis showed that the same model is
being selected in the vast majority of splits, but experience with regression shows that this is not
the generic situation: In most regressions, there exist large numbers of submodels with nearly

identical performance, making it likely that model selection will be highly variable between
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sample splits. In summary, while high in intuitive appeal, sample splitting opens up another
pandoras box of selection possibilities that may defeat the solution it was meant to provide.

A different type of post-selection guarantees are available from the approach of Lee et al.
(2016), Tibshirani et al. (2016) and Tian et al. (2016) when model selection is of a pre-specified
form such as lasso selection or stepwise forward selection. The inference guarantees they provide
are conditional on the selected model. Their approach is ingeniously tailored to specific formal
selection methods and takes advantage of their properties. It is, however, a model-trusting ap-
proach that relies much on the correctness of the assumed model as being finite-sample correct
under a Gaussian linear model with fixed covariates. For this reason and because so much condi-
tioning is performed, it is unlikely that this approach enjoys much robustness to misspecification
(see, for example, Section A.20 of Tibshirani et al. (2018)). By comparison, we strive here for
model robustness by limiting ourselves to asymptotically correct coverage that is marginal rather
than conditional, and by allowing covariates to be treated as random rather than fixed.

A larger point to be reiterated here is that tailoring post-selection inference to a specific
formal selection method such as the lasso does not address the issue that data analysts may not
limit themselves to just one formal selection method and nothing else. It may be more realistic
to assume, as we do here, that they exercise broader liberties that include trying out multiple
formal selection methods as well as informal model selection of various kinds. Providing and
recommending valid post-selection inference that casts a wider net on selection methods may
have a better chance of making an at least partial contribution to solving the reproducibility

crisis in the sciences.

3. Equivalence of Post-selection and Simultaneous Inference

The first step towards achieving the goal of constructing a set of confidence regions {7@” M
M e M,} satisfying (7) is to convert the post-selection inference problem into a simultaneous
inference problem. This conversion is provided by Theorem 3.1, which parallels Berk et al. (2013)
but offers the generality needed here. The theorem is proved for finite samples, but a version

using “lim inf” follows readily.

Theorem 3.1. For any set of confidence regions {fan : M e My} and o € [0, 1], the following

two statements are equivalent:

(1) The post-selection inference problem is solved, that is,
P (B, €Ry) =10,

for all data-dependent model selections satisfying IP’(M eM,) =1.
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(2) The simultaneous inference problem over M e M,, is solved, that is,
P ﬂ {Bn,MEﬁrn,M} >1-—q.
MeMy

Proof. Define for any fixed M € M,, the coverage event Ay = {8, m € ﬁn M}, and similarly
Ay =18, 5 € R, x;}- Note that Ay, is the event in (1) and (Marem, An the event in (2).

(2) = (1): It is sufficient to show that for any random selection procedure M we have

ﬂ Ay < 'AM'
MeMy,

Because M takes on values in M, only, e MP{M = M'} is the whole sample space. Hence

.AMZ U {MZM/}G.AM/
M'eMy
> |J tr=M}n () Au
M'eM, MeM,
- [ A
MeMy

(1) = (2): To prove this implication, it is sufficient to construct a data-driven (hence random)

selection procedure M that satisfies

Ay =[] Au. (9)
MeMy

This is achieved by letting M be any selection procedure that satisfies

M e argmin 1{Ay},
Me

p

where 1{A} denotes the indicator of event A. It follows that

€

Ay} = Mm}\I/ltp 1{Anm},
which is equivalent to (9). This completes the proof of (1) = (2). O

Remark 3.1 The proof makes no use of the regression context at all; it is merely about
indexed sets/events Ay and random selections M of the indexes M. The second part of the proof
constructs an adversarial random selection procedure M that requires simultaneous coverage

over all M. o
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Remark 3.2 The theorem establishes the equivalence of family-wise simultaneous coverage
and post-selection coverage allowing for arbitrary random selection. The argument, because it

makes no use of the regression context, applies to any type of regression. o

Remark 3.3 Lemma 4.1 in Berk et al. (2013) (“Significant triviality bound”) corresponding
to Theorem 3.1 is much more intuitive because it is based on maxima over pivotal t-statistics
rather than confidence regions. The gain in intuition, however, is purchased at a price: an
injection of mathematically irrelevant detail. The bare-bones nature of the underlying structure

is revealed by the above proof which does not even involve probability but set theory only. <

Remark 3.4 (Inherent High-dimensionality) Returning to regression, note that in view of
Theorem 3.1, valid post-selection inference is inherently a high-dimensional problem in the sense
that the number of parameters subject to estimation and inference is large, indeed, often larger
than the sample size. For illustration, consider a common regression setting where the number
of covariates is p = 10 and the sample of size n = 500. Estimation and testing of the slopes in
the full model seems unproblematic because there are 50 observations per parameter. Now, for
the post-selection inference problem with all non-empty sub-models, there are 2 — 1 = 1023
vector parameters of varying dimensions, adding up to a total of p2P~! = 5120 parameters in the
various submodels, exceeding the sample size n = 500 by a factor of ten and thus constituting
an inference problem in the high-dimensional category. o

Theorem 3.1 shows that in order to achieve universally valid post-selection inference, that
is, inference that satisfies (7) for all data-driven selection procedures M , it is necessary and

sufficient to construct a set of confidence regions ﬁn M such that

liminfP | () {BueRun}|>1-0a (10)
n—aoo
MeMy,
All of our solutions to the post-selection inference problem in this article are constructed to

satisfy (10).

4. An Approach to Post-Selection Inference
4.1. Valid Confidence Regions

Equipped with the required notation, we proceed to construct confidence regions ﬁn  for linear

regression. From Equations (2) and (3), we see that the least squares estimator and target given
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in (4) can be written as

BA,%M = arg min {HTf)n(M)H — 20Tf‘n(M)} , and
feRIM| (11)
Bn, v = arg min {HTEn(M)H - 29TFn(M)} .
PcRIM]|
The differences between the two objective functions in (11) can be controlled in terms of two
error norms below related to the 3 matrices and the I' vectors defined in (5). Define therefore
the estimation errors of 3, and T, as follows:

= max

DS = Hxn — %,
°9) MeMyp(2)

Ea0) =, 00)] .

= mnax

, - T, |
o9 MeMp(1)

D ::‘

n

£,(M) rn<M>H

The equalities on the right are useful trivialities given here for later use: My(2) and M,(1)
are the sets of all models of sizes bounded by 2 and 1, respectively, where size 1 is sufficient
for “max” to reach all elements of the I' vectors, but size 2 is needed for “max” to reach all
off-diagonal elements of the ¥ matrices as well. Importantly, neither D’ nor DL is a function of
submodels M.

The quantities D and DL are statistics whose quantiles will play an essential role in the
construction of the confidence regions to be defined next. In each submodel M € M, (p), we will
construct for the parameter vector 3, yr two confidence regions: The first satisfies finite sample
guarantees at the cost of lesser transparency, whereas the second satisfies asymptotic guarantees
with the benefit of greater simplicity. The motivations for the particular forms of these regions
will become clear in the course of the elementary proofs of the theorems to follow. With these

preliminary remarks in mind, we define

s i= {0 € RV |[8,(00) {Boar = 0} < Cl(@) + CF(a) 0]} (13)

e {08 2,00 (o) <t o Jaunl }. 9

where C!'(a) and C*(a) are bivariate joint quantiles of D} and D7 in (12), that is,
P (D, < Ch(a) and DI <C2(a)) = 1-a. (15)

Remark 4.1 (Restriction of Models for Selection) The confidence regions defined in (13)
and (14) do not take advantage of restricted model universes such as “sparse model selection”
where M € M, (k) searches only models of sizes up to k (< p). It might, however, be of practical

interest to consider the post-selection inference problem when the set of models used in selection



Kuchibhotla et al./PoSI for Linear Regression 16

is indeed a strict subset of the set M,(p) of all models. This can be accommodated with an

obvious tweak whereby

DY (M,) := sup
MeMy

f‘n(M)—I‘n(M)HOO and DX (M,) :=A/[Suj\1:/>l
eMp

Sn(M) = Zo(M)
0
become functions of the restricted model universe M,, (& My(p)). Note, however, that according
to (12) we have DL (M,) = DL as long as the model universe M, includes all models of size one,
and D(M,) = D2 as long as M,, includes all models of size two. This is the case, for example,
when “sparse model selection” is used, meaning M, = M,y(k) for k < p. Thus confidence
regions of the form (13) do not gain from “sparse model selection.” This is so because the
regions depend effectively only on marginal and bivariate properties of the observations (X;,Y;)
and their distributions through I';,, f‘n, ¥, and 3,,. o

Further observations on (DY, D) and (CL(a), C>(a)):

e Bivariate quantiles are not unique: one may marginally increase one and decrease the
other suitably, maintaining the bivariate coverage probability 1 — «.. Allowed is any choice
of CL'(a) and C>(a) that satisfies (15).

e These quantiles are not known and must be estimated from the data. A bootstrap proce-
dure to estimate them is described in Section 5.

e The estimation errors DL and D2, being based on averages of quantities of dimensions
p x 1 and p X p, respectively, converge by the law of large numbers to zero as n — oo under

mild conditions (see Lemma 4.2). Therefore, C1 (o) and C> () converge to zero as n — 0.

