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Sensitivity Analysis in
Observational Studies

Randomization Inference and Sensitivity
Analysis

Randomized Experiments and Observational
Studies

In a randomized experiment (see Randomization),
subjects are assigned to treatment or control groups
at random, perhaps by the flip of a coin or perhaps
using random numbers generated by a computer [7].
Random assignment is the norm in clinical trials of
treatments intended to benefit human subjects [21,
22]. Intuitively, randomization is an equitable way
to construct treated and control groups, conferring
no advantage to either group. At baseline before
treatment in a randomized experiment, the groups
differ only by chance, by the flip of the coin that
assigned one subject to treatment, another to control.
Therefore, comparing treated and control groups
after treatment in a randomized experiment, if a
common statistical test rejects the hypothesis that
the difference in outcomes is due to chance, then
a treatment effect is demonstrated. In contrast, in
an observational study, subjects are not randomly
assigned to groups, and outcomes may differ in
treated and control groups for reasons other than
effects caused by the treatment. Observational studies
are the norm when treatments are harmful, unwanted,
or simply beyond control by the investigator.

In the absence of random assignment, treated and
control groups may not be comparable at baseline
before treatment. Baseline differences that have been
accurately measured in observed covariates can often
be removed by matching, stratification or model
based adjustments [2, 28, 29]. However, there is
usually the concern that some important baseline
differences were not measured, so that individuals
who appear comparable may not be. A sensitivity
analysis in an observational study addresses this
possibility: it asks what the unmeasured covariate
would have to be like to alter the conclusions of the
study. Observational studies vary markedly in their
sensitivity to hidden bias: some are sensitive to very
small biases, while others are insensitive to quit large
biases.

The First Sensitivity Analysis

The first sensitivity analysis in an observational
study was conducted by Cornfield, et al. [6] for
certain observational studies of cigarette smoking
as a cause of lung cancer; see also [10]. Although
the tobacco industry and others had often suggested
that cigarettes might not be the cause of high rates
of lung cancer among smokers, that some other
difference between smokers and nonsmokers might
be the cause, Cornfield, et al. found that such an
unobserved characteristic would need to be a near
perfect predictor of lung cancer and about nine
times more common among smokers than among
nonsmokers. While this sensitivity analysis does not
rule out the possibility that such a characteristic might
exist, it does clarify what a scientist must logically
be prepared to assert in order to defend such a claim.

Methods of Sensitivity Analysis

Various methods of sensitivity analysis exist. The
method of Cornfield, et al. [6] is perhaps the best
known of these, but it is confined to binary responses;
moreover, it ignores sampling variability, which is
hazardous except in very large studies. A method
of sensitivity analysis that is similar in spirit to the
method of Cornfield et al. will be described here;
however, this alternative method takes account of
sampling variability and is applicable to any kind
of response; see, for instance, [25, 26, 29], and
Section 4 of [28] for detailed discussion. Alternative
methods of sensitivity analysis are described in [1, 5,
8, 9, 14, 18, 19, 23, 24], and [33].

The sensitivity analysis imagines that in the pop-
ulation before matching or stratification, subjects are
assigned to treatment or control independently with
unknown probabilities. Specifically, two subjects who
look the same at baseline before treatment – that is,
two subjects with the same observed covariates –
may nonetheless differ in terms of unobserved covari-
ates, so that one subject has an odds of treatment
that is up to � ≥ 1 times greater than the odds for
another subject. In the simplest randomized exper-
iment, everyone has the same chance of receiving
the treatment, so � = 1. If � = 2 in an observational
study, one subject might be twice as likely as another
to receive the treatment because of unobserved pre-
treatment differences. The sensitivity analysis asks
how much hidden bias can be present – that is, how
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large can � be – before the qualitative conclusions
of the study begin to change. A study is highly
sensitive to hidden bias if the conclusions change
for � just barely larger than 1, and it is insensi-
tive if the conclusions change only for quite large
values of �.

