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SUMMARY. In an effort to determine whether a particular treatment causes a particular outcome event,
data are obtained from a database system that records events when they occur, and for such events, the
system records exposure to the treatment. That is, the system records information about cases. The system
provides no information about events that might have occurred but did not, that is, about units which are
not cases. Roughly speaking, we know the number of successes for two proportions, treated and control, but
not the numbers of trials or units for these proportions; indeed, the concept of a “trial” may be somewhat
vague. With no further information, the situation is quite hopeless. However, an interesting strategy that is
sometimes used entails identifying two types of cases whose origin is entirely different so that it is known
the cases of the second type were definitely not affected by the treatment under study. This strategy—
the case—case or case’-study—seems to have been reinvented independently many times, and has recently
been offered as a general strategy for infectious disease epidemiology by McCarthy and Giesecke (1999,
International Journal of Epidemiology 28, 764-768). Can this strategy permit estimation of the number of
cases caused by the treatment? Using attributable effects in a new way, a method of exact inference is
proposed, along with a large sample approximation. Two examples are discussed: one concerning the effects
of daytime running lights (DRLs) on the risk of multivehicle accidents; the other concerning the origin of
a Salmonella infection. A counterexample with superficially similar appearance is also discussed concerning
suicide rates following the publication of Final Ezit; here, the treatment may alter the outcome, or it may
alter the type, and the attributable effect cannot be estimated.
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1. Introduction, Outline, and Notation
1.1 Case®-Studies

Quite often, interesting events, such as accidents or infec-
tions or crimes, are selectively recorded when they occur, but
the system that records this information provides no infor-
mation about events that might have occurred but, in fact,
did not occur. In the language of Bernoulli trials, information
is recorded about successes but not about trials that do not
produce successes. If exposure to a treatment causes a unit to
have an event it would not have had under control, then the
treatment also causes information to be collected about this
unit, which would have passed unnoticed had it received the
control.

Case’-studies or case—case studies are an attempt to use
such data to study the effects of a treatment that may cause
some of the events. These studies compare one subtype of
cases to another subtype of cases. Case’-studies have been
used and reinvented independently many times by many re-
searchers, and recently McCarthy and Giesecke (1999) have
advocated case’-studies as a systematic tool in the study
of infectious diseases. They focus on infectious diseases that
present similar clinical symptoms but which are, on the mi-
crobial or molecular level, biologically different diseases.

My purpose here is to consider the case?-study as a research
design—a design for an observational study—and to consider

what must be true if the study is to provide useful informa-
tion about the treatment effects in the population. This en-
tails describing the population carefully; then describing the
relationship between the limited data in a case’-study and
the population. It is not obvious—in fact, it is not true—that
treatment effects can generally be estimated by comparing the
different subtypes of cases. Two conditions will be crucial: (i)
The treatment must not cause the second type of case, and
(ii) the treatment must not cause a change in an individual’s
case type. These considerations are very plausible, almost in-
evitable, in some settings, and quite implausible or far from
certain in other settings.

Section 1.2 introduces notation for case?-studies with causal
effects defined in terms of potential responses under alterna-
tive treatments, in the manner of Neyman (1923) and Rubin
(1974). It is essential to describe the population, the database,
and their relationship. In Section 2, two examples of case’-
studies are described, including one of the type suggested by
McCarthy and Giesecke (1999), and then a third study is de-
scribed which appears, superficially, to be similar, but is in
fact quite different. In this third study, the treatment may
cause outcome events, or it may cause a change in a case’s
subtype, and the logic of the case’-study no longer applies.

Section 3 discusses inference in case?-studies, which turns
out to differ from inference in cohort studies. If a case of
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disease is prevented in a cohort study by preventing exposure
to the treatment, then the former case would have appeared
in the study but as an individual free of disease. In contrast,
in a case’-study, the database records only information about
cases, so preventing a case would remove an individual from
the study. In consequence, numerically the same 2 x 2 contin-
gency table produces different inferences in cohort and case’-

studies.