4.2. Validity of the Confidence Regions ’ﬁ,n, M

We proceed to proving validity of the simultaneous inference guarantee (10). This will be done
in Theorem 4.1 for the confidence regions R, s where M € M,(p), and in Theorem 4.2 for the
confidence regions 7@2 v Where M e M, (k) for some k < p.

Theorem 4.1. The set of confidence regions {Rn a2 M € My(p)} defined in (13) satisfies

P ﬂ {ﬁn,M € 7§fn,M} >1- «, (16)
MeMy(p)

Furthermore, for any random model M with P(M e My (p)) = 1, we have

P (8,5 €R, ) >1-a



Kuchibhotla et al./PoSI for Linear Regression 17

As mentioned earlier, this theorem is non-asymptotic as it provides guarantees for finite sam-
ples. It is, however, not directly actionable because, as mentioned earlier also, the bivariate
quantiles used in the construction of the confidence regions need to be estimated. Hence action-

able versions of these regions end up having only asymptotic guarantees as well.

Proof. The proof is surprisingly elementary and involves simple manipulation of the estimating
equations. We start by subtracting the normal equations of the target from those of the estimates,
see (6). This holds for all M € M, (p):

~ A~ A

Telescope the left side by subtracting and adding fln(M ) B
2n(]w') <Bn,M - Bn,M) + <2n(M) - En(M)) Bn,M = IA‘n<]\4) - Fn(M)y

Move the second summand on the left to the right side of the equality, take the sup norm and

apply the triangle inequality on the right side:

5000 (B ), -

(M) = Ta(M)| + | (Sa(M) = S0 (M) Buni|
[e's} [e'e}
Applying the second inequality in (1) to the last term it follows that

[0 {Bre =] < [E

(M) =T+ £a(d0) = adD)|| 1180l

Because I, (M) — T, (M) and 3, (M) — %, (M) are a subvector and a submatrix of T',, — T, and
S, — 3in, respectively, this inequality implies

o0 (s~ s}, <

n +H2n_2n
[0}

- ”/Bn,Mul (17)

This inequality is deterministic and holds for any sample. It also holds for all M € M, (p). These
facts allow us to take the intersection of the events (17) over all submodels M and transform it

into a “probability one” statement. Using DY and D;’ defined in (12), we have

Pl {|=00{Bur = Buni}| < DE+DI 1B} | = 1. as)
o0
MeMp(p)
From the definitions of C!(a) and C>(a) in (15) follows the required result (16). The second

result of post-selection guarantees for random models follows by an application of Theorem 3.1.
O
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Remark 4.2 (Reach of the Validity Guarantee) It is interesting to note that the guarantee
(16) in Theorem 4.1 is valid for every sample size n and any number of covariates p. In particular,
p » n and p = o0 are covered without difficulty even though f?n(M ) is necessarily singular for
|M| > n. For this to make sense recall that for singular f?n(M ) the confidence region ﬁn M

simply contains a non-trivial affine subspace of RP. o

Remark 4.3 (Estimation of Bivariate Quantiles) The finite sample guarantee (16) requires
the bivariate quantiles CL(a) and C>(a) of DL and D;;, respectively, to satisfy (15) for all

p,n = 1. In general, these bivariate quantiles can only be estimated consistently in the asymptotic

sense as explained in Section 5. o

Remark 4.4 (Independence of Observations) For simplicity in the discussion above, we used
the assumption of independence of random vectors (X;,Y;),1 < ¢ < n. Theorem 4.1 holds
without this assumption because no use of this assumption was made in its proof. However,
validity of the post-selection guarantee holds as long as C (a) and C>(a) are valid quantiles in
the sense of (15). o

4.3. Asymptotic Validity of the Confidence Regions RL, M

The confidence region ﬁn a is difficult to analyze in terms of its shape and its Lebesgue mea-
sure. (However, with a different parametrization of 7%” M, Belloni et al. (2017) prove that this
confidence region is a convex polyhedron; see Equation (42) of the supplement of Belloni et al.
(2017).) Because of these difficulties we also prove asymptotic validity of more intuitive con-
fidence regions of the form 7@2 y defined in (14). Because these regions depend on estimates
5% M whose variability explodes under increasing collinearity, we need to control the minimum
eigenvalue of the matrix 3, (M) for models up to size k to preclude too much collinearity in the
limit:
Au(k) i= | min . Auin(5a (M)

We then make use of the following assumption:

(A1)(k) The estimation error D> satisfies
kD =0, (An(k)) as n — co.

This assumption is used for uniform consistency of the least squares estimator in ||-||;-norm as
in Lemma 4.1. The rate of convergence of DE to zero implies a rate constraint on k. Here, as
before, k = k,, is allowed to be a sequence depending on n. As can be expected, the dependence

structure between the random vectors (X;,Y;),1 < i < n and their moments determine the rate
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at which D> converges to zero. See Lemma 4.2 for more details. The theorem is stated with
this high level assumption so that it is more widely applicable in particular to various structural
dependencies on observations. Note that assumption (A1)(k) allows for the minimum eigenvalue
of 3, to converge to zero or even be zero as n — o if p = p, changes with n.

Before proceeding to the proof that 7@;& u are asymptotically valid post-selection confidence
regions, we prove uniform-in-model consistency of 3, ar to B, ar. See Appendix A for a detailed

proof. Also, see Kuchibhotla et al. (2018) for more results of this flavor.
Lemma 4.1. For all k > 1 satisfying kD < Ay (k) and for all M € M,(k),

‘ M| (Dy, + Dy [|Bn.aa 1)

A, (k) — kDY
The following theorem proves the validity of the simultaneous inference guarantee for 7@2 e

ﬁn,M - /Bn,MHl < (19)

Theorem 4.2. For every 1 < k < p that satisfies (A1)(k), the confidence regions 7@; v defined
in (14) satisfy
h}?iigéfp ﬂ {/Bn,MeﬁL7M} >1-aq.
MeM,y (k)

Proof. The starting point of this proof is Equation (18). Under assumption (A1)(k), Lemma 4.1
(inequality (19)) implies that for all M e M, (k),

D£+D§ ﬁn,MHl Dyzl: Bn,M_Bn,MHI
—1|<
D}, + Dy || Ba,n D}, + Dy || Ba,n
_DF MI{DE D Bl
D}, + D || Bnmll; An(k) — |M|D
kDX

K —F
Therefore, for 1 < k < p satisfying assumption (A1)(k),

Df + D3 | KDE /A (k)
sup = = L1l < s = 0p(1).
MeMy (k) Dn + Dn H/BMMHl 1- (an/An(k))

Hence,

limiorolfIP’ ﬂ {HEn(M) {5’]’L,M_Bn,M}H <DZ+D§
" MeMy (k) oo

BMHl} =1L

The definition of (CL(a),C>(a)) in (15) proves the required result. O
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4.4. Further Remarks on the Confidence Regions ’ﬁ,n, M and ’flL’ M

Remark 4.5 (Centering and Scaling) The confidence regions 7% M and 7@2  are not equivariant
with respect to linear transformation of covariates or the response. Equivariance is an important
feature for practical interpretation. A simple way to obtain equivariance with respect to diagonal
linear transformations of the random vectors would be to use linear regression with covariates
centered and scaled to have sample mean zero and sample variance 1. Since the validity of
confidence regions does not require independence, as mentioned in Remark 4.4, this centering
and scaling based on the data will not affect the post-selection guarantee as long as marginal
means and variances are estimated consistently. This might also have an effect on the volume of
the confidence regions not in terms of rate but in terms of constants since the intercept is not

longer needed in ||8,,r]|;- See Section 8 for more details. ©

Remark 4.6 (Shape of 7@; 1) The confidence region 7@2 s 1s a polyhedron, because it can be
described by 2| M| linear inequalities (with random coefficients). More specifically, it is a paral-
lelepiped because the inequalities come in pairs of parallel constraints. The Lebesgue measure of
this confidence region is much easier to study than that of the region ﬁn M (see Proposition 4.1

below). o

Remark 4.7 (Comparison of 7% M and 7%1; y in Testing) As mentioned before, the shape
of the confidence region ]A%n M is not easily described. There are, however, scenarios where the
advantages of ﬁn M over 7@2 u can be clearly understood. Consider the problem of significance
testing, that is, Ho ar : Bn,m = 0. The level a test based on the confidence region 7% M rejects
Hy ar if

[Ea0)Bunt]| = Chte).