If � > 1, the treatment assignments probabilities
are unknown, but unknown only to a finite degree
measured by �. For each fixed � ≥ 1, the sensitiv-
ity analysis computes bounds on inference quantities,
such as P values or confidence intervals. For � = 1,
one obtains a single P value, namely the P value for
a randomized experiment [7, 16, 17]. For each � > 1,
one obtains not a single P value, but rather an inter-
val of P values reflecting uncertainty due to hidden
bias. As � increases, this interval becomes longer,
and eventually it become uninformative, including
both large and small P values. The point, �, at which
the interval becomes uninformative is a measure of
sensitivity to hidden bias. Computations are briefly
described in Section titled ‘Sensitivity Analysis Com-
putations’ and an example is discussed in detail in
Section titled ‘Sensitivity Analysis: Example’.

Sensitivity Analysis Computations

The straightforward computations involved in a sen-
sitivity analysis will be indicated briefly in the case of
one standard test, namely Wilcoxon’s signed rank test
for matched pairs (see Distribution-free Inference,
an Overview) [17]. For details in this case [25] and
many others, see Section 4 of [28]. The null hypoth-
esis asserts that the treatment is without effect, that
each subject would have the same response under the
alternative treatment. There are S pairs, s = 1, . . . , S

of two subjects, one treated, one control, matched
for observed covariates. The distribution of treatment
assignments within pairs is simply the conditional
distribution for the model in Section titled ‘Methods
of Sensitivity Analysis’ given that each pair includes
one treated subject and one control. Each pair yields
a treated-minus-control difference in outcomes, say
Ds . For brevity in the discussion here, the Ds will
be assumed to be untied, but ties are not a problem,
requiring only slight change to formulas. The abso-
lute differences, |Ds |, are ranked from 1 to S, and
Wilcoxon’s signed rank statistic, W , is the sum of
the ranks of the positive differences, Ds > 0.

For the signed rank statistic, the elementary com-
putations for a sensitivity analysis closely paral-
lel the elementary computations for a conventional

analysis. This paragraph illustrates the computa-
tions and may be skipped. In a moderately large
randomized experiment, under the null hypothesis
of no effect, W is approximately normally dis-
tributed with expectation S (S + 1) /4 and variance
S (S + 1) (2S + 1) /24; see Chapter 3 of [17]. If one
observed W = 300 with S = 25 pairs in a random-
ized experiment, one would compute S (S + 1)/4 =
162.5 and S (S + 1) (2S + 1)/24 = 1381.25, and
the deviate Z = (300 − 162.5)/

√
(1381.25) = 3.70

would be compared to a Normal distribution to
yield a one-sided P value of 0.0001. In a mod-
erately large observational study, under the null
hypothesis of no effect, the distribution of W is
approximately bounded between two Normal dis-
tributions, with expectations µmax = λ S (S + 1)/2
and µmin = (1 − λ) S (S + 1)/2, and the same vari-
ance σ 2 = λ (1 − λ) S (S + 1) (2S + 1)/6, where λ =
�/ (1 + �). Notice that if � = 1, these expressions
are the same as in the randomized experiment. For
� = 2 and W = 300 with S = 25 pairs, one computes
λ = 2/ (1 + 2) = 2/3, µmax = (2/3) 25 (25 + 1)/2 =
216.67, µmin = (1/3) 25 (25 + 1)/2 = 108.33, and
σ 2 =(2/3) (1/3) 25 (25+1) (2 × 25+1)/6=1227.78;
then two deviates are calculated, Z1 =(300 − 108.33)

/
√

(1227.78) = 5.47 and Z2 = (300 − 108.33)/√
(1227.78) = 2.38, which are compared to a Nor-

mal distribution, yielding a range of P values from
0.00000002 to 0.009. In other words, a bias of magni-
tude � = 2 creates some uncertainty about the correct
P value, but it would leave no doubt that the differ-
ence is significant at the conventional 0.05 level.

Just as W has an exact randomization distribution
useful for small S, so too there are exact sensi-
tivity bounds. See [31] for details including S-Plus
code.