1.2 Recording Cases Possibly Caused by Ezrposure
to a Treatment

The population contains [ units, ¢ = 1,...,1, and unit 7 is
either exposed to the treatment, denoted as Z; = 1, or not
exposed, denoted as Z; = 0. A unit might be a person on
a particular day, or a car in a particular hour of a car trip.
Unit ¢ would exhibit a binary response, r7;, if exposed to the
treatment, and another binary response, r¢;, if not exposed
to the treatment, so the treatment effect is 6; = rop — 1
(see Neyman, 1923; Rubin, 1974). The actual response R; for
unit ¢ is the response to treatment, rp;, if i actually received
treatment, Z; = 1; otherwise, if i received the control, Z;, =
0, then R; is the response to control, r¢;; so R; = Zirr + (1
— Z;) rci- The effect 6; = r; — r¢; cannot be calculated from
observable data.

A database system records the events when they occur, but
it provides no information about units that did not have an
event. That is, if R; = 1, if 7 is a case, then information is ob-
tained about unit 4, in particular, the treatment indicator Z;
is observed, but if R; = 0 no information is obtained, and even
the total number of units, I, is often not available. The num-
ber of treated units with events, Zle R;Z;, and the number
Zi)7
are observed, but the number of treated units, Zle Z;, and
the number of control units, Z;l(l — Z;), are not observed.
Moreover, if §; = 1, then applying the treatment to unit ¢
causes i to have an event, so that the information about i is
recorded, while withholding the treatment from 7 causes i not
to have an event, so that no record of unit i is obtained. Issues
of this sort are sometimes called “problems of ascertainment”
(see Fisher, 1934).

In the simplest situation, units are assigned to treatment
(Z; = 1) or control (Z; = 0) at random, as in a randomized
experiment, by the flip of a coin that comes up heads with con-
stant probability 6. Quite plausibly, however, different units
i have different chances, say 6;, of exposure to the treatment
because the units differ prior to treatment with respect to co-
variates, which may or may not be observed for cases, R; = 1,
but are not observed for units ¢ which are not cases, R; = 0.

The situation just described is quite common. For instance,
a number of databases record information about certain types

of untreated or control units with events, Zfil R;(1-
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of motor vehicle accidents but provide no information about
cars or driving trips that produce no accident. For instance,
this is true of the U.S. National Highway Traffic Safety
Administration’s Fatal Accident Reporting System and of the
State Data System. Similarly, information about some cases
of certain infectious diseases is either recorded in databases
or available from hospitals, with no information about indi-
viduals without disease.

Although this situation is quite common, it is also quite
hopeless, unless additional information of one form or an-
other is found. One interesting idea that has been used in-
dependently by various researchers and has been offered as
a strategy for infectious disease epidemiology by McCarthy
and Giesecke (1999, p. 767) entails dividing cases into two
subtypes, h = 1 and 0, whose origins are entirely different.
Specifically, the cases of one subtype, h = 1, may or may not
have been caused by the treatment under study, but the cases
of the other subtype, h = 0, because of some evident aspect
of their origin, were definitely not caused by this treatment.
That is, h; = 0 implies rp; = r¢; and 6; = 0. If h; = 1, then
we simply do not know: Case 7 might or might not have been
affected by the treatment. The database permits the construc-
tion of the 2 x 2 table crossclassifying type by treatment, h; x
Z;, for cases, R, = 1, and it has the form of Table 1. Note
that the sums in Table 1 are over the whole population, from
i = 1 to I, but only cases, R; = 1, are counted in these sums,
so the total count in the table is 25:1 R, <1I.

1.3 Attributable Effect: A Discrete Pivot

Randomization or permutation tests of no treatment effect
are sometimes inverted to yield exact, distribution-free con-
fidence intervals for the magnitude of an additive treatment
effect (see Lehmann, 1998). This convenient technique does
not apply with treatments that are not additive, for example,
to Fisher’s exact test for a 2 x 2 table. Attributable effects are
a device that permits a much larger class of permutation tests
to be inverted to yield confidence intervals (see Rosenbaum,
2001, 2002, 2003). An attributable effect describes how the
responses of treated units would have been different under
control, and typically it is not a fixed parameter but rather
an unobserved random variable. In particular, in a random-
ized experiment with two treatments and binary outcome,
it is possible to draw inferences about the number of events
caused by the treatment by inverting Fisher’s exact test (see
Rosenbaum, 2001).