By comparison, the level a test based on the confidence region 7@2  rejects Ho pp if

Sn(M)Baa | = CE(a) + C3

/Bn,MH .
1

Thus ﬁn M results in more rejections and hence greater power than 7@; A at the same level a.
A similar argument holds even if the null hypothesis is changed to Hy : B, nm = 0o € RMI for

some sparse 6. o

4.5. Rate Bounds on ’DE , ’DS and Lebesgue Measure of the Regions

Before proceeding further with the study of the confidence regions, it might be useful to un-

derstand the rates at with DL and D;’ converge to zero under some assumptions on the initial
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random vectors (X;,Y;),1 < i < n. As mentioned in Remark 4.4, the validity of post-selection
coverage guarantee does not require independence of random vectors and so, a rate result under
“functional dependence” is presented in Appendix F. Set Z; = (XZT YT for 1 < i < n and
define

Q,, :—ZZZZ, and Q, Z E[Z:Z]] e RPHD>@+D),
i=1 i=1

Observe that
max{D. D>} < HQ"

o0

The following lemma from Kuchibhotla et al. (2018) proves a finite sample bound for the ex-

pected value of the maximum absolute value of €, — ©,,. For this result, set for v > 0 and any

Wiy, =it {e =05 &|w, ()| <1,

where ¢, (z) = exp(27) — 1 for # > 0. For 0 <y < 1, ||-[|,, is not a norm but is a quasi-norm. A

random variable W,

random variable W' satisfying |[W||,, < o0 is called a sub-Weibull random variable of order ~
The special cases v = 1 and v = 2 correspond to the well-known classes of sub-exponential and

sub-Gaussian random variables.

Lemma 4.2. Fiz n,p > 2. Suppose the random wvectors Z;,1 < i < n are independent and
satisfy for some 0 < v < 2
max max HZi(j)H% < Kpp, (20)

1<i<n 1<j<p+1 ’

for some positive constant K, ,. Then
IE[ n ] {Anm/log +K2 logplogn)z/“’n 1/2},
0

and for all € (0,1],

log () + 21 C, K2 (log(2n))?7(1 +21 2/y
maX{Cg(a),CE(a)}<7An7p\/og(a) ogp G »(10g(2n))?7 (log (2) + 2log p) ,

n n

where C 1s a positive universal constant that grows at the rate of (1/7)1/7 as v | 0 and

A?2 =  max Z Var(Z;(7)Zi(k)) .

WP 1gj<k<ptl N A

Proof. See Theorem 4.1 of Kuchibhotla and Chakrabortty (2018). A similar result holds for
v > 2 (the case in which the random variables have tails lighter than the Gaussian). See Theorem
3.4 of Kuchibhotla and Chakrabortty (2018) for a result in this direction. O
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The confidence regions 7%1; s are simple parallelepipeds and can be seen as linear transfor-
mations of ||| ,-norm balls. Hence, their Lebesgue measures can be computed exactly. Since
the confidence regions are valid over a large number of models, we present a relative Lebesgue
measure result uniform over a set of models. For A € R? with ¢ > 1, let Leb(A) denote the
Lebesgue measure of A with the measure supported on RY. For convenience, we do not use

different notations for the Lebesgue measure for different ¢ > 1.

Proposition 4.1. For any k > 1 such that assumption (A1)(k) are satisfied, the uniform relative

Lebesgue measure result holds:

Leb (R}, ., ) AW(k)
sup =
MeMy (k) (CF (@) + CF(a) [|Bn,na )M

Hence, it can be said that Leb(?@LvM) = Op(DY + DI ||Bp, || )M uniformly for M € M, (k) if
A (k) = O(1). Moreover, additionally under the setting of Lemma 4.2,

| M|
Leb <7@LM> =0, (« / @) uniformly for M € My(k), (21)

if p and n satisfy

Op(1).

(log p)*/* (log n)*/*~1/* = o(n'7?). (22)
Proof. See Appendix B for a detailed proof. O

Remark 4.8 (Is the rate optimal?) Even though the problem of post-selection inference
is studied from various perspectives as discussed in Section 2.3, we do not know of a result
regarding the optimal size of confidence regions in the post-selection problem. The following
argument hints that the rate derived in (21) is indeed optimal. Since by Theorem 3.1 shows
simultaneous inference has to be solved for post-selection guarantees, we need to infer about the

set of “parameters” or functionals

{Bnpa (7) : M e Mp(k)}-

The total number of functionals here is given by
k k ko0 ke k
p p p K rp\* ep\k 2ep
S (esrn () < x ey () <+ (D) < ()
(=1 (=1 (=1 /=1
Even assuming +/n(Bn,1(j) — Bua (7)) is exactly normal for all M € M, (k) and j € M, we get
that X
v ( Bnaa (5) = B (4)
max ( ) =0, («/klog(ep/k)) . (23)

MeM,(k) on,m(J)
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See, for example, Equation (4.3.1) of de la Pena and Giné (1999) and the discussion follow-
ing. Here o, p(j) represents the variance of v/ni(Bn.1(j) — Bnar(j)). Note that the normality
assumption implies that

< o0,

H\/_<5nM 3) = B (J ))‘wz

which is enough to apply Equation (4.3.1) of de la Pena and Giné (1999).

It is possible to get a bound sharper than (23) with model size dependent scaling. For instance,

applying Proposition 4.3.1 of de la Pena and Giné (1999), we get

max ———— max
1<t<k 4 /log(1 + ) MeMy(6)nMg(e-1) uog(ezo/f)

See Appendix C for a precise statement and proof. This hints that for any model M, the

—0,(1).  (24)

confidence region for 3, ps in the context of simultaneous inference has Lebesgue measure of
order (1/|M[logp/n)M!. Note that the arguments above are all upper bounds and so they do
not prove a lower bound for the Lebesgue measure. This suggests that the Lebesgue measure of

our confidence region 7@2 ) in (14) is of optimal rate, in general. o

4.6. Confidence Regions under Fired Covariates

Since most of the post-selection inference literature as reviewed in Section 2.1 deals with the
case of fixed covariates, it is of particular interest to understand how our confidence regions
behave in this case. In our framework we can interpret fixed covariates as having point mass

distributions at the observed value X;, hence:

ZE XX = ZXXT
z 1

= 0 and so, C2(«) = 0. Also, note that in this case

0

n -1 n
Bn,m = (% > Xi(M)XiT(M)> (% DX (M)E [Yi]> :
=1 1=1

Hence, in case of fixed covariates,

Therefore, D2 = Hin —

R =R = {5200 s~ =t}

Note that under fixed covariates assumption (A1)(k) is trivially satisfied since D’ = 0. Thus by

Theorem 4.1 (or 4.2), finite sample valid post-selection inference holds for all model sizes in case
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of fixed covariates under no model or distributional assumptions as were required in Berk et al.
(2013).

A nice feature of the methodology proposed in Berk et al. (2013) is that the inference is tight
in the sense there exists a model selection procedure such that the post-selection confidence
interval has coverage exactly 1 — a. Even though the confidence region ﬁn M is derived under a
more general framework, this tightness holds in this generality. This can be easily seen by noting

that

n

LS X —E[Ym‘

n
i=1

e s

n

=3 XY~ E[¥])
i=1

= sup = Dg.

1<j<p

Take M = {j}, where

j € arg max
I<j<p

Y XG) (Y~ E V).
i=1

For this random model M, the coverage of 7@” iy 18 exactly equal to (1 — ).

4.6.1. Lebesque Measure and Comparison with Berk et al. (2013)

The rate bound (21) of Lemma 4.1 is written explicitly for general random covariates. As shown
in Remark 4.6, under the assumption of fixed covariates, C>'(a) = 0 and 7% M = 7@2 M- S0,

from the proof of Lemma 4.1, we get,

Leb <7an) < S M) (CE @)™ forall M e M, (p).

