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SUMMARY

In certain circumstances, one wishes to test one hypothesis only if certain other hypotheses have been
rejected. This ordering of hypotheses simplifies the task of controlling the probability of rejecting any true
hypothesis. In an example from an observational study, a treated group is shown to be further from both
of two control groups than the two control groups are from each other.
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1. TWO METHODS FOR TESTING HYPOTHESES IN ORDER

Empirical investigations often test several hypotheses and need to take precautions to avoid frequent
rejection of true hypotheses. One approach emphasizes setting a more stringent standard when more than
one hypothesis is tested (Holm, 1979; Benjamini & Hochberg, 1995). A second approach emphasizes
testing hypotheses in order of priority, exploiting logical relationships among hypotheses (Marcus et al.,
1976; Bauer & Kieser, 1996; Hsu & Berger, 1999).

Let 7 be atotally ordered set with strict inequality < and equality-or-inequality <. Three such sets are (1)
T ={1,2,...,k}with <,(2)7 = [0, co) with < and (3) the direct product, 7 = [0, o0) x {1,2,...,k}
with the lexicographical order, (¢, ) < (uy, u;) if either (i) #; < uj or (il) t; = u; and t, < uy .

Let H,, t € T, be a collection of hypotheses. For each hypothesis H;, t € 7, there is a level-o test,
yielding significance level p;, so that pr(p; < «) <« if H, is true. Only one assumption is made about
the hypotheses, the ‘structure assumption,” which says that either all H;, t € 7, are false or there is a first
true hypothesis; that is, there is some H,, v € 7, that is true, and, for all # < v, H; is false. The structure
assumption is always true for 7 = {1,2, ..., k}or 7 = {1, 2, ...}, but, if 7 were the nonnegative rational
numbers with <, and if H, asserted that the circumference of a circle is less than or equal to ¢ times its
diameter, then, because = ¢ 7, H, is true for all rational ¢ > 7, and there is not a first # € 7 such that
H, is true; however, the problem disappears in this case if 7 = [0, 00). The structure assumption is made
throughout the following discussion; in practical situations, it is an innocuous assumption.

Method 1. Foreacht € T,test H; atlevel « if and only if Hy, s € 7, has been previously tested at level
a and rejected for all s < ¢; otherwise, do not test H;.

PROPOSITION 1. The probability that Method 1 rejects at least one true hypothesis is at most «.

Proof. Let F; be the event that Method 1 tests and rejects at least one true hypothesis. If all H;, ¢t € 7,
are false, then there is nothing to prove. Suppose H, is false for all u < v, but H, is true, and let R, be
the event p, < «, so that pr(R,) <. To reject falsely at least one true hypothesis, one must first falsely
reject H, with p, <«, so that | = R, and pr(F;) = pr(R,) < «. O

Method 1 may perform many tests, each at level «, and yet rejects at least one true hypothesis with
probability at most «. The possibility of doing this is familiar from several contexts, some of which are
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directly related to Method 1 or to Method 2. Most familiar is the construction of a confidence set for a
real parameter by inverting a test (Lehmann, 1959, §3-5), so that infinitely many hypotheses are tested,
only one hypothesis being true; however, this most familiar instance is more closely related to Method
2 than to Method 1. Other methods that may perform many tests at level @ and yet falsely reject with
probability at most « include Miller’s (1966, § 3-7) special version of Fisher’s ‘least significant difference
test,” the method of closed testing due to Marcus et al. (1976), certain methods of equivalence testing as
described, for example, by Bauer & Kieser (1996) and certain methods of dose determination proposed by
Bauer (1997) and Hsu & Berger (1999). Applications to clinical trials are discussed by Lehmacher et al.
(1991) and Koch & Gansky (1996). The proof of Proposition 1 resembles the proof for ‘closed testing’ in
Marcus et al. (1976); however, unlike closed testing and equivalence testing, the hypotheses H; in Method
1 do not need to be related in any specific way. Like Method 1, the methods of Bauer (1997) and Hsu &
Berger (1999) do not use closed testing, and instead test hypotheses in a given order; their concern is with
a specific family of hypotheses, and Hsu & Berger (1999) develop a new stepwise confidence interval for
that family.

