Stability in the Absence of Treatment
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When subjects are measured twice, once at each of two symmetrical locations or times, stability of responses in the absence of treatment
within subjects, together with comparability of untreated responses between subjects, is often viewed as supporting a conclusion that
differences between treated and control responses reflect effects actually caused by the treatment. The degree to which this intuitive
argument is formally correct is explored in several related models: a multivariate Normal model, a nonparametric model defined by
symmetries, an analogous randomized experiment, and a sensitivity analysis model for observational studies in which treatments are not
randomly assigned to subjects, nor to locations within subjects. Card and Kreuger’s study of the employment effects of the minimum

wage is used to illustrate the methods.
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1. STABILITY IN THE STUDY
OF TREATMENT EFFECTS

1.1 Stability, Comparability, and Treatment Effects

Experimental subjects present two symmetrical locations,
either of which may be subjected to treatment, such as two
ears or two asthma attacks separated by several weeks. In
addition, subjects are paired using pretreatment covariates so
that, before treatment, paired subjects appeared comparable in
terms of observed covariates. In each pair, one subject is given
the treatment at one of the two locations; the other subject is
not treated at both locations; and four outcome measures are
obtained, one for each subject at each location. This is the
simplest design for a study of treatment effects that uses both
stability of responses within control subjects and comparabil-
ity of control responses between subjects.

Suppose elevated responses are typically observed at the
treated location for the treated subject, and much lower, very
similar typical responses are observed at the other three loca-
tions, that is, at the control location for the treated subject and
the two control locations for the control subject. Informally
and intuitively, this pattern seems to support a claim that the
treatment caused the elevated response; however, it is easy to
think of other ways the same pattern could be produced. The
intuition seems to depend on four issues:

(1) anticipation that the two locations would be symmetri-
cal in the absence of treatment,

(2) confirming observation that, in fact, the two responses
for the control subject are similar,

(3) anticipation that the matched subjects are comparable,
and

(4) confirming observation that, in fact, the response for the
untreated location for the treated subject is similar to the two
outcomes for the control subject.

In what sense, if any, and to what quantitative extent is this
intuition formally correct?

This intuition may be convincing or not, depending on
whether an alternative explanation is plausible. For instance,
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the results would be convincing if there were many pairs, and
if randomization had been used twice in each pair, once to pick
the treated subject, and again to pick the treated location for
that subject. In the most common application of this design,
the so-called “control group design with pretest and posttest”
or CP design, randomization is not used to assign subjects
to treatment or control, and the untreated response for the
treated subject is always the first measurement, that is, a base-
line measurement. Cook and Campbell (1979) describe the CP
design as “the most frequently used design in social science
research.” They say that the CP design is “often interpretable,”
but they note it is sometimes open to several interpretations
besides a treatment effect, including “selection—maturation”
in which the treated and control subjects are maturing or
changing in different ways. Despite this weakness of the CP
design, in the social sciences the CP design is typically viewed
as much better than a design lacking either a control group
or a baseline measure of the outcome. Aspects of the CP
design and related designs are discussed by Koch (1972),
Reichardt (1979), Kershner and Federer (1981), Holland and
Rubin (1983), Ashenfelter and Card (1985), Allison (1990),
Cook, Campbell, and Peracchio (1990), Meyer (1995), Angrist
and Krueger (1999), and Salzberg (1999).

1.2 Temporal Symmetry?

Time has an inherent direction and an inherent asymme-
try. Growth, learning, aging, recuperation, disease progression,
deterioration, and many other natural processes work against
stability over time. Where these processes are dramatically at
work, stability over time cannot be exploited to strengthen
causal inferences in observational studies.

And yet, many topics are of interest precisely because
of their resistance to change—for instance, drug or alcohol
addiction, chronic unemployment, personality disorders. In
such cases, stability in the absence of treatment combined
with change following treatment does seem, intuitively, to
strengthen claims that the treatment is the cause of the change.