Under the setting of Lemma 4.2, it follows that

|
Leb (Roar) = O, (12,00 ) (« /%) . (25)

Clearly, this is much smaller than the size shown in (21) for general random covariates. One
possible explanation for this discrepancy between fixed and random covariates is as follows: The

confidence regions R, s (13) and 7@2 u (14) are written in terms of

2n(M) <6n,M - ﬁn,M) .

But in case of fixed covariates

~

En(M)fnm = Tn(M). (26)
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So, even though the confidence regions are written for 3,, a7, they can be thought of as confidence
regions for the population “parameter” or functional I',,(M). Also note that over all models
M € M,(p), the set of all functionals I'), (M) can be inferred just based on I';, € RP. Since this is
a p-dimensional functional, a confidence region with length \/W on each coordinate can be
constructed. This explains why the smaller size in (25) is possible. In case of random covariates,
(26) is not true and the randomness due to the covariates brings in some error.

It is striking and somewhat surprising that the smaller size (25) is possible. In our construction
it is not just possible, the confidence region can be computed in polynomial time using bootstrap
discussed in Section 5. The other post-selection methods that can be used in this fixed covariate
setting are those of Berk et al. (2013) and Bachoc et al. (2016). The confidence regions in both
these works are based on the quantiles of the statistic

Vi (Bui () = Buni ()

max - , 27
MeM, (k) on,m(5) 27)

for some “variance” o, a7(j) (The choices of this quantity differ between the works. For simplicity,

we assume this quantity is known.) Based on the “max-|t|” statistic (27), a confidence region
for B, is
A Vi (B (G) = 005))

Rrax—t._ ) pe RIM . max - < Chila
n,M 1<j<|M]| Un,M(]) = n,k( ) )

where C), ;(a) is the quantile of the max-|t| statistic. Under fixed covariates and Gaussian
response, y/n (Bn M — Bn, M) is normally distributed. As shown in (23), the max-|t| statistic (27)

can be of the order /klog(ep/k). This implies that C,, 1(«) can be of the order \/klog(ep/k)

and so, the Lebesgue measure of the confidence region ﬁﬁa]’f/[_t satisfies

| M|
Leb <7A2’;‘laﬁ/[_t) =0,(1) ( klzgp) uniformly over all M e M, (k). (28)

This shows that the confidence region ﬁzaj\‘/j_t is worse than 7@;& y in at least two aspects.
Firstly, the size of the confidence region has an additional factor v/k that makes the region huge
in comparison. Secondly, the Lebesgue measure does not scale with model size |M|. For example,
after searching over the set of models M, (k), if the analyst settles on a (random) model of size
1, then the post-selection confidence region ﬁzaj\‘/;t has a size that still scales with k. In sharp
contrast, our confidence region 7%2 a0 even in the random design case, has size scaling only with

the model M (and does not depend on the largest model considered in selection process).
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4.6.2. Fized Covariates with the Restricted Isometry Property (RIP)

The rate bound (28) is derived using the fact that C), (o) can in general be of the order
\/W. Under orthogonal designs (2n = I, the identity matrix in RP*P), Berk et al.
(2013) proved that C,, () = O(v/logp), and so the size of the region 7@’7’;@‘]’(/1—" matches that of
our confidence region. Since the construction of Berk et al. (2013) is based on normality, the exact
size of the confidence region ﬁﬁa}fjt could be better than the region 7@2 - 1t is also interesting
to note under orthogonal design 7@1; s Provides a rectangle with sides parallel to the coordinate
axis and so is of the same shape as that of ﬁzafjt Recently, Bachoc et al. (2018) showed that
the orthogonal design restriction can be relaxed to RIP. A symmetric matrix A € RP*P is said
to satisfy RIP of order k with RIP constant § if for all M € M, (k) and for all § € RIM|,

(1—=6) 10> <0TAM)O < (1+6)]0]>.

This is equivalent to

max |[AQ) =T, < & (29)

where |||, denotes the operator norm. So, 3., satisfying RIP implies that all k subset covariates

are nearly orthogonal. Theorem 3.3 of Bachoc et al. (2018) proves that for fixed covariates and

Cril0) = O («/ CED 4 g5/ M) ,

under the assumption that 3, is RIP of order k. Here ¢(9) is an increasing non-negative function,
satisfying ¢(6) — 1 as § — 0. So, under the RIP condition with §v/k — 0, the Lebesgue measure

of the confidence region ﬁﬂaﬂt matches again with that of our confidence region 7@2 e It s

Gaussian response,

also interesting to note that under RIP condition for 3, with § — 0, the confidence region 7@;& M
provides a parallelepiped with sides near parallel to the coordinate axis. More strikingly, the

following result holds for fixed covariates:

Proposition 4.2. Define the confidence region
RAP {9 e RMI HB"’M - eHw < c};(a>} .

If, for any 1 < k < p, the matriz 3, satisfies the RIP condition of order k with RIP constant &
and 57/k = o(1) as n — oo, then

liminf P ﬂ {ﬁnvMeﬁlfﬁ/f} >1-a.
e MeM, (k)
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Proof. From the proof of Theorem 4.1, we know that for all M € M, (k),

(>

W(M) (Bunt = But) | < DR

Observe that

ol < )00t )
1)~ (30— 1) ()
T T
<D, Byt — &MH (30)

From Remark 4.3 of Kuchibhotla et al. (2018), we get that

\f D},
)

(Note that in the notation of Kuchibhotla et al. (2018), DL is different and can be bounded as

shown in Proposition 3.1 there the bound above holds.) Therefore, combining (30) and (31), we

get that for all M e M, (k),
. Mk
st — o <1 <1 L ) |
a0

sup ‘
MeMy(k)

Bum — /BnMH (31)

An (k)

From the RIP property (29), A, (k) > 1 —§ and so, for all M € M, (k),

st — P, <D (1 . OV ) |

(1-9)

Therefore, under §v/k — 0 and using the definition of C (a),

liminf P | () {ﬁnM e RAP } >1-a.
e MeM,y (k)

This completes the proof. O

Remark 4.9 (RIP is Restrictive) The Restricted Isometry Property is a well-known condition
in high-dimensional linear regression literature and is also known to be a very restrictive condi-
tion. It implies a requirement of near orthogonal covariate subsets, which is often not justified

in practice. o
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Remark 4.10 (Generalization of the Result of Bachoc et al. (2018)) Theorem 3.3 of Bachoc et al.
(2018) proves a bound on the expectation of sup{|Bn.as — Bnarlw : M € My(k)} for fixed co-
variates and Gaussian response. Inequality (31) above proves a deterministic inequality on this
supremum quantity. This deterministic inequality along with Lemma 4.2 proves the rate bound

in a more general setting. o

5. Computation by Multiplier Bootstrap

All the confidence regions defined in the previous section (and the ones to be defined in the
forthcoming sections) depend only on the available data except for the (joint) quantiles CL (c)
and CZ(a). Computation or estimation of joint bivariate quantiles CL(a) and C3'(a) is the
most important component of an application of approach 1 for valid post-selection inference.
In this section, we apply the high-dimensional central limit theorem and multiplier bootstrap
for estimating these quantiles. We note that either a classical bootstrap or the recently popu-
larized method of multiplier bootstrap works for estimating these joint quantiles in the setting
described in Lemma 4.2. See Chernozhukov et al. (2017) and Zhang and Cheng (2014) for a
detailed discussion. For simplicity, we will only describe the method of multiplier bootstrap for
the case of independent random vectors. The discussion here applies the central limit theorem
and multiplier bootstrap result proved in Appendix E. And we refer to Zhang and Cheng (2014)
for the case of dependent settings described in Appendix F.
Define vectors W; € R? for 1 < ¢ < n containing

(XY 1 <j<p {Xi(DXi(m)}, 1 <I<m<p), (32)

with
q=2p+ @ = 0(p?).

As shown in Equation (44) in Appendix E, for any t1,t2 € RT U {0}, the set

{DrI; < tl,DE < t2}7

can be written as a rectangle in terms of
1 n
SW = — W, —E|[W;]}.

In the unified framework of linear regression, (Xj, Y;) are possibly non-identically distributed and
so, E [W;] are not all equal. Let e, ea, ..., e, be independent standard normal random variables
and define

1 < _ 1
SW .— — Ny (W; —W,), wh W, ==Y Wi
© \/ﬁi;e( ), where nZ
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Write S¢(I) for the first p coordinates of S and S¢W (II) for the remaining coordinates
of S¢W. The following algorithm gives the pseudo-program for implementing the multiplier

bootstrap.