In Section 1.2, the attributable effect is the net increase in
the number of cases recorded in the database that were caused
by the treatment, that is, A= Z;l Z:6; = Zle Zi(rpi —
rci), which cannot be observed because (rg;, 7¢;) are not
jointly observed for any unit 4. If the treatment has no effect,

Table 1
Distribution type by treatment for cases
Treated Z; = 1 Control Z; =0 Total
h; =1 > Z;hiR; S (1 - Z)hiR; S hiR;
h;i =0 > Z;(1—hi)R; S(1—=2)(1—h)R; S(1—hy)R;
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rr = r¢; for every i, then A = 0. Because §; takes values in
{-1, 0, 1}, the attributable effect A can be positive or neg-
ative, and it can be zero even if some §; # 0. As the second
subtype is unaffected by the treatment, h; = 0 implies 6; =
0, so A= Zle hZZ’L&’L

When exposures to treatment strike units in the popula-
tion at random, with a constant probability, Section 3.1 will
show that inference about A is possible in a case?-study by
inverting Fisher’s exact test, although the way this is done is
technically quite different from inverting Fisher’s exact test in
a cohort study. The difference is that, in a case’-study, a case
i caused by the treatment, Z;6; = 1, would have entirely dis-
appeared from the database had exposure to the treatment
been prevented, whereas in a cohort study, this unit would
have remained in the study but would no longer be a case. In
Sections 3.2 and 3.3, the assumption that treatments strike
units at random is dropped. In Section 3.3, the chance of ex-
posure to the treatment may not be constant, and instead
may vary with the observed covariates that are controlled by
matching; here, the McNemar—Mantel-Haenszel test replaces
Fisher’s exact test. In Section 3.2, the chance of exposure to
the agent may vary with unobserved covariates, which cannot
be controlled by matching, and the sensitivity of inferences
to such hidden biases is investigated. The matched situation
in Section 3.3 requires slight changes in notation, so it is dis-
cussed later.

Recall that in Fisher’s theory of randomization inference,
probability enters through the random assignment of treat-
ments, Z;, so randomization creates the distributions needed
for inference and forms its “reasoned basis” in Fisher’s phrase.
Quantities which depend on treatment assignment, Z;, like
the observed response, R; = Z;rr; + (1 — Z;) r¢i, are random
variables, whereas quantities that do not depend upon Z;, like
(r7i, i) and h;, are fixed features of the finite population of
T units. To say that a quantity is fixed is to say that all proba-
bilities are implicitly conditional probabilities given the values
of fixed quantities. For instance, in an experiment in which
treatments are assigned by the flip of a coin, the chance that i
is exposed to treatment does not depend on any attribute that
i might have, % =Pr(Z;,=1)=Pr(Z;, = 1|rri,7ci, h;). This
need not be true in an observational study where treatments
are not randomly assigned.

2. Two Examples and a Counterexample
2.1 Ezample: Do Daytime Running Lights Prevent Crashes?

DRLs are always on but are only about % as bright as a car’s
headlights. DRLs have been required on new cars in Norway
since 1985 and in Canada since 1989. By making a car more
visible to other drivers, DRLs might prevent some multiple-
vehicle accidents. DRLs have no effect at night, when much
brighter ordinary headlights are in use, but DRLs may have an
effect in daylight, when most headlights are off, or in twilight,
when only some drivers have turned on headlights.

Table 2 is a small piece of an interesting study by Farmer
and Williams (2002) concerning the effects of DRLs on multi-
vehicle crashes. Certain models of cars, pickups, and SUVs
added DRLs in their 1996 model year, including various
Cadillacs, Oldsmobiles, Volkswagen Passats, and Suburbans,
among others. In Table 2, the treated group consists of the
1995 models of these cars, without DRLs, and the control
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Table 2
Distribution of multiple-vehicle crashes in Texas 1996-1998 by
time of day and model year for cars that added DRLs in 1996.
Twilight is excluded.