Moreover, many natural processes at work over time
have gradual consequences, so dramatic change over short
time intervals is not anticipated. If a treatment is imposed
with sudden intensity, immediate change following treatment,
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together with stability in the absence of treatment, is not easily
explained by gradual evolution.

In short, temporal stability in the absence of treatment is
anticipated in some contexts and not in others, and hence is
relevant to some observational studies and not to others. Even
in studies that anticipate stability, and even when simple depar-
tures from stability are tested and not rejected, it is typically
necessary to examine the degree to which instability might
explain ostensible treatment effects; see Section 4 where sen-
sitivity analyses address this possibility.

1.3 Example: Minimum Wage and Employment

Card and Krueger (1994, 1995) studied the effects on
employment of increasing the minimum wage. In April 1992,
New Jersey raised its state minimum wage from $4.25 to $5.05
per hour, approximately 19%. As their outcome, they looked at
full-time equivalent employment in fast-food restaurants such
as Burger King and Wendy’s in February and March 1992
before the increase, and again in November and December
1992 after the increase. They compared restaurants in New
Jersey to similar restaurants in adjacent eastern Pennsylvania,
where the minimum wage had not increased. See Rosenbaum
(1999b, Table 1) for before/after data on 66 such pairs of
restaurants from the Card and Krueger study, matched for two
baseline covariates, restaurant chain and starting wage, before
the increase.

Suppose that restaurants such as Roy Rogers employed
similar numbers of workers in New Jersey and eastern
Pennsylvania when the two states had the same minimum
wage, and that employment stayed stable in Pennsylvania
and declined in New lJersey. If this multivariate pattern of
responses was found, then because it is precisely the pattern
predicted by economic theory in the absence of major distur-
bances, one senses that the pattern should strengthen evidence
that the wage increase was the cause of its anticipated effect.
This sense is not consistent with the most common method of
analysis but is true of the new method proposed in this article.
Actually, however, Card and Krueger found evidence of sta-
bility and comparability in the absence of treatment, but “no
evidence that the rise in New Jersey’s minimum wage reduced
employment at fast-food restaurants in the state.” The Card
and Krueger data is examined later.

2. INFERENCE IN EXPERIMENTS

2.1 Randomization Inference

2.1.1 Paired Experiment with Twin Locations. Dorn
(1953), Cochran (1965), and Rubin (1974, 1977) have argued
that consideration of an observational study should begin by
considering its similarities and differences from an analogous
randomized experiment. Here, the goal is a randomized exper-
iment that accords special roles to both baseline measures
of response and also to stability in the absence of treatment.
Then, Section 3 includes discussion of observational studies
with the same structure, but where random assignment was
not used.

Each experimental subject presents two more or less sym-
metrical locations or opportunities to experiment, [ = 0, 1.
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Subjects are paired based on observed pretreatment vari-
ables or covariates, and one subject in each pair is randomly
selected to receive the treatment at one randomly selected
location, the other subject remaining untreated. There are [
pairs, i =1,...,1, of two units, j = 1,2, where Z; =1 for
the treated unit and Z;; = 0 for the control, so 1 =Z;,+ Z,,
fori=1,...,1. Writt Z=(Z,,,Z,5,Zy,+---+2;,,2Z;,)" for
the 21 dimensional vector of treatment assignments. If the
jth unit in pair i received the treatment, write V;, = 1 if
location [ for this unit was treated, so 1 = V;; + V,,. Let
V =Vips Viys Vags « « s Vigs V)T for the 21 dimensional vec-
tor of treatment locations. The pair (Z, V) defines treatment
assignment and location for all I pairs. Within each pair, there
are 4 possible treatment/location assignments, so there are 4’
possible assignments in total.

Write Q for the set of 4’ possible values of (Z, V). If treat-
ments are assigned by independent flips of fair coins, so that
prob(Z; = 1) = 1 and prob(V, = 1|Z; = 1) = 1, then each
element of ) has the same chance, namely 1 /4!, of being the
actual assignment, and this is defined to be a paired random-
ized experiment with twin locations.