1. Generate B, random vectors from N,(0,1,), with I, denotlng the identity matrix of
dimension n. Let these be denoted by {e; ; : 1 < < j < Byp}.
2. Compute the j-th replicate of S¢V as

1 ¢ .
— ) eij(Wi =Wy
ni—zleﬂ( W)

3. Find any two numbers (C] (), 5 («)) such that

o0

Bn

Bi S a{lIsa, @], < ). |5,aD], < @)} >1-a.

"i=1
Here 1{A} is the indicator function of a set A.

The following theorem proves the validity of multiplier bootstrap under assumption (20) of
Lemma 4.2. Recall the definition of W; from (32). Note that we only prove asymptotic conser-
vativeness instead of consistency which does not hold. See Remark E.1 in Appendix E. This
inconsistency can be easily understood by noting that E[W;] is replaced by the average W,

which is not a consistent estimator. Define

Theorem 5.1. Suppose (X,;',Y;)",1 <i < n are independent random variables satisfying

— Vi =>B>0
121]121(1 . Z ar( > 0,
and
e s { . 10, [, | < K (33)

If n,p = 1 are such that
- 146
max {Ln})Kn,p (logp)' ™7, L2 Jlog"p, KS logq, K2 (log plogn)"/ ”’} = o(n),
then the multiplier bootstrap described above provides a conservative inference in the sense that

lim inf (P (D < t1,D% <o) — P (|| S5 (D], <ta,

n—0 t1,ta=0

SN, < t:]2.)) = 0,

where Z, = {(X;,Y)T : 1 <i<n}.
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Proof. Theorems E.1 and E.2 (stated in Appendix E) apply in the setting above since under

assumption (33),

2
max max ||[W;(j)|, e S max max{lmax 1| X5 (j )H%,HYZ-H%} < Kfl,p.

1<i<n 1<]<q 1<ign

<J<

And the rate restriction on n and p ensure that the bounds in Theorem E.1 and E.2 both

converge to zero. See Remark E.1 for the conservative property. O

By Theorem 5.1, the estimates (CL, (a), 5., () are consistent for some quantities that can
replace the quantiles (CL (), C>(a)) of (DL, D) in (15).

Remark 5.1 (Consistency under Identical Distributions) Under the general framework of
just independent random vectors without any assumption on the heterogenity of the distribu-
tions, it is impossible to prove consistency as shown in Kuchibhotla et al. (2018). The result
of Kuchibhotla et al. (2018) is proved under a much simpler setting but applies here too. If in
addition identical distribution of the random vectors is assumed, then it is easy to show from
the results of Appendix E that the multiplier bootstrap described above is in fact consistent

under the same assumptions of Theorem 5.1. o

6. A Generalization for Linear Regression-type Problems

A simple generalization of Theorems 4.1 and 4.2 as stated in Theorem 6.1 allows valid post-
selection inference in linear regression-type problems. The importance of this generalization can
be seen from Remark 6.1 and the discussion in Section 8. To describe this generalization, consider
the following setting. Let Z* 3y be two p-dimensional matrices and f;, I'* be two p-dimensional

vectors. Consider the error norms

T'x .
DL .=

_I‘;‘L

and DX* := Hfl;: -

0 0

Define for every M € M,(p), the estimator and the corresponding target as

€01 = arg min {eTig(M)e - 29Tf;(M)} ,
PeRIM|

En M i= arg min {HTE;(M)H - 29TI‘:L(M)} .
OeRIM|

Consider the confidence regions 7@;  and 7@? u» analogues to those before, as

= {0 RMS500) (6000 = 0)| < Ol (@) + CF (@) 01 }
Riay o= {0 e RV [0 (s —0)| < O (@) + € (@) [énn | }-
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where CL*(a) and C>* () are constants (or joint quantiles) that satisfy,
P(Dy* < Ci*(a) and DY < Cp*(a)) >1-—a.

Finally, let A (k) = min{Amin(E5(M)) : M € My(k)}.

Theorem 6.1. The set of confidence regions {ﬁ;M : M e M,(p)} satisfies

Pl () {@,Mefz;,M} >1-aq,
MeMy(p)

and if for any 1 < k < p that satisfies kD3, = op(A}(k)) = op(1),

iminf P | () {eeR,}|z1-0
MeMy (k)
Proof. The proof is exactly the same as for Theorems 4.1 and 4.2. The reader just has to realize
that we did not use any structure of 2n,fn or that they are unbiased estimators of >,,I[',

respectively, in the proof there. O

Remark 6.1 The result in Theorem 6.1 allows one to deal with the case of missing data
or outliers in linear regression setting. In case of missing data or when the data is suspected
of containing outliers, it might be more useful to use estimators of ¥,, and I',, that take this
concern into account. For the case of missing data/errors-in-covariates/multiplicative noise, see
Loh and Wainwright (2012, Examples 1, 2 and 3) and references therein for estimators other
than 2n and fn For the case of outliers either in the classical sense or in the adversarial
corruption setting, see Chen et al. (2013). For correct usage of this theorem, it is crucial that
the sub-matrix and sub-vector of ¥ and I}, respectively are used for sub-models. For example,
if we use full covariate imputation in case of missing data, then the sub-model estimator should
be based on a sub-matrix of this full covariate imputation. Also, see Kuchibhotla et al. (2018,

pages 11-12) for other settings of applicability. o

7. Connection to High-dimensional Regression and Other Confidence Regions

The confidence regions 7% M and 7@; ar have a very close connection to a well-known estimator
in the high-dimensional linear regression literature called the Dantzig Selector proposed by
Candes and Tao (2007) and the closely related ones by Rosenbaum and Tsybakov (2010) and
Chen et al. (2013). These papers or methods are not related to post-selection inference and

were proposed under a linear model assumption. The Dantzig selector estimates By € RP, using
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observations (XZT ,Y;),1 < i < n that satisfy Y, = XiT Bo + ¢; for independent and identically
distributed errors ¢; with a mean zero normal distribution. Candes and Tao (2007), like many
others, assumed fixed covariates X;,1 < ¢ < n. In our notation, the Dantzig selector is defined

by the optimization problem
minimize ||3]|; subject to ||, — X,8], < An,

for some tuning parameter A, that converges to zero as n increases. To relate this to our confi-
dence regions 7%1; u (in (13)), note that for B = fp in the constraint set, the quantity inside the
norm is En(ﬁ — Bo) where A is any least squares estimator. The estimator defined in Chen et al.
(2013) and Rosenbaum and Tsybakov (2010) resembles

minimize ||3]|; subject to [Ty, —Xn08], < A+ 600 |8,

for some tuning parameters A, and §,, both converging to zero as n increases. This constraint
set corresponds to our confidence regions 7@” a in Theorem 4.1.

The following theorem proves that there exist valid post-selection confidence regions that
resemble the objective functions of lasso (Tibshirani (1996)) and sqrt-lasso (Belloni et al. (2011)).
The proof is deferred to Appendix D. These relations to high-dimensional linear regression
literature poses the interesting question: “is there a more deeper connection between post-
selection inference and high-dimensional estimation?”. Other than the results in linear regression,
we do not yet have an answer to this interesting question.

Define for every M € M,(p), the confidence regions
7%,”71\4 = {9 € R'M‘ :

B+ 61,] + €3l |

B[+ 1012

[}

o] )}
sl )}

where ]%n(,M ) is the empirical least squares objective function defined in Equation (2) and
Cp(a) is the (1 — a)-upper quantile of max{DL, D>}.

R = {9 e RMI: R\ (6; M) < Ry (Bovrs M) +4C () ‘

B |, +2€(@)|

v

Ry i= {0 € RV

R0 M) < RY2 (B M) + CY/2(0) (14 116]1) + C(a) (1 + |

9

Rl = {0 < RV RIP(0:00) < RYP(Boass M) +20}%() (1 |
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Theorem 7.1. For anyn = 1,p = 1, the following simultaneous inference guarantee holds:

Pl ) {BaneRan}|>1-0 (34)
MeMp(p)

Pl () {BaneRan}|>1-0 (35)
MeMy(p)

and for any 1 < k < p satisfying (A1)(k), we have

iminf P () B Ry} =10, (36)
MeMy(p)

iminf P () {BuneR],}]=1-0 (37)
MeMp(p)

Remark 7.1 (Intersection of Confidence Regions) All our confidence regions are based on de-
terministic inequalities as mentioned before. This implies that the intersection of the confidence
regions 7@” M, 7@;& a and Rn M provides a valid simultaneous and post-selection inference. That
means, for any 1 < k& < p such that (A1)(k) holds,

lim inf P Mer(k) {Raar ARy 0 R} | 210 (38)
To prove this, let én M, CjL a and Cn M represent the confidence sets 7@” M, 7@;& a and Rn M with
(CY(a),C(a)) replaced by (DL, DZ). From the proofs of Theorems 4.1, 4.2 and 7.1, it is clear
that
L 5 5t ; _
llyllli)lgolf P Mer(k) {CmM N Cn,M N Cn,M} 1.
So by the definition of (CL (a), C>(a)) (15), the result of (38) follows. Provably the intersection
of confidence regions is smaller. By the same argument it is possible to include the confidence
regions RL M 7én M, and 7%; s in the intersection . o
Remark 7.2 (Usefulness of Lasso-based Regions) The confidence regions discussed in this
section are given solely for the purpose of illustrating and making solid the connection between
post-selection inference and high-dimensional linear regression. The shape of all these confidence
regions is ellipsoid and have larger volume than the confidence region 7@2 a in terms of the rate.
This result is not presented here but is not difficult to prove. This rate comparison is only
asymptotic and the intersection argument presented in Remark 7.1 might still be useful in finite

samples. o
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8. Discussion of the Current Approach

The confidence regions 7% M and 7@2 s constitute what we call approach 1. Various advantages
and disadvantages of this approach are discussed in this section. Some of these comments also
apply to the confidence regions mentioned in Theorem 6.1.