Model year Model year
1995 1996
Daylight h; =1 11,190 10,683 21,873
Darkness h; = 0 2,836 2,876 5,712
Total 14,026 13,559 27,585

Source: Farmer and Williams (2002).

group consists of the 1996 models, with DRLs, so that A > 0
would be expected if DRLs prevented more crashes than they
caused. Table 2 is based on the State Data System and it
counts multivehicle crashes in Texas between 1996 and 1998
in daylight and darkness with twilight excluded. Notice care-
fully that both the 1995 cars and the 1996 cars are being stud-
ied in the same years, 1996-1998. Only crashes are counted in
Table 2; many cars of the type under study were not involved
in crashes during 1996-1998 and Table 2 provides no infor-
mation about such cars. Farmer and Williams’s (2002) study
is more extensive, involving other states, other model years,
and some other data, and a reader interested in the effects
of DRLs will want to examine the entire study; however, for
the statistical method I wish to discuss, the small piece in
Table 2 suffices. Because much brighter headlights are turned
on in darkness, DRLs will have no effect in darkness, 6; = 0
when h; = 0, whereas in daylight, h; = 1, it is possible that
DRLs affect some crashes, §; # 0.

2.2 Example: Molecular Subtyping of Bacterial Diseases

The cause of an outbreak of bacterial disease has often been
determined using a case—control study that compares cases
of the disease to healthy controls or noncases (e.g., Hennessy
et al., 1996). Recently, McCarthy and Giesecke (1999, p. 767)
suggested that the use of healthy controls in outbreak studies
might be avoided by comparing cases of a disease to other
cases of what is clinically the same disease, but is biologically
a recognizably different strain of that disease. As they ob-
serve, this strategy reduces cost and increases speed, because
the microbial or molecular subtyping of cases is necessary in
any event. Moreover, because cases of disease are not typi-
cally aware of their subtype, various biases of recall and as-
certainment may be avoided. For instance, to the extent that
suffering from a gastrointestinal infection affects one’s recall
of foods eaten, different subtypes are likely to be similarly
affected. Seeking medical attention is far from a universal re-
sponse to a gastrointestinal infection, and to the extent that
this leads to a usual selection of cases, it is likely to affect the
two subtypes in a similar way.

Kist and Freitag (2000) used a case’-design in their study
of Salmonella infections in Germany. Table 3 is their case’-
comparison for the consumption of raw or undercooked eggs.
Elsewhere in their study, Kist and Freitag (2000) also in-
cluded noncases selected from local telephone directories, as
might be done in a conventional case-referent study. The fre-
quency of consumption of raw or undercooked eggs was similar
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Table 3
Salmonella infections by subtype and consumption of raw or
undercooked eggs
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Table 4
Counterezample: Suicides in New York City before and after
publication of Final Exit

Raw or No raw or
undercooked  undercooked
eggs eggs
Salmonella enteritidis 267 26 293
h; =1
Other Salmonella 85 39 124
serovars h; = 0
Total 352 65 417

Source: Kist and Freitag (2000).

for noncases and for cases of “other Salmonella serovars,”
and that frequency was much lower than among cases of
Salmonella enteritidis.

Other applications of the case’-design are given by de Valk
et al. (2001), Zock et al. (2002), and the Campylobacter
Sentinel Surveillance Scheme Collaborators (2002). Of course,
some caution is needed, because a single source of infection
could, in principle, provide several different types of bacteria,
and a single type of bacterium might be distributed by several
sources. The use of microbial or molecular subtyping does not,
by any means, remove all ambiguities; see Kool et al. (2000)
for a discussion of difficulties in the context of their study of
an outbreak of Legionnaires’ disease in Los Angeles in 1997.

2.3 Counterezample: Suicides after the Publication
of Final Ezit

A key feature of the case?-design is that the second subtype of
cases, h; = 0, are, by their nature, entirely unaffected by the
treatment. Daytime running lights may or may not prevent a
particular vehicle-mile i driven in daylight from resulting in
an accident, but it will not move that vehicle-mile to dark-
ness. Avoiding an egg containing S. enteritidis may or may
not prevent infection from S. enteritidis, but avoiding that
egg will not cause infection with S. typhimurium. The situa-
tion is entirely different if the subtype, h, can be affected by
the treatment, so that there is an hp; and an hg that may
be different, so the treatment can change the type of case i is
without changing whether 7 is a case.