At each location I, the jth subject in pair i exhibits a
response, Y;;;. The model of an additive treatment effect asserts
that this location would exhibit a response y;; if assigned to
control, which would be increased by 7 if assigned to treat-
ment, so that the observed response is Y, = y;;+ 72, V. In
randomization inference, probability enters only through the
random assignment of treatments (Z, V) so that quantities like
the observed responses, ¥;;;, which depend on Z;;V;;, are ran-
dom variables, whereas quantities like the potential responses
under control, y;;, which do not change with the treatment
assignment, are fixed features of the finite population of 2/
subjects (Fisher 1935).

2.1.2 A Statistic and Its Randomization Distribution. For
the ith pair, for the jth subject in the pair, location [ for
this subject, there is a fixed score s;;. Consider the follow-
ing statistic, T = Zle Z?:l Z}:O Z,; Vy s, which is the sum
of the scores for the treated locations. The randomization cre-
ates a known permutation distribution for T with expectation
E(T)=Y"_, 5, and variance var(T) = i >, 3:1 Z,l:o(s,-ﬂ -
s5;)?, where 5; = izle >0 Siji-

Consider testing the null hypothesis, H; : 7 = 7,. Under the
null hypothesis, the adjusted responses Y, — 7,Z;V;, = vy
are fixed, not varying with the treatment assignment, so quan-
tities computed from the adjusted responses are also fixed.
For instance, if the scores s;; are functions of the adjusted
responses, then under the null hypothesis the scores s;;, are
fixed, and T may be compared to its permutation distribution
to test the null hypothesis. From the hypothesis test, a con-
fidence interval is derived by inverting the test (Bauer 1972;
Hajek, Sidak, and Sen 1999, Section 9.1; Lehmann 1963;
Moses 1965), and a point estimate is obtained by equat-
ing T to its null expectation and solving for the point esti-
mate (Hajek, Sidak, and Sen 1999, Section 9.1; Hodges and
Lehmann 1963).

Tukey (1986) argued that randomization inference should
be used to ensure “validity” of an inference, for instance, that
a test has its nominal level under the null hypothesis, but that
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several distributional models should be used in an effort to
obtain “stringency” of an inference; for instance, good power
when any of the several distributional models are approxi-
mately correct. Speaking informally, the decision to compare
T to its randomization or permutation distribution is necessi-
tated by the requirement of validity, but the choice of score
function, s;;;, can be guided by distributional models with a
view to stringency.

The particular scores s;; that I propose for use in T are
described next. The remainder of Section 2 will motivate this
choice of scores with reference to several distributional mod-
els, both parametric and nonparametric. In particular, the
proposed scores are aligned rank analogs of a maximum likeli-
hood estimate under a multivariate normal model. The aligned
rank analog is seen to perform well when the data are multi-
variate normal, but also when the data are multivariate Cauchy,
whereas the normal maximum likelihood estimate performs
poorly for the Cauchy. Moreover, if there is stability in the
absence of treatment, the aligned rank estimate is much better
than a more common difference-in-differences estimator that
makes no use of stability. These distributional models serve
precisely one purpose in this paper: They guide the choice of
scores, s;;;. The distributional models play no role in formal
inferences, along the lines advocated by Tukey (1986).

The proposed scores s;; are now be described in a compu-
tational fashion, with motivation postponed to the later sub-
sections of Section 2. The scores involve a weight, w, whose
choice is discussed later, although w = % will later turn out to
be a sturdy compromise between conflicting objectives. The
goal is to test the null hypothesis H, : 7 = 7,. Under the
null hypothesis, compute first the fixed, adjusted responses
Y.y —70Z;;Vy = ;- Then, align the four adjusted responses in
each pair by subtracting their mean within that pair,