Method 2, described below, generalizes Method 1 with a view to testing and rejecting additional
hypotheses. We say that a subset 7 € 7 is ‘exclusive’ if at most one H,, t € 7, is true, and that a subset
J € Tisan‘interval’ ifu € J,w € J,andu < v < wimpliesv € J.Everyt € 7 is contained in at least
one exclusive interval, 7, namely J = {¢}. Suppose that J,, 1 € A, is a collection of disjoint intervals
such that each 7, is exclusive, and 7 = UAe AT In a trivial sense, one such partition always exists,
namely A =7, J; = {t}, so the trivial partition of 7 into disjoint exclusive intervals is 7 = |J,.+ {t}. In
T, disjoint intervals, 7, and 7, say, with 7, N 7, = @, are themselves ordered by their contents: either
u~<vforallu € J, andv € J,,orv < u forallu € J, and v € J,; hence, A inherits an ordering from
the ordering of the intervals 7;, A € A, which, with a slight abuse of notation, is again designated by <,
and A < w means thatu < v forallu € J,, v € J,, while u < 7, means that u < v forallv € 7.

Method 2. 1f p; <a forall s € J, for all A < w, then reject all hypotheses H;, t € 7, with p, < .

For the trivial partition, 7 = |, (¢}, Method 2 is Method 1. With a nontrivial partition, 7 = (J; ., 75,
Method 2 rejects at least as many, and possibly more, hypotheses compared to Method 1. Method 1
terminates with some hypothesis H; such that p; > «, and hypotheses H; with t < s are not tested.
In contrast, Method 2 terminates with an interval, J,, with p, > o for at least one ¢t € 7, but all
hypotheses, Hy, s € J,, are tested, even those with ¢ < s, and possibly some such H; is rejected. For
Method 2, the ordering of hypotheses within an interval does not matter, in the sense that it does not
affect which hypotheses are tested and rejected, but the ordering between intervals does matter. For a
different trivial partition, Method 2 inverts a test to produce a 1 — o confidence set for a real parameter 6
when 7 = (—o0, oo)istherealline, H, : 6 =tfort € 7,A = {1}and J, = T;thenT =, , Jo. = Ji
is itself exclusive, and Method 2 tests every H, : 6 = ¢, excluding from the confidence set the rejected
candidate values of 6.

PROPOSITION 2. Let T = |, _, J>. be a partition of T into disjoint intervals where each J, is exclusive.
The probability that Method 2 rejects at least one true hypothesis is at most «.

Proof . Let F, be the event that Method 2 tests and rejects at least one true hypothesis. If all H,,t € 7,
are false, then there is nothing to prove. Suppose that H, is true for some v € 7, but H; is false for all
t < J,. Since J, is exclusive, H, is the only true hypothesis in 7,,; therefore, H, is the only hypothesis
in 7, that can lead to a false rejection, and the true H, must be falsely rejected if any true H,, ¢ € 7, is to
be rejected; that is, 7, = R, where R, is the event p, < «, so that pr(F;) = pr(R,) <. Il

Proposition 2 required each 7 to be exclusive, but the same conclusion is available under a weaker
premise. By the time the hypotheses H,, u € J;, are tested, the earlier hypotheses, H; with t < 7, , have all
been tested and rejected. Is it safe to assume these earlier hypotheses are false? We say that a partition of 7°
into disjoint intervals is ‘sequentially exclusive’ if each 7, would be exclusive if all earlier hypotheses H;
were false; that is, 7 = | J, ., J» is sequentially exclusive if every 7, contains at most one true hypothesis
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whenever H, is false for all # < J,. An exclusive partition, as in Proposition 2, is sequentially exclusive,
but not conversely. The proof of Proposition 3 is identical to the proof of Proposition 2.

PROPOSITION 3. Let T = J, .5 J>. be a sequentially exclusive partition of T into disjoint intervals. The
probability that Method 2 rejects at least one true hypothesis is at most «.

2. HYPOTHESES ABOUT TWO PARAMETERS

Consider testing the null hypothesis, Hy : 6* <0 or 6’ <0, versus H; : 6* > 0 and 6’ > 0. Lehmann
(1952), Berger (1982) and Laska & Meisner (1989) suggested testing Hy versus H; at level @ using two
separate, consistent tests, with significance levels p* and p’, each performed at level «, of Hj : 6* <0
versus H : 0* > 0and H; : 0’ <0 versus H| : 6’ > 0, accepting Hj if either p* > o or p’ > «, rejecting
Hj in favour of H; if both p* < @ and p’ < . Leon Gleser and Roger Berger refer to this as an intersection—
union test. Generally, one cannot reject Hy if p* < « or reject Hy if p’ < o without taking a risk of falsely
rejecting a true hypothesis that is greater than «, so that the intermediate tests do not provide partial
information about A and Hj; it is all or nothing.