An example of an interesting comparison of two types of
cases which is not a case?-study concerns the effects of a book,
Final Ezit, by Derek Humphry (1991), intended to provide ad-
vice about the practical aspects of suicide for the terminally
ill. Following its publication in 1991, Final Ezit was discussed
in articles in the New York Times and the Wall Street Journal,
and was on the New York Times bestseller list for 18 weeks.
The book was highly controversial, in part because the ethics
of suicide in general are controversial, and in part because the
book might be used by individuals who were not terminally
ill but merely depressed. In their article in the New England
Journal of Medicine, Marzuk et al. (1993) “sought to deter-
mine whether the number of suicides involving methods rec-
ommended in Final Ezit increased in New York City during
the year after its publication.” The method recommended in
Final Exit involves a plastic bag and lethal doses of medica-
tions (PB + M).

Year after Year before

Final Exit Final Exit
Z; =1 Z;i =0 Total
PB + M 33 8 41
All other suicides 630 664 1294
Total 663 672 1335

Source: Marzuk et al. (1993).

Using data from the New York City medical examiner,
Marzuk et al. (1993) constructed Table 4, which counts sui-
cides by method in the year before and the year after publica-
tion of Final Ezit, specifically March 1, 1990 to February 28,
1991 and March 1, 1991 to February 28, 1992. The first row of
Table 4 refers to the method of suicide recommended in Final
Exit, and the next row refers to all other methods, including
falls from a height, firearms, hanging, and poisoning. In prin-
ciple, the medical examiner should see all suspicious deaths,
including all suicides, and should determine the cause of death
by direct examination, so these may be more accurate than
on death certificates. The total number of suicides is slightly
lower after publication, but the number by the recommended
method is four times higher.

Table 4 is not a case’>-study because there is no subtype of
cases, no row of the table, known to be unaffected by the pub-
lication of Final Ezit. In particular, the publication of Final
Ezit might have caused some individuals i to commit suicide
by PB + M who would not otherwise have committed sui-
cide, 6; = 1, and Final Ezit would cause them to be added to
Table 4 and counted among the 33 in the upper left corner cell.
Alternatively, the publication of Final Exit might have caused
individuals who would have committed suicide in any event
(6; = 0) to change to the recommended method PB + M,
hr; — hg; = 1, and these cases would not be added to Table 4,
but simply moved from the second row to the first, and again
counted among the 33 in the upper left corner cell. In this
sense, Table 4 is very different from Tables 2 and 3, and the
methods proposed here do not apply to Table 4.

3. Inference about Attributable Effects
3.1 Inference with Random Ezposure to Treatment

In this section, inferences are drawn about the net change
in the number of cases in the database caused by exposure
to the treatment, A = Zle Z;6; = Zle Zi(rps — rci), un-
der the assumption, made throughout this section, that treat-
ments strike units at random, independently, with unknown
constant probability 6. This entails inverting Fisher’s exact
test for a 2 x 2 table in a new way reflecting the nature of
the ascertainment of cases in a case’-study.

The counts in Table 1 may be rewritten as the counts in
Table 5. The unobservable distribution in Table 6 describes
the responses these same groups of units would have exhibited
if the treatment had been withheld from all units, that is, it
describes the r¢;. What distinguishes Tables 5 and 6 is pre-
cisely the attributable effect A = 25:1 Z:i6; = Zle Zih;b;.
Specifically, if A is subtracted from the upper left corner of
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Table 5
Distribution of case type by treatment

Control Z; =0

Total
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Treated Z; = 1
h;, =1 ZZihi(rCi +6;)
h; =0 ZZi(l —hi)rei
Total > Zi(rei + hiby)

2(1 - Zz‘)hiTCi
Y (1=2Z)(1 ~ hi)rea

E(l — Zi)TCi

Z hi(rei + Z:6:)
(1 —=hi)res
> rei + hiZ;6;

Table 6
Unobserved potential responses that would have been seen if the treated subjects had been
spared the treatment

Treated Z; = 1

Control Z; =0 Total

h, =1 > Zihire;
hz = 0 Z Zl(l — hi)rCi
Total > Zirci

2(1 - Zi)hiTCi
> (1= Z)(1 = hi)res

Y (1= Z)rei

> hire;
> (1 —hi)re:

Z Trci

Table 5 and the marginal totals are adjusted, the result is
Table 6. For instance, if A = 172 in Table 3, then the four
interior entries in Table 6 would be 95 = 267 — 172, 26, 85,
and 39.