2 1
Yijt — ZZ)’iab
15=0

a=

-

2 1

= (Yijl - TOZijVil) - %ZZ(YM — 70ZiVip)s

a=1b=0

and rank these aligned, adjusted responses from 1 to 4/ using
average ranks for ties, and write g,; for the rank. For the ith
pair, the score s;; that enters T when the jth subject is treated
at location / compares the rank of the response of this subject
at this location to a weighted average of the ranks for the
same subject at the untreated location and the average of the
two ranks for the paired, untreated subject. Specifically, let
Sitt = iy — Wi — %(1 ~W)(Giay + Gino)s Sino = Gino — Wiy —
%(1 Wi+ Gino)s Siat = Gins ~ Wing %(1 ~w) (i1 + Gino)»
and ;50 = gpnp — WGy — %(1 —w)(gi;1 + gi10)- The proposal is
to use T with this choice of scores to test H, : 7 = 7, with
confidence intervals and point estimates derived from the test.

2.2 A Nonparametric Model Giving Rise to the
Same Permutation Distribution

As noted in Section 2.1.2, randomization inference is com-
monly described both in terms of randomization inference
for a finite population, with reference to validity, and in
terms of permutation inference for a distributional model,
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with reference to stringency; see the alternating chapters of
Lehmann (1998) for several standard cases. The experiment
in Section 2.1.1 is not a standard case, but nonetheless, a cer-
tain population model gives rise to the same permutation dis-
tribution as the one obtained from randomization inference
in Section 2.1. The model accounts for differences between
pairs through additive pair effects, u;, and exhibits symme-
try of the two locations for each person in a pair. The model
describes the response y;; that would be observed under con-
trol, which is increased by 7 if treatment is given, so the
observed response is Yy, = y;; + 70Z; V.

Let H(-,,,+) be a continuous, four dimensional distribu-
tion which has a special type of invariance or exchangeabil-
ity, namely: H(a,b,c,d) = H(b,a,c,d) = H(a,b,d,c) =
H(c,d,a,b) for all a,b,c,d. In words, H(a,b,c,d) is
unchanged by interchanging the first two coordinates, or the
second two coordinates, or by swapping the first two coor-
dinates for the second two coordinates. Note carefully that
in general H(a, b, c,d) # H(a, c, b, d), i.e., that the distribu-
tion is not invariant with respect to all permutations. Infor-
mally, the two measures on one subject may be more strongly
related than the measures on different subjects in the same
pair. The distribution H(:, -, -, +) is invariant with respect to a
group G of eight permutations of four objects, which is a sub-
group of all 4! = 24 permutations of four objects (specifically
G is a wreath product of symmetric groups acting on just two
objects). The model asserts that the four-dimensional vector
(Vit1 = Mis Yito — Mis Yiot — Mis Yo — M) describing centered
responses under control for the I matched pairs, i =1,...,1,
are independent and identically distributed (iid) with distribu-
tion H(-, -, -, -). Because of the iid sampling of matched sets,
the joint distribution of the 4/ centered responses is invariant
with respect to a group of I!-8' permutations. Nonparamet-
ric models with related symmetries have been used for other
purposes by Bell and Haller (1969) and Wei (1987).

Lehmann and Stein (1949, Lemma 2) show that an optimal
test of a hypothesis of distributional invariance is necessar-
ily a permutation test, i.e., a test that permutes the observed
responses in accord with the hypothesized invariance, rejecting
the null hypothesis at the 5% level for 5% of these permuta-
tions. The hypothesis of invariance of the adjusted responses,
Vi =Y — ToZ; Vi, leads to the same permutation distribution
as the one obtained by random assignment in Section 2.1. In
this sense, population models of the form in this section are
the analogs of the randomized experiment in Section 2.1.

Notice that the invariance of H(-,:,-,+) under G is not
altered by monotone transformations of y;,. In this article,
the treatment effect is modelled as an additive constant 7;
however, similar considerations would apply to other mod-
els for treatment effect, such as the model of a dilated effect
(Rosenbaum 1999c¢).