The following are some of the advantages of this approach. The confidence regions are asymp-
totically valid for post-selection inference. This is the first work that provides valid post-selection
inference in this generality. The confidence region for any model M depend only on the joint
quantiles CF (a), C>(a) and the least squares linear regression estimator corresponding to the
model M, Bn M- S0, the computational complexity of these confidence regions is no more than a
multiple of the computational complexity of ﬁn a- Computation of CL'(a), C> () takes no more
than a linear function of p operations, as shown in Section 5. This computational complexity is
in sharp contrast to the valid post-selection inference method proposed by Berk et al. (2013) or
Bachoc et al. (2016) which requires essentially solving for the least squares estimators of all the
models for a confidence region with some model M. Therefore, implementation of their proce-
dure is NP-hard, in general. The Lebesgue measure of the confidence regions 7%1; A converges to
zero at a rate that is the minimax rate in high-dimensional linear regression literature. So, we
suspect this might be the optimal rate here too but at present we do not have a proof or even an
optimality framework. Note that the volume of the confidence region for model M is computed
with respect to the Lebesgue on RIMI.

There is one more advantage which might not seem like one at first glance. The confidence
region for 3,y for a particular model does not require information on how many models are
being used for model selection. The volume of the confidence region for 3, ns depends only on
the features of the model M except for the quantiles. This implies that the confidence regions
7@2 v M € Mp(k) can often have much smaller volumes than the ones produced using the
approach of Berk et al. (2013).

There are some disadvantages and some irking factors associated with this approach. Firstly,
notice that the confidence regions are not invariant under linear transformations of the observa-
tions as briefed in Remark 4.5. Most methods in high-dimensional linear regression procedures
that induce sparsity also share this feature. Even from a naive point of view, invariance under
change of units for all variables involved is crucial for interpretation. This translates to invari-
ance under diagonal linear transformations of the observations. Normalizing all the variables
involved to have a unit standard deviation is a commonly suggested method to attain invariance
under diagonal transformations. Formally, this means one should use
xoo (B0 | X))y ¥o¥

sn(1) sn(p) ' sn(0)
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in place of (X;,Y;),1 < i < n, where for 1 < j <p,

[X:() - X)),

_ 1< . . 1
X(G) =~ 2, Xi(j), and s3(j) =~
i=1 =1

n
1=

and

Y =

S|

n 1 5

Y; d s20)=-> [y, -Y]".
;1 , and s;(0) - Z | ]
This leads to the matrix and vector,

n n
S = %;X;"X;‘T, and 17 = %ZIXY
Note that the observations (X*,Y;*),1 < i < n are not independent even if we start with
independent observations (Xj;, Y;). This is one of the reasons why we did not assume independence
for Theorems 4.1, 4.2 and 6.1. Of course one needs to prove the rates for the error norms DL* and
D>* in this case for an application of these results. We leave it to the reader to verify that the
rates are exactly the same obtained in Lemma 4.2 (one needs to use a Slutsky-type argument).
See Cui et al. (2016) for a similar derivation. We conjecture that much weaker conditions than
listed in Lemma 4.2 are enough for those same rates, in particular, exponential moments are not
required. See van de Geer and Muro (2014, Theorem 5.3) for a result in this direction. Getting
back to invariance under arbitrary linear transformations, we do not know if it is possible come
up with a procedure that retains the computational complexity of approach 1 while satisfying
this invariance. We conjecture that this is not possible and that there is a strict trade-off between
computational efficiency and affine invariance.

Another disadvantage of approach 1 is that it is mostly based on deterministic inequalities. As
the reader may have suspected, this might lead to some conservativeness of the method. Note that
non-identical distributions of the observations already introduces some conservativeness. The
confidence regions 7%” M and 7%1; a cover B,y with probability (at least) 1 — o asymptotically.
In particular, these confidence regions provide valid post-selection inference for the full vector
B, instead of each of the coordinates of 3, pr. The region 7@; 2 18 defined by a system of linear
inequalities and hence the local inference (or inference on coordinates) for 3, a(j),1 < j < |M|
can be obtained by solving a linear program. However, these can be very conservative for local
inference guarantees.

We emphasize before ending this section that the main focus of approach 1 is validity and
better computational complexity not optimality. However, optimality holds for our confidence
regions as mentioned in Remark 4.6 for fixed covariates. It should be understood that without
validity there is no point in proving any kind of optimality properties about the size of confidence

region.
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9. Conclusions and Future Directions

In this paper, we have considered a computationally efficient approach to valid post-selection
inference in linear regression under arbitrary data-driven method of variable selection. The ap-
proach here is very different from the other methodologies available in the literature and is based
on the estimating equation of linear regression. At present it is not clear if this approach can be
extended to other M-estimation problems. Since our confidence regions are based on determin-
istic inequalities, our results provide valid post-selection inference even under dependence and
non-identically distributed random vectors. For this reason, the setting of the current work is
the most general available in the literature of post-selection inference.

In addition to providing several valid confidence regions, we compare the Lebesgue measure
of our confidence regions with the ones from Berk et al. (2013) and Bachoc et al. (2016). This
comparison shows that our confidence regions are much smaller (in terms of volume) in case of
fixed (non-stochastic) covariates. In general, the volume of our confidence regions scales with the
cardinality of model M chosen. This is a feature not available from the works of Berk et al. (2013)
and Bachoc et al. (2016). Note that the confidence regions from selective inference literature have
infinite expected length as shown in Kivaranovic and Leeb (2018).

An interesting finding of our work is the connection between post-selection confidence regions
and high-dimensional sparsity inducing linear regression estimators. If this finding were to hold
for other M-estimation problems, then computationally efficient valid post-selection confidence

regions are possible in general.
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APPENDIX

Appendix A: Proof of Lemma 4.1
Fix M € M, (k) with kD2 < A, (k). Observe that the least squares estimator satisfies

Bt = B = (Ea(M)) ™ (|La(d) = T () | = [£a(M) = (M) Burr)
and for all M e M, (k),

|

Thus, for all M € M, (k),

S (M) = Sy (M) = kD;;. (39)

0

< sup ‘HT <2n—2n> 0’ </<:Hf)n—2n
P 0ok,
loll,<1

An(k) = kD5 < [Za(M)],, = kD < [Sa(M)]| < I1Za(M),,, + kDS

op n

op

Hence, for k satisfying kD) < A, (k),

1/2HA"< —Ln(M H + || [En(M) _EN(M)]/Bn,MH
=M A, (k) — kDZ
_ |M"2 (D} + DY [|Bnull,)
h A (k) — kD2

Now applying

|

Bu.ar — 5n,MH1 < |M|V? ‘

Bnm — &,M‘ .

the result follows.

Appendix B: Proof of Proposition 4.1
For any fixed model M, the Lebesgue measure of the confidence region is given by

Leb(R}y) = [5(M)[ " (Ch(a) + O3 | ae] )™ (40)

which converges to zero as n tends to infinity. Here for any matrix A € RP*P| |A| denotes the

determinant of A. This equality follows since the confidence region 7@;(\/[ can be written as

)}

Rl = {2001 6+ Bur) < 10l < (CR(@) + O3 ()|
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By inequality (39), for all M € M, (k)
ZaODI < (Aulk) — kD) M,

We know that CL(a) and C>(a) converge to zero at a rate depending on the tails of the joint
distribution of (X;,Y;). The result now follows from equation (40) and uniform consistency of
Bz in the ||-|[{-norm as shown in Lemma 4.1 under (A1)(k).