The row marginal totals in Table 6 are fixed because they
do not depend on Z; (see Section 1.3). Given the assumption
of this section that the Pr(Z; = 1) = 6 and the Z; are indepen-
dent, conditioning on ) Z;r¢; = k fixes the column marginal
totals of Table 6 and eliminates the unknown parameter 6,
so that the resulting conditional distribution is the hypergeo-
metric distribution, and the unobservable Q = Z Zih;rc; has
null distribution associated with Fisher’s exact test for a 2 x
2 table. If the treatment has no effect, so §; = 0 for every
i, then Tables 5 and 6 are equal, so the hypothesis of no ef-
fect is tested by applying Fisher’s exact test to the observed
Table 5.

Write 6 = (61,...,6r) and consider testing the hypothesis,
Hy: 6 = 6, for some specified §y. The hypothesis Hy: 6 = 8, is
called incompatible if it is logically impossible given what is
observed and assumed; otherwise, the hypothesis is compati-
ble. Specifically, Hy: 6 = 8, is incompatible if for some i, one
of the following three conditions holds: (1) 6yp; = 1 for an ¢ with
Z;=0,R;, =1,0r (2) 6p; = -1 for an i with Z; = 1, R; = 1,
or (3) 6; # 0 for an i with R; = 1, h; = 0. An incompatible hy-
pothesis can be rejected with certainty, that is, with type one
error rate of 0. If the hypothesis Hy: § = 8, is compatible, use
the hypothesis to calculate Ay = Z;Zihiégi, and compute
Table 7, whose corner cell and marginal totals differ from the

observed Table 1. If the hypothesis Hy: 8 = §; is true, then
Table 7 equals Table 6, which has the hypergeometric distri-
bution, so the hypothesis can be tested by applying Fisher’s
exact test to Table 7, that is, by comparing this table to the
hypergeometric distribution.

The set of compatible hypotheses Hy:8 = 8§, not rejected
at level o forms a 100(1 — «)% confidence set C for 6 (see
Lehmann, 1986, Section 3.5). Because & is I-dimensional, the
confidence set C is awkward to inspect, but it is easy to
describe C in terms of A. Specifically, §, € C if and only if
Ay = Zle Zih;bo; is not rejected by Fisher’s exact test, so
that it is plausible that there were a net increase of Ay events
in the database due to effects caused by the treatment.

The procedure just described for case’-studies differs in an
important respect from the corresponding procedure for co-
hort studies described in Rosenbaum (2001). Specifically, in
cohort studies, the formal hypothesis test leads the Ay units
to be moved, not removed, as in Table 7. In a cohort study,
the Ay units are moved from the upper left corner cell and
placed into the lower left corner cell, altering the row mar-
gins but not the column margins. The difference is that, in a
case?-study, an observed case i caused by the treatment, R; =
1 and Z;6; = 1, would have been missing from the database
had this unit escaped the treatment.

To illustrate the method, suppose in Table 3 that expo-
sure to raw or undercooked eggs struck the [ individuals in
the population at random with unknown but constant prob-
ability 6, so that the chance of exposure Z; = 1 did not vary

Table 7
Observed distribution adjusted for the hypothesis
Treated Z; = 1 Control Z;, =0 Total
h;i =0 Z Z’L(l - hi)Ri Z(l - Zi)(l - hi)Ri Z(l - hi)Ri
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with an individual’s potential responses (rr;, r¢;) to exposure.
The hypothesis of no effect, Hy:rpy = r¢; for i = 1,...,1
is tested by applying Fisher’s exact test to Table 3, yield-
ing a one-sided significance level of 2.8 x 107%. In fact, any
compatible hypothesis Hy:§ = 8, that attributes fewer than
Ay = Zle Zih;6p; = 171 extra infections to raw or under-
cooked eggs is rejected with one-sided significance level <0.05,
whereas any compatible hypothesis that attributes at least
Ay = Zle Z;ih;60; = 172 extra infections to this exposure is
accepted with one-sided significance level >0.05. That is, as-
suming constant risk 6 of exposure, we are 95% confident that
at 172/267 = 64% of the cases of S. enteritidis were extra cases
caused by raw or undercooked eggs. Specifically, if Table 3 is
adjusted, as in Table 7, with Ay = 171, the one-sided signif-
icance level from Fisher’s exact test is 0.048, whereas with
Ap = 172 it is 0.052.