2.3 A Normal Model for Stability and Comparability

2.3.1 Model and MLE. Insight is provided by the fol-
lowing multivariate normal version of the general nonparamet-
ric model H(:,-,+, ) in Section 2.2. The model for the cen-
tered responses under control, (y,-ll M Yio ™ Mis Yiog — Mis
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Yioo — /“Li)7 is:
Yinn T Mi 0 v.opr 0 0
Yito T Mi 0 pv. v 0 0
~N , ey
Yior T M 0 0 0 v pv
Yioo ™ Mi 0 0 0 pv v

Control responses y;; in pair i are similar because of u;, but
beyond this, the two responses (V;;;, ;) of the same per-
son are correlated. Treatment increases y;;; by 7. Write Y7,
for the treated response of the treated subject, i.e., ¥y, =

3:1 Z,‘ZO Z;VyYy =1+ Z Z, 0 Zi;Viyyi- Similarly, write
Y7, for the control response of the tgeated subject, Yz, =

X0 Zy (1= V,)yy, and write Y, and Y, for the
parallel control responses of the control subject, Y-, =

le 0(1 ZU) itYiji and tho = 3:1 lezo(l _Zij)(l_
V;z)y,ﬂ

Estimate the treatment effect 7 by 7, = (1/1) Y/ I{Y,Tl
wY,T0 (I —w)[(Yie, + Yico)/2]}, which, for all w, is free
of the nuisance parameters i; and is unbiased, E(7,) = 7.
The estimator 7, has variance v{(3+ p)(1+ w?) —2(1+
3p)w}/(2I), so 7, is consistent as [ —> oo, If w = (3p+
1)/(3+ p), then straightforward manipulations show 7, is the
maximum likelihood estimate of 7.

Table 1 gives the form of the maximum likelihood estimate
for several values of p. As intuition suggests, if p = 0, then
the one treated measurement is compared with the average of
the three untreated measurements in the pair. If p > 0, then
measurements on the same person are positively correlated,
and greater weight is given to the treated subject’s own con-
trol measurement than to a control measurement from a con-
trol subject. For instance, with p = 3, Y,-T0 receives twice the
weight that a measurement from the control subject receives.
Conversely, when p = —— the treated subject’s own control
measurement is ignored. The limiting cases, p =—1 and p = 1,
are intuitive in form but not relevant in actual practice.

In practice, the choice of w is not the same as estimating
p, for several reasons. First, estimators using means, like fw,
may exhibit Gaussian behavior with non-Gaussian distribu-
tions because of the central limit theorem, whereas estimators
that use second moments, like sample correlations, may be
much more dependent on Gaussian assumptions; see Scheffe
(1959, Section 10.2). Second, even if data were precisely mul-
tivariate normal, the choice w = (3p+ 1)/(3+ p) for the MLE

Table 1. The MLE 7, for Several p

- var(D)

g T var(7,)
—1 % 21:1({/171:*' {/iro) - ({/:mj' Yico) ©
-3 7 551 Yirt 7~%(Yic1~+ cho~) 4
0 % Yic ~YiT1 - %(Yiro"' Yim + YLCO) 3
3 I Vi = %(2\j70+ Yier+ Yico) g
3 T Vi - %(%YITO +~Yic1 + Yico) 2
1 %21:1 Yir1 = Yiro 2
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will largely ignore the responses of control subjects when p
is near 1, and this is likely to seem inappropriate even if it is
efficient in a purely technical sense. For example, with p = .8,
the weight w is almost .9, so that Y, receives about 18 times
as much weight as the control’s response Yc1 at the treated
location. In practice, one will not want to ignore any of the
three untreated responses. The weight w = % strikes a balance,
because one is unlikely to use a symmetric location if the cor-
relation p is much less than 1, but w = £ gives only a little
more weight to Y,;, than to %(Y,-Cl + Y,-CO). All of the calcu-
lations in this article suggest that medium-sized discrepancies
between w and % have only slight impact on the behavior of
procedures. In those rare instances where p is near 1, the dif-
ferences Y, — Yipy and Yic;, — Yiep wil} have small variances,
so one may wish to refrain from using 7, altogether, replacing
it with the somewhat less efficient estimate D described next.