To prove the second result, first note that from Lemma 4.2,

Imﬂ@mmfm»=0(l%ﬂ,

n

since the second term in the expectation bound in Lemma 4.2 is of lower order than the first

term under the assumption (22) of Lemma 4.1. The result is now proved if we prove that for all

M e M,(k),

M| (1
1Bona? < "( ZEW> (41)
By definition of /3, s it follows that
1< 1<
0<% DEN?] =3 D ALME[XODXT ()] B = ZE[ (¥: = X (M) |
=1 =1

Therefore, by definition of A, (k),

1 n
A (E) (| Buat |5 < (ﬁ Y E [Yiz]> .
i1
Now using the inequality [|3n,all; < /[M]||Bn,pl,, inequality (41) follows.

Appendix C: Proof of (24)

Proposition C.1. Suppose there exists a constant B,, 1., and v > 0, such that

\/_</8nM() B (j )>

sup max < By p-
MeM, (k) 1<i<|M| on,m ()

Py

Then
| VA (But(G) = Bt () fomna ()

- = 0,(1
1202k (i )MeMp(IZI)li)./i/l;(Zfl) 3! ((2ep/0)t) (1)
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Proof. From the proof of Proposition A.5 of Kuchibhotla and Chakrabortty (2018), we get

. Vi (Brat () = B ()

X
MeM,(£) A M (0—1) on,m(J)

< ¢;1 <(€p/€)€) C’an,p,lm
Py

for some constant C, depending only on . Here the fact

MMyl (1) < (7).

is used. Now take

1 \/—<5nM() B, (J ))

= max
S w;l ((ep/0)t) MeMy(0)nMg(£—1) on,m(j)

)

and apply Proposition 4.3.1 of de la Pena and Giné (1999), to get the result. Also, see Proposi-
tion A.7 of Kuchibhotla and Chakrabortty (2018) for an alternative proof to Proposition 4.3.1
of de la Pena and Giné (1999). If v = 2, then v, corresponds to sub-Gaussian random variables

and
¥y () = Vlog(1 + 7).
This proves (24). O

Appendix D: Proof of Theorem 7.1

Only the proof of (34) and (36) is provided and the steps to prove (35) and (37) are sketched
since the proof is similar.
It is easy to verify that for any M < M, (p) and 6 € RIM|

0TS, (M)§ —20"T, (M) —0T%,(M)0 + 20" T,,(M)| < 0|3 DE + 26|, DL (42)
Therefore, for every M € M, (p),

B En (M) Bons — 2521\41; (M)
< Bt S (M) Bns = 285y T (M) + 2D5 || Buas |y + D3 Bl
< Bt Sn(M) B ar — 28,y U (M) + 2D5 1|8 aa |y + D 1Bnr 17
< B Sn(M)Bras = 287 T (M) + 205 [|| B | + 80 ]

+DZ [‘

B[+ 1Bl
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Here the first inequality follows from inequality (42) with 6 = 3, ar, the second inequality follows
from the definition of 8, ps (see Equation (11)) and the third inequality follows from inequality
(42) with 6 = Bn u- Adding the sample average of {Y;2: 1 <14 < n} on both sides, we get for all
M e My(p),

Ry (Buas; M) < R, (Bn,M;M> +2D;, H

B, +180.01,] + D |

~ 2
B[+ 10l - (42

This implies the first result (34). To prove the second result (36), note that

R 2 .

B, Df + D |8
1| 42 -

DL + D ||Bom |l DL + Dy |Bom Iy

N 2
D + D7 ||, DY + DY
Dg +D§ HﬁO,MH1 - h

1,

which converges to zero under assumption (Al)(k), following the proof of Theorem 4.2. This

implies that the error

[22)5

Bn,MHl + DE

N 2
/Bn,MHl} - [22)5 ”ﬁn,MHl + IDE ”Bn,M”ﬂ ’

is of smaller order than each of the terms uniformly in M € M, (k). The second result (36) then
follows trivially by substituting the estimated parameters for the targets in inequality (43) and
using the definition of (C} (a), CZ(a)).

To prove the results with square-root lasso based regions, note that from inequality (43)

R (B a5 M) < B2 (B 115 M) + max{DE, DEYV2 (1 + |

B"’MHl)
+max{Dy, Dy} (1+ ||l -
Appendix E: High-dimensional CLT and Bootstrap Consistency

Suppose W;,1 < i < n are independent random vectors in R? with finite second moment. Let

Gi,1 <1 < n be independent Gaussian random vectors in R? with mean zero satisfying
E[G,G]| =E[W;W;'| forall 1<i<n.

Set
1 < 1
S,I{V = — W, — E|[W; and S,(L; = — G;.
7 L W= E ) 2=
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Before deriving the exact rate under the assumption (20) of Lemma 4.2, we prove that a central
limit theorem for S}V implies a CLT for (DL, D). Observe that for any t1,t, € R* U {0},

Dy <2}
n

_ {—tl < = Y {X()Yi ~ E[Xi()Yil} <t for all 1< j < p} M m

=1

{'D}; < 1y,

S

3

S|

{—tg < Z {X;(D)Xi(m) —E[X;(1)X;(m)]} <tz forall1 <I<m < p} .

i=1

The right hand side here is a rectangle in terms of the vector SV with vectors W; containing
(Xi(1)Yi, 1 <j <p; Xi(DX;(m),1 <I<m<p). (45)

Note that W;’s are vectors in R? with

plp—1)
SR

Let A" denote the set of all rectangles in R?, that is, A" consists of all sets A of the form

q=2p+

={zeR?: a(j) < z(j) <b(y) forall 1 <j<ql,

for some vectors a,b € R9. Define

Ln, —max—ZE[WV E[W, ()]|3].

1<j<g n
Finally, set for any class A of (Borel) sets in RY,

pn (A) == sup |P (S)V € A) —P (S5 € 4)|.
AeA
The following theorem proved in Section 6 of Kuchibhotla and Chakrabortty (2018) provides a
central limit theorem for S" over all rectangles. The proof there is based on Theorem 2.1 of

Chernozhukov et al. (2017).

Theorem E.1. Suppose W1, ..., W, are independent mean zero random vectors in RY satisfying

for some v, B, K, , > 0,

min —Z Var[W?(j)] = B and max max [[W;(j)l,, < Kng. (46)

I<jsqg n “ 1<isn 1<j<q

Assume further that for some constant Ko > 0 (depending only B),

1 nly g 1/3 1 .
- = v /v 1/y '
8K K g < log q > max{1, 277} {(log @)!/7 + (6/7)"7 + 1} (47)
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Then there exist constants K1 > 0 depending only on B, and C, g > 0 depending only on B,~y
such that

n

1/6
L2 log” KS 1o
P (A7) < K (7% g q) +Cyp—t B

Based on (44), it is clear that Theorem E.1 implies a CLT for (DL, DZ). This does not require
the observations to be identically distributed or equal expectations for the W; vectors defined
n (45).

E.1. Bootstrap Consistency

In this sub-section, we consider the consistency of multiplier bootstrap based on Section 4.1
of Chernozhukov et al. (2017). It is also possible to consider the empirical bootstrap in high-
dimensions and prove its consistency based on the proof of Proposition 4.3 of Chernozhukov et al.
(2017). We do not prove it here as the proof techniques are the same.

Let e1, €9, ..., e, be asequence of independent standard normal random variables independent
of Wy, :={Wh,...,W,}. Set

1 n
W, := E.lei e RY,
1=

and consider the normalized sum
1 _
SW = (Wi —
n \/ﬁ ; eZ ( (3
Note that
1 o _ _
SV W, ~ N <0, - DW= W) (Wi — Wn)T> e RY.
i=1
To prove consistency of multiplier bootstrap, we bound a quantity similar to p, (A"¢), defined

as
Barey = sup [P(SV e AW,) —P (SG* € 4)],
AeAre
where
. 1 ¢ _ _ o _ 1 ¢
Syt~ N (0, = Z E [(Wi — i) (Wi — unf]) . with i = E[W,] =~ ;E[Wi]-
Note that Var (S)Y') # Var (55*) unless E[W;] = E[W5] = --- = E[W,,]. Define

3|1—‘

i [ (Wi — i) (Wi — ﬂn)—r]

0
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Based on Theorem 4.1 and Remark 4.1 of Chernozhukov et al. (2017), we prove the following

theorem under assumption (46).