Propositions 1-3 offer two alternative approaches whose only advantage is the possibility of rejecting
intermediate hypotheses when Hj is not rejected. Suppose one were willing to view Hj and H| asymmet-
rically, giving priority to H;. Take 7 = {*,”} with % <. Then Method 1 tests H and stops if p* > «;
otherwise, if p* <a, it rejects Hy at level «, and tests Hj, rejecting both Hj and H, if p’ < «. Method
1 rejects Hy if and only if p* < @ and p’ < «, as in the method in the previous paragraph, but it permits
the intermediate conclusion that Hj is rejected, when H| and H are not. By Proposition 1, the chance of
falsely rejecting at least one true hypothesis is at most «. The use of Method 1 with intersection—union
tests has been called ‘stepwise intersection—union testing’ by R. Berger in unpublished work; see Berger
et al. (1988) and Berger & Boos (1999) for two applications.

Method 2 permits H; and H; to be handled symmetrically. Consider the null hypothesis Hy : (8% + 0')/
2 <0, which is of interest in some contexts. Let p, be the significance level for a level « test of H,' .
Let 7 = {+, %, } with the order + < % < /. If HOJr is false, then either Hj or H; must be false, so that
T = {+}U{x,} is a sequentially exclusive partition of 7 into disjoint intervals, and Proposition 3 is
applicable. Method 2 accepts H, and stops if p; > «; otherwise, Method 2 rejects H, and tests both H
and Hj, rejecting Hy if p* < «, rejecting Hy if p’ < o and rejecting H if Hj and Hj are both rejected.
Here, it is possible to accept all hypotheses, to reject H, alone, to reject H,” and H;, to reject H, and
Hj or to reject H,", H, H} and Hy. In this process, the chance of falsely rejecting a true hypothesis is at
most «.

3. COMPARING TREATED SUBJECTS TO TWO CONTROL GROUPS

In observational studies, a treated response is often compared to more than one type of control, in the
hope that similar results among different types of control will strengthen the evidence that the treatment
caused the difference between the treated response and the several types of control; see Campbell (1969)
and Rosenbaum (2002, § 8) for discussion of how two control groups may provide information about biases
from nonrandom treatment assignment. For instance, in the triangle design, measurements are obtained
on untreated controls (¢) and on treated subjects at baseline (b) before treatment and also after treatment
(t). Were control and baseline responses more similar to each other than either was to the post-treatment
responses?

Masijedi et al. (2000) studied possible genetic damage from the powerful drugs used to treat tuberculosis,
comparing n = 36 patients with tuberculosis before (b) and after drug treatment (t), and 36 untreated
controls (¢) without tuberculosis, where the controls were matched to treated patients for age and gender.
This produced 36 triples, (Vsi, Vi, Vei), | = 1, ..., 36, of post-treatment, baseline and control responses,
where a measure of genetic damage was the frequency of chromosome aberrations including gaps per 100
cells, with higher numbers indicative of greater damage. A systematic difference between y,; and y,; could
be an effect of tuberculosis rather than an effect of the drugs used to treat tuberculosis. An effect of the drugs
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should produce y;; that are higher than both yp; and y.;, with yp; and y.; similar to each other. Consider
themodel y;; =, + 7 + X + €, vpi = o + 70 +Xi + &, Yei = e +7 + 04,0 = 1, ..., n, where the
7, Ais €, & and n; are mutually independent, with continuous distributions F5, Fy, Fe, F; and F,, each
of which is symmetric about zero. Here, r; reflects the pairing of treated subjects and controls using age
and gender, while A; reflects the possible correlation between the pre- and post-treatment measurements
on the same person.

To assert that treated responses exceed baseline and control responses by more than baseline and control
responses differ from each other is to assert the truth of

Hy: e — max(up, pe) > max(ip, pe) — min(ip, pe), (1)

and to reject the null hypothesis

Ho: p; — max(ip, pe) < max(ip, fe) — min(iy, je) (2)

is to provide a basis for asserting H;. Perhaps, however, Hj cannot be rejected, but some weaker statements
can be made.