A table with large counts, such as Table 2, may be adjusted,
as in Table 7, and the large sample normal approximation to
the hypergeometric distribution, with continuity correction,
may be used to approximate the tail probability. In Table 2,
each compatible hypothesis Hy : § = §p with Ay = 127 yields a
one-sided significance level of 0.04999, whereas each hypoth-
esis with Ag = 128 yields 0.05031, so the one-sided 95% con-
fident set has A, > 128 daytime accidents due to the absence
of DRLs, or 128/11,190 = 1.1% of such crashes.

3.2 Sensitivity to Hidden Bias

The confidence statements in Section 3.1 were based on the
premise that exposure to treatment occurred at random with
constant probability 6. In this section, it is assumed instead
that each unit ¢ has a different probability, 6;, of exposure
to treatment, say consumption of raw eggs, which may dif-
fer because the units are heterogeneous in ways relevant to
(r7i, Toi, hi). The first sensitivity analysis in an observational
study was conducted by Cornfield et al. (1959) to clarify con-
flicting claims about the effects of smoking on lung cancer.
The specific method discussed here is described in detail in
Rosenbaum (1995, 2002b, Section 4.4).

The model for sensitivity analysis says that, because the
units under study are not homogeneous, two units ¢ and j
may differ in their odds of exposure to treatment by a factor
of ' > 1,

fgmgr forall 1 <i<j<I. (1)
If I' = 1, then the 6; are all equal, leading to the analysis in
Section 3.1, with a single significance level or a single lower
endpoint for a confidence interval. If I' > 1, then the chances
of exposure to treatment vary from person to person in ways
that are unknown but are bounded in magnitude, and this
leads, not to a single inference, but to a bounded range of in-
ferences, for instance, a range of possible significance levels, or
a range of endpoints for a confidence interval. The sensitivity
bounds are obtained by comparing the adjusted Table 7 to
two extended hypergeometric distributions, with parameters
% and I' (see Rosenbaum, 1995, 2002b, Section 4.4.1).

Table 8 displays the sensitivity analysis for the data in
Table 3 concerning infection from raw eggs. For I" = 1, there is
the single confidence interval, A > 172, discussed in Section
3.1. For T" > 1, the inequality (1) produces a range of con-
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Table 8
Sensitivity analysis for Salmonella enteritidis infections:
minimum endpoints for confidence interval for the number of
cases attributable to raw or undercooked eggs

r Minimum 95% interval
1 A > 172

1.5 A > 126

2 A>T9

2.5 A >33

3 n.s.

fidence intervals, and Table 8 reports the smallest of these.
That is, different unknown 6;’s produce different confidence
intervals, but every pattern of 0;’s satisfying (1) with I' = 2
yields a confidence interval whose lower endpoint is at least
79, and one pattern of 0,’s satisfying (1) with I' = 2 yields
exactly the interval A > 79. If one person is at most twice as
likely as another to be exposed to raw eggs, we remain 95%
confident that at least A > 79 of the 293 S. enteritidis infec-
tions, or 27%, were added cases caused by the raw eggs. A
larger bias, I' = 3, just barely explains away the observed as-
sociation: The maximum P-value for testing no effect for 6;’s
satisfying (1) with I" = 3 is 0.072. Compared to examples in
Rosenbaum (2002, Section 4), Table 8 is insensitive to mod-
erately large biases, but more sensitive than studies of heavy
smoking as cause of lung cancer.

3.3 Matched Case®-Studies

In Table 2, one might wish to compare Passats to other
Passats, Suburbans to other Suburbans, highway accidents
to other highway accidents, and so on, and this could be done
by matching daylight accidents to similar darkness accidents.
That is, the chance of exposure, 0;, might vary from one unit
i to another as a function of observed covariates, say x;, but
this might be controlled by matching on x;.