Theorem E.2. If W;,1 < i < n are independent mean zero random vectors, then under as-

sumption (46),

2
log q 1/6 (log glogn) 3
1/3 2/3
An/,q <T> + n{q i3

for some constant C' depending only on v, B. Here

Apg = max

)

= > Var (Wi(1l)W;(m)) .
=1

I<lsm<qn &
Proof. As proved in Remark 4.1 of Chernozhukov et al. (2017), we have
pnMB (A™) < CA}/;’ log?/3 q.

So, to prove the result, all we need is to prove

/1
Ap g Oiq + Kg’q(logqlog n)z/“’n*1

for some constant M.. This follows from Theorem 4.2 of Kuchibhotla and Chakrabortty (2018).
O

1/3

E|AV| <M,

Remark E.1 (Inconsistency under unknown unequal means) Since Var(S)") and Var (S5*)

are not equal (in general), Theorem E.2 does not prove that

sup |P (SZW e AW,) —P (SS e A)| — 0.

AeAre
It was proved in Kuchibhotla et al. (2018) that variance of an average of non-identically dis-
tributed random variables cannot be consistently estimated if the expectations are unknown
and the same comment applies to the high-dimensional multiplier bootstrap. When E [W;] are
not all the same for all 1 < i < n, then the variance of S}!” cannot be consistently estimated
and so the distribution of S/ cannot be estimated consistently using bootstrap. However, The-

orem E.2 implies conservative inference. Observe that

Var (S1V) = % gVar (W) < %;E (Wi —E[W.]) (Wi —E[W]) ]



Kuchibhotla et al./PoSI for Linear Regression 46

Hence by Anderson’s Lemma (Corollary 3 of Anderson (1955)), for all A e A",
P(SS* e A) <P (SSeA).
Here A°"¢ represents the set of all rectangles that are symmetric around zero. Thus, we get that

. . G 157
h,?ilo%f Aéﬁgre (P(Sy e A)—P (S e AW,)) = 0.

Observe that the sets in (44) are centrally convex symmetric sets and so, Anderson’s Lemma

applies. Therefore, the multiplier bootstrap provides an asymptotically conservative inference

for (DL, D), in general. o

Appendix F: Rate Bounds on D£ and DE under Dependence

In this section, we derive rate of convergence of |, —Q, |, under dependence. We first describe
some classical notions of dependence that include well-known dependent processes as special
cases. The description is essentially taken from Pétscher and Prucha (1997). Let {&; : t € Z} be
a stochastic process on some measure space. Let F,, , (for m < n) be the o-field generated by

{& : m < i < n} with possibility of m = —o0 and n = o included. Define
a(y) == zugsup {{[P(AnB) —P(A)P(B)|: Ae F_wj,B€ Fryjo},
€

o) = zugsup{HP’(B\A) —P(B)|: Ae F_wxj, B € Fitjo,P(A) > 0}.
S

If a(j) (or correspondingly ¢(j)) converges to zero as j approaches infinity then the process
{& : t € Z} is called a-mixing (or correspondingly ¢-mixing). It is clearly seen that every

¢-mixing process is a-mixing since for any event A with P(A) > 0,
[P(An B)-P(AP(B)| < P(A)[P(B|A) - P(B)|.

A process {& : t € Z} is said to be m-dependent if a(j) = 0 for all j > m. Evidently, m-
dependent processes are ¢-mixing for any m and so a-mixing too. One very useful feature
of a-mixing processes is that measurable functions of finitely many elements of the process
themselves a-mixing.

The dependence notion used in this section is the one called functional dependence introduced
by Wu (2005). It is possible to derive the results under the classical dependence notions like a-,p-
mixing too, however, verifying the mixing assumptions can often be hard and many well-known

processes do not satisfy them. See Wu (2005) for more details. It has also been shown that
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many econometric time series can be studied under the notion of functional dependence; see
Wu and Mielniczuk (2010), Liu et al. (2013) and Wu and Wu (2016).

The dependence notion of Wu (2005) is written in terms of an input-output process that is
easy to analyze in many settings. The process is defined as follows. Let {¢;, ¢ : i € Z} denote a
sequence of independent and identically distributed random variables on some measurable space

(€,B). Let the ¢g-dimensional (stochastic) process W; has a causal representation as

W;=Gi(...,gi-1,&) € RY,

for some vector-valued function G;(-) = (gi1(-), -, gig(-)). By Wold representation theorem for
stationary processes, this causal representation holds in many cases. Define the non-decreasing
filtration

./."Z' = O'( 751'—1752') .

Using this filtration, we also use the notation W; = G;(F;). To measure the strength of depen-

dence, define for r > 1 and 1 < j < ¢, the functional dependence measure

1<i<n

o0
Ssrg = max [[Wi(j) = Wis(i)l,, and Appji= > derjy

where
Wis(4) = 9ij(Fiims) with Fiigi=0 (..., €ims—1,E)_g Eimst1s---+Ei1,6) . (48)

The o-field F; ;s represents a coupled version of F;. The quantity d; . ; measures the dependence
using the distance in terms of ||-||,-norm between g;;(F;) and g;;(Fii—s). In other words, it is
quantifying the impact of changing input ;s on the output g;;(F;); see Definition 1 of Wu
(2005). The dependence adjusted norm for j-th coordinate is given by

H{W(j)}Hr,u = Su>% (m + 1)VAm,r,j7 v =0.

To summarize these measures for the vector-valued process, define

H{WH,y = max W ()M, and  J{W Ry, , = sup r W, -

1<j<q

Remark F.1 (Independent Sequences) Any notion of dependence should at least include
independent random variables. It might be helpful to understand how independent random
variables fits into this framework of dependence. For independent random vectors W;, the causal

representation reduces to

Wi =Gi(...,gi-1,8) = Gi(e;) e RY.
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It is not a function of any of the previous ¢;, j < i. This implies by the definition (48) that

Gl(&) =W; if s > 1,
Gi(e)) =W/, ifts=0.

77

Wis:

)

Here W/ represents an independent and identically distributed copy of W;. Hence,

0, ifs>1,

IWi(5) = Wil < 2w, if s = 0.

(2

Os,rj =

It is now clear that for any v > 0,

1<j<q T

KWL, = sup (m+1)" A = Do < 2 max [[Wi(j)]]

Hence, if the independent sequence W; satisfies assumption (20), then [[{W}| v < 0 for all

v > 0, in particular for ¥ = o0. Therefore, independence corresponds to v = 0. As v decreases

to zero, the random vectors become more and more dependent. o
Recall that

= max
o0 1<j,k<p+1

T

% N (ZiG) Zi(k) - E[Zi() Zi(R)])]
i=1

which is a maximum of (p + 1) many averages. To prove bound on the quantity above, consider

the following assumption:

(DEP) Assume that there exist n vector-valued functions G; and an iid sequence {g; : i € Z}
such that
Zi = (X;,Y;) = Gi(...,gi-1,5;) e RPFTL.

Also, for some v, 5 > 0,

142}, < Knp and  max max [E[Z()]] < K.

1<i<n 1<j<p+1

Based on Remark 4.4, Assumption (DEP) is equivalent to the assumption of Lemma 4.2 for
independent data. For independent random variables, the second part of Assumption (DEP)
about the expectations follows from the vg-bound assumption. The reason for this expectation
bound in the assumption here is that the functional dependence measure 5, does not have any

information about the expectation since

IWi(G) = Wis(G, = [(Wi(5) = E[Wi(5)]) = (Wis(G) — E[Wis()DII, -
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The coupled random variable W; ; has the same expectation as Wj;. Since the quantities we need
to bound involve product of random variables, such a bound on the expectations is needed for
our analysis.

The following result proves a bound on [, — Qe under assumption (DEP). Define

Yy im x| (2o + o BIZG ) HZG)

1<j<p+1

Theorem F.1. Fizn,k > 1 and let t = 0 be any real number. Then under assumption (DEP),
with probability at least 1 — 8e~ !,

190 — ol < 2B \/T4,p(t+log(4p)) g2 (g (1) (¢ + log(4p)) V2D
n n|oo =X v

n A np n ’

where T1(\) = min{\, 1}, s(A) = (1/2 + 1/A) 7! and

5(v—1/2)73, ifv>1/2,
kn(v) =27 x { 2(logyn)°/2, ifv=1/2,
52n)Y277(1/2 —v) 73, ifv < 1/2.

Here B, and Cg are positive constants depending only on v and 3.

Proof. The proof follows from Lemma B.4 and Theorem 5.1 (or Theorem B.1) of Kuchibhotla et al.
(2018). O

Remark F.2 (Rate of Convergence under Dependence) Theorem F.1 readily implies bounds
on CZ(a) and CL(a) along with rate bounds on DY and D2 ©
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