Define five hypotheses, namely HOJF: e — (Up 4+ 1e)/2 <0, HOb: e —mp <0, Hi:py — pe <0,
Hiopy — pe < e — pp and Hi: g — pp < p — e, and let pt, pP, p¢, p* and p’ be the respective
significance levels from level o tests. To reject HO+ is to conclude that the post-treatment median
exceeds the average (up + (t.)/2 of the baseline and control medians. To reject Hé’ or Hj is to conclude
that the post-treatment median w1, exceeds, respectively, the baseline median w1, or the control median ft..
If . = max(up, ), then Hy is Hy, whereas if u, = max(up, i) then Hy is Hp, so rejecting the con-
junction of Hj and Hj entails rejecting Hy. Let 7 = {4+, b, ¢, x,” } with the order + < b < ¢ < % < ". If
H(f is false, then at most one of Hé’ and H§ can be true. If Hé’ and Hj are both false, then at most one of Hjy
and H; can be true, because either p. — wp <0 or pp — pe < 0. If follows that 7 = {+} U {b, c} U {x," }
is a sequentially exclusive partition of 7 into disjoint intervals, so Proposition 3 applies. Method 2 accepts
H, and stops if p™ > a; otherwise, it rejects H, and tests both H? and H, rejecting HY if p® < o and
rejecting HS if p¢ < a; then, if either p® > & or p¢ > &, Method 2 stops; otherwise, it tests both H and
Hy, rejecting Hy if p* < o and rejecting Hy if p’ < «, and logically rejects Hy if all five hypotheses have
been rejected. In this process, the chance of falsely rejecting a true hypothesis is at most .

The five hypotheses are tested by applying Wilcoxon’s one-sided signed-rank test to y,; — (yp; + yei)/2
for H0+, to y; — ypi for Hé’, to yii — yei for Hg, to yii + ypi — 2y for Hy and to y,; + ye; — 2y for
Hj. When this is done p* = 9-5 x 1078 for H;, p®* = 1.5 x 1077 for H?, p¢=9-4 x 10~ for H,
p* =89 x 1077 for Hj and p’ = 0-0027 for Hj, so Hy in (2) is rejected in favour of H; in (1), and there
is strong evidence that the post-treatment response differs more from both baseline and control responses
than the latter differ from each other. If the same procedure is applied to a different outcome in Masjedi
et al. (2000), specifically the micronucleus frequency, then H,", H?, H¢ and Hj are rejected at the 0.001
level, but p’ = 0-14 for HJ, so that Hj in (2) is not rejected, but there is, nonetheless, strong evidence that
the post-treatment responses exceeded both the baseline and control responses.

Stronger inferences may be possible. For § > 0, replace Hj in (2) by

Hos: puy — max(ip, fe) <8 4 max(up, pe) — min(iy, pe). 3)

If Hy s were false, then the difference between the post-treatment response and both baseline and control
responses, i, — max(ip, Ue), 1S at least § greater than the difference between the baseline and control
responses, max(iy, t.) — min(up, (). Take 7 to be the direct product, with the lexicographical order, of
the possible values of §, namely [0, 00), and the ordered set used above, so that 7 = [0, co) x {+, b, ¢, *," };
then 7 = Uae[o,oo){(5» )} UA{(S, b), (8, )} U{(8, %), (8,”)} is a sequentially exclusive partition of 7 into
disjoint intervals, so that Proposition 3 applies to the infinite collection of hypotheses, H(f s (e —8)—
(o + 1e) /2<0, HY s o (e — 8) — oy <O, HS g 2 (i — 8) — e <O, Hif s = (y — 8) — pe < phe — i and
Hy s o (g — 8) — up < pp — pe. Starting with § = 0, the signed-rank test is applied to five contrasts such
as (vi — 8) — (Vi + Vei) /2, yielding one-sided significance levels, py, p2, ps, p; and pg, until a § is
reached such that one of the five significance levels is above «. In the case of chromosome aberrations, at
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a = 0-05, all five signed-rank statistics reject every § < %, but p; > 0-05 for all § > %, so that, with 95%
confidence, 1, — max(ip, fic) is at least  + max(ip, i) — mMin(ip, fie)-
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