2.3.2 A Familiay, Unbiased, but Inefficient Estimate.
More familiar than 7, is the estimator that compares the
mean change among the treated subjects to the mean change
among the controls, namely D = (1/I) > l( 1 Y,-TO) -
(ch1 Y,CO) which is also unbiased, E(D) = 7 with variance
var(D) = 4v(1—p)/I. Table 1 also gives var(D)/var(7,) =
(3+ p)/(1+ p) for the maximum likelihood estimate with
w = (3p+ 1)/(3+ p), showing that D has much larger vari-
ance. So the familiar estimator, D, looks quite poor in compar-
ison with the maximum likelihood estimate. This comparison
is not entirely fair, in two senses. First, the true correlation,
p, is unknown. To address this, Table 2 compares §3/5 and D
for several values of the true p; that is, the maximum likeli-
hood estimate when p = % is used incorrectly when in fact p
is not =, and Var(D)/Var(Tz/S) = 25(1 —p)/(9 7p) is tabled.
For 5 > p >0, the MLE at p = namely 71/5, is much better
than D suggesting that precise knowledge of p is not criti-
cal for good performance of the maximum likelihood estimate
relative to D. Notice that D is better than 7, /5 but not better
than the MLE 7, with w = (3p+ 1)/(3+ p) when p is near 1.

The second sense in which Table 1 is somewhat unfair to
the familiar estimator, D, is that D is sometimes unbiased for
7 when stability and comparability do not hold, so that 7, is
not unbiased. This is discussed in detail in Section 2.4.

2.3.3 A Small Simulation Comparing the Methods. For
testing H, : 7 = 0, the aligned rank test statistic T proposed in
§2.1.2 would equal I times the Normal MLE 7, if instead of
using integer ranks from 1 to 4/ one used the observations ¥,
as the rank scores. Table 3 reports a small simulation compar-
ing three tests, namely the conventional normal-theory z-test
based on D, the test based on 7, ss and the aligned rank test

again using w = % Recall that w = % is best when p = %; how-
Table 2. Comparison of T, s and D for Varied p
p 0 1 1 2 8889 .90 1
var(D)
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Table 3. Simulations Comparing Three Tests With w = £
Situation Test Deviate > 1.65 Deviate > 1.96
Normal Tass .050 023
T=0,p=3% D 044 023
Rank .055 .028
Normal Tass .048 023
T=0,p=2 D .052 025
Rank .046 .023
Normal Tass .70 59
T= %, p= % D .40 28
Rank .67 55
Normal Tass .84 .76
T= %, p= % D 61 48
Rank .82 72
Normal Tass 92 86
T=3p=4% D .80 70
Rank .89 81
Cauchy D-rank .051 026
7=0,p= % Rank .049 .024
Cauchy D-rank 42 .30
T=1,p=3% Rank .70 59

ever, other values of p are also considered in Table 3. When
the distribution is Cauchy, 7, s and D are neither useful nor
well-defined, so they are not reported, and the signed rank
statistic analogous to D, labeled D-rank, is reported instead.
Since all of the tests eliminate u; by differencing, the u; are
not used in the simulation.

Two distributions are considered in Table 3. First is the four-
variate normal distribution. The second distribution is a four-
variate Cauchy distribution derived from the first distribution.
Specifically, a four-variate normal observation with u; = 0 and
7 =0 is sampled and is divided by a single independent obser-
vation from the standard normal distribution. See Johnson and
Kotz (1972, Section 37.3, p. 134) for discussion of this distri-
bution, where it is the special case of a multivariate ¢ distri-
bution having one degree of freedom.