Sensitivity Analysis: Example

A Matched Observational Study of an
Occupational Hazard

Studies of occupational health usually focus on work-
ers, but Morton, Saah, Silberg, Owens, Roberts and
Saah [20] were worried about the workers’ chil-
dren. Specifically, they were concerned that workers
exposed to lead might bring lead home in clothes and
hair, thereby exposing their children as well. They
matched 33 children whose fathers worked in a bat-
tery factory to 33 unexposed control children of the
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Table 1 Blood lead levels, in micrograms of lead per decaliter of blood, of exposed children
whose fathers worked in a battery factory and age-matched control children from the neighborhood.
Exposed father’s lead exposure at work (high, medium, low) and hygiene upon leaving the factory
(poor, moderate, good) are also given. Adapted for illustration from Tables 1, 2 and 3 of Morton,
et al. (1982). Lead absorption in children of employees in a lead-related industry, American Journal
of Epidemiology 115, 549–555. [20]

Pair s Exposure Hygiene
Exposed child’s
Lead level µg/dl

Control child’s
Lead level µg/dl

Dose
Score

1 high good 14 13 1.0
2 high moderate 41 18 1.5
3 high poor 43 11 2.0...

...
...

...
...

...
33 low poor 10 13 1.0

Median 34 16

same age and neighborhood, and used Wilcoxon’s
signed rank test to compare the level of lead found
in the children’s blood, measured in µg of lead
per decaliter (dl) of blood. They also measured the
father’s level of exposure to lead at the factory, classi-
fied as high, medium, or low, and the father’s hygiene
upon leaving the factory, classified as poor, moder-
ate, or good. Table 1 is adapted for illustration from
Tables 1, 2, and 3 of Morton, et al. (1982) [20]. The
median lead level for children of exposed fathers was
more than twice that of control children, 34 µg/dl
versus 16 µg/dl.

If Wilcoxon’s signed rank test W is applied to the
exposed-minus-control differences in Table 1, then
the difference is highly significant in a one-sided
test, P < 0.0001. This significance level would be
appropriate in a randomized experiment, in which
children were picked at random for lead exposure.
Table 2 presents the sensitivity analysis, computed
as in Section titled ‘Sensitivity Analysis Computa-
tions’. Table 2 gives the range of possible one-sided
significance levels for several possible magnitudes of
hidden bias, measured by �. Even if the matching
of exposed and control children had failed to con-
trol an unobserved characteristic strongly related to
blood lead levels and � = 4.25 times more common
among exposed children, this would still not explain
the higher lead levels found among exposed chil-
dren.

Where Table 2 focused on significance levels,
Table 3 considers the one sided 95% confidence inter-
val, [̂τlow, ∞), for an additive effect obtained by
inverting the signed rank test [28]. If the data in
Table 1 had come from a randomized experiment

Table 2 Sensitivity analysis for one-sided significance
levels in the lead data. For unobserved biases of various
magnitudes, the table gives the range of possible signifi-
cance levels

� min max

1 <0.0001 <0.0001
2 <0.0001 0.0018
3 <0.0001 0.0136
4 <0.0001 0.0388
4.25 <0.0001 0.0468
5 <0.0001 0.0740

Table 3 Sensitivity analysis for one-sided
confidence intervals for an additive effect
in the lead data. For unobserved biases
of biases of various magnitudes, the table
gives smallest possible endpoint for the
one-sided confidence interval

� min τ̂low

1 10.5
2 5.5
3 2.5
4 0.5
4.25 0.0
5 −1.0

(� = 1) with an additive treatment effect τ , then
we would be 95% confident that father’s lead expo-
sure had increased his child’s lead level by τ̂low =
10.5 µg/dl [17]. In an observational study with � > 1,
there is a range of possible endpoints for the 95%
confidence interval, and Table 3 reports the small-
est value in the range. Even if � = 3, we would
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Table 4 Sensitivity to hidden bias in four observational
studies. The randomization test assuming no hidden bias is
highly significant in all four studies, but the magnitude of
hidden bias that could alter this conclusion varies markedly
between the four studies

Treatment � = 1 (�, max P value)

Smoking/Lung Cancer
Hammond [11]

<0.0001 (5, 0.03)

Diethylstilbestrol/
vaginal cancer
Herbst, et al. [12]

<0.0001 (7, 0.054)

Lead/Blood lead
Morton, et al. [20]

<0.0001 (4.25, 0.047)

Coffee/MI Jick,
et al. [15]

0.0038 (1.3, 0.056)

be 95% confident exposure increased lead levels by
2.5 µg/dl.