In Section 3, Fisher’s exact test was inverted in a different
way in a case’-study than in a cohort study, because pre-
venting a case deletes the case from the database system. For
a technical reason, the situation is simpler with matching,
and the methods in Rosenbaum (2002a) apply directly. This
concise paragraph explains why. In the database, there are J
possibly affected cases, j = 1,...,J, of the first type, h = 1,
and the jth such case is matched on x to n; — 1 > 1 unaffected
cases of type h = 0 from the database. In set j, the first case,
k =1, is the possibly affected case hj; = 1, the rest k = 2,
3,...,n; are the unaffected cases of the second type, hy = 0.
Quantities in Section 1.2 are unchanged in meaning but now
have two subscripts: Zy, by, (71, o)y O = o — Toms R,
Oy, and m; = ZZi 1 Zj, cases were exposed in set j. There are
two assumptions: (i) As in Section 3, hj = 0 implies 6y = 0,
SO Rjk = TCjk if h]'k =0 and Rjk = Tcjk + Z]kéjk if h]k = 1, and
(ii) to be compatible with Rosenbaum (2002a), 6 > 0 or
T = Teje, SO Preventing an exposure would never cause an ad-
ditional case. A compatible hypothesis Hj: § = 8 is tested by
assuming the hypothesis for the purpose of testing it, and ap-
plying the McNemar—Mantel-Haenszel test 7' = Z;.le Zjrei
to the adjusted responses r¢jy = Rj, — Zj0oj,- Under Hy, if the
chance of exposure is constant within matched sets, 0. = 0
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for each j, k, k', then the conditional distribution of Zj, given
m; does not depend on 6, and T is that of the sum of J
independent Bernoulli variables with probabilities of success
Pr(rcjiZj =1|mj) =rcjm;/n; =7;, say (see Cox, 1966).
The key technical point is the following: If a compatible hy-
pothesis, Hy: 6 = &y, attributes the first case in matched set
j to an effect of the treatment—that is, if Zy6y = 1 so that
Ry =1 but rejp = Ry — Zjpbojn = 0—then matched set j be-
comes concordant because m; = r¢im;/n; = 0, which is, for
all practical purposes, the same as deleting matched set j.
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RESUME

On extrait d’'une base de données des événements et la
présence ou l’absence d’exposition antérieure a un traite-
ment défini, dans le but de déterminer si l’exposition
provoque ’événement. Autrement dit, le systéme n’enregistre
I'information que sur les cas. Il ne fournit aucune information
sur les événements potentiels qui ne sont finalement pas pro-
duits, c’est-a-dire sur les unités qui ne sont pas des cas. On
connait donc le nombre de succes dans deux groupes, traités
et témoins, mais non le nombre d’essais au dénominateur des
proportions correspondantes; en fait, le concept d’essai peut
étre vague. Sans autre information, la situation est tout a
fait désespérée. Cependant une stratégie fructueuse consiste
a identifier deux types de cas dont l'origine est totalement
différente, de sorte qu’il est certain que ceux du second type
ne peuvent en aucune maniere étre affectés par le traitement
étudié. Cette stratégie - ’étude cas-cas ou cas® - semble avoir
été réinventée indépendamment a de multiples reprises et Mc-
Carthy et Giesecke (1999) en ont fait une stratégie générale en
épidémiologie des maladies infectieuses. Permet-elle d’estimer
le nombre de cas dus au traitement? nous proposons une
méthode d’inférence exacte, ainsi qu’une approximation pour
de grand échantillons, qui repose sur une nouvelle utilisa-
tion des effets attribuables. Nous présentons deux exemples :
I’'un concerne l'effet des phares diurnes sur le risque de col-
lision entre plusieurs véhicules; ’autre concerne l'origine des
infections a salmonelles. Nous discutons également un con-
trexemple d’apparence superficiellement similaire; il concerne
les taux de suicides apres la sortie de <last exit>> et, ici, le
traitement peut affecter le nombre d’événements ou il peut
en modifier le type, d’ou I'impossibilité d’estimer un effet at-
tribuable.
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