Studies Vary in Their Sensitivity to Hidden Bias

Studies vary markedly in their sensitivity to hidden
bias. As an illustration, Table 4 compares the sensi-
tivity of four studies, a study of smoking as a cause
of lung cancer [11], a study of prenatal exposure to
diethylstilbestrol as a cause of vaginal cancer [12],
the lead exposure study [20], and a study of coffee
as a cause of myocardial infarction [15].

If no effect is tested using a conventional test
appropriate for a randomized experiment (� = 1), the
results are highly significant in all four studies. The
last column of Table 4 indicates sensitivity to hidden
bias, quoting the magnitude of hidden bias � ≥ 1
needed to produce an upper bound on the P value
close to the conventional 0.05 level. The study [12]
of the effects of diethylstilbestrol becomes sensitive
at about � = 7, while the study [15] of the effects
of coffee becomes sensitive at � = 1.3. A small bias
could explain away the effects of coffee, but only
an enormous bias could explain away the effects of
diethylstilbestrol. The lead exposure study, although
quite insensitive to hidden bias, is about halfway
between these two other studies, and is slightly more
sensitive to hidden bias than the study of the effects
of smoking.

Reducing Sensitivity to Hidden Bias

Accurately predicting a highly specific pattern of
associations between treatment and response is often

said to strengthen the evidence that the effects of the
treatment caused the association. For instance, Cook,
Campbell, and Peracchio [3] write: ‘Conclusions are
more plausible if they are based on evidence that cor-
roborates numerous, complex, or numerically precise
predictions drawn from a descriptive causal hypothe-
sis.’ Hill [13] and Weiss [34] emphasized the role of
a dose response relationship. Cook and Shadish [4]
write: ‘Successful prediction of a complex pattern of
multivariate results often leaves few plausible alter-
native explanations.’

Does successful prediction of a complex pattern of
associations affect sensitivity to hidden bias? It may,
or it may not, and the degree to which it has done
so can be appraised using methods similar to those
in Section titled ‘Sensitivity Analysis Computations’.
See [27] and [30] for methods of analysis, and [32]
for issues in research design. The issues will be
illustrated using the example in Table 1.

Recall that exposed fathers were classified by their
degree of exposure and their hygiene upon leaving
the factory. If the fathers’ exposure to lead at work
were the cause of the higher lead levels among
exposed children, then one would expect more lead
in the blood of children whose fathers had higher
exposure and poorer hygiene. Here, exposed children
are divided into three groups of roughly similar
size. The 13 exposed children in the category (high
exposure, poor hygiene) were assigned a score of 2.0.
Low exposure with any hygiene was assigned a score
of 1, as was good hygiene with any exposure, and
there were 12 such exposed children. The remaining
8 exposed children in intermediate situations were
assigned a score of 1.5; they had either high exposure
with moderate hygiene or medium exposure with
poor hygiene. (None of the 33 matched children had
medium exposure with moderate hygiene, although
one unmatched child not used here fell into this
category.)

The coherent or dose signed rank statistic D

gives greater weight to matched pairs with higher
doses [27, 30]. Table 5 compares the sensitivity to
hidden bias of the usual Wilcoxon signed rank test
W , which ignores doses, to the sensitivity of the
coherent signed rank statistic. In particular, Table 5
gives the upper bound on the one-sided significance
level for testing no effect. For W , this is the same
computation as in Table 2. In fact, the coherent
pattern of associations is somewhat less sensitive to
hidden bias in this example: the upper bound on the
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Table 5 Coherent patterns of associa-
tions can reduce sensitivity to hidden bias.
Upper bounds on one-sided significance
levels in the lead data, ignoring and using
dose information

� Wilcoxon W Coherent D

1 <0.0001 <0.0001
3 0.0136 0.0119
4.35 0.0502 0.0398
4.75 0.0645 0.0503

P value for W ignoring doses is just above 0.05 at
� = 4.35, but using doses with D the corresponding
value is � = 4.75.

Exposed children had higher lead levels than
unexposed controls, and also exposed children with
higher exposures had higher lead levels than exposed
children with lower lead levels. A larger hidden bias
is required to explain this pattern of associations than
is required to explain the difference between exposed
and control children. In short, accurate prediction of
a pattern of associations may reduce sensitivity to
hidden bias, and whether this has happened, and the
degree to which it has happened, may be appraised
by a sensitivity analysis.
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