The simulations were based on 3,000 independent samples
of size I =20 pairs with two subjects and four locations in
each pair. Standardized deviates were calculated for each test,
using the true p for the Gaussian tests and the permutation
distribution for the aligned rank test and signed rank test. The
proportions of standardized deviates above 1.65 and 1.96 are
reported. When 7 = 0, these proportions estimate the actual
level of tests that are attempting to have levels of .05 and .025.
When 7 > 0, these proportions estimate the power of the tests.

In the normal cases considered, the aligned rank test has
power estimated to be just slightly below that of the normal
theory test based on 7, s5» but both of these tests have much
higher power than the conventional test based on D. This is
true even when p is far from % SO w = % is a poor choice
of weight. In the Cauchy cases considered, the normal tests
are not useful, but the aligned rank test analogous to 7, /5 18
estimated to have much higher power than the signed rank test
analogous to D, although both tests are estimated to have the
correct level.

In short, in the cases considered in Table 3, the aligned rank
test was never substantially inferior to any of the other tests,
whereas each of the other tests was substantially inferior to
the aligned rank test in at least one case. Table 3 makes two
points, one familiar, the other less so. The familiar point is
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that rank procedures can often be designed to perform well
for normal data and to perform much better than least squares
estimates when data are long-tailed. The less familiar point is
that methods that exploit stability and comparability can have
much higher power than more conventional methods which
do not.

2.4 Simple Violations of Stability and Comparability

The familiar estimate D is less efficient than the maximum
likelihood estimate 7A'w; however, D remains unbiased for 7
under a simple violation of stability and comparability, while
7, becomes biased. Suppose the centered responses Y7 —
(i + 7+ L+ v), Yo — (i + 0), Yiey = (i + v), Yiep — s,
have a distribution H(, -, , ) with the symmetries described
in Section 2.2, so there is a constant bias { due to group (e.g.,
New Jersey vs. Pennsylvania) and a constant bias v due to
location (e.g., later time vs. earlier time). Then, D is unbiased
for 7 but 7, is not.

With sufficiently large sample sizes, it is straightforward
to detect such additive biases, { and v. For each pair i, set
aside the treated response Y,;,, and compute the bivariate dif-
ference between the control response of the treated subject,
Yr9>» and the two control responses of the control subject,
Y1, Yico- Under the nonparametric model of stability and

1

comparability in Section 2.2 in which H(:,:,-,) invariant
under G, the bivariate observations (Yo — Yic» Yiro — Yico)
are independent and identically distributed for i = 1,...,1

with marginal median vector (0, 0). In contrast, with additive
biases, Y;;, — Y,c; is symmetric about { — v and Yz, — Yic,
symmetric about {. If either { # 0 or v # 0, then ({ — v, {) #
(0,0), in which case, (Y;7g — Yic;» Yiro — Yico) does not have
marginal median vector (0, 0). Chatterjee (1966) developed a
consistent and unbiased test of the hypothesis that iid bivari-
ate observations have marginal median vector (0, 0) against
the alternative that the marginal median vector is not (0, 0),
so this provides a consistent and unbiased test of stability and
comparability against the alternative of additive biases.

As an illustration, consider applying Chatterjee’s test
to Card and Krueger’s data as recorded in Table 1 of
Rosenbaum (1999b). The differences (Y;ro — Yic1»> Yiro — Yico)
compare the baseline employment in New Jersey to the two
employment measures in Pennsylvania. Counting the patterns
of pairs with no zero differences gives 14 pairs with sign pat-
tern (—, —), 15 pairs with sign pattern (+,+ ), or 29 = 14+ 15
concordant pairs in total, and 13 pairs with sign pattern (—, +)
and 9 with pattern (+, —), or 22 = 13+ 9 discordant pairs in
total. Chatterjee’s (1966) exact test compares 14 of 29 and 13
of 22 to two independent binomials both with probability %
Chatterjee’s large sample chi-squared statistic on two degrees
of freedom, .76 = (4/29)(14—29/2)*+ (4/22)(13—22/2)* is
much less than the .05 critical value of 5.991, so there is not
the slightest sign of a departure from stability and compara-
bility. Although it is wise to test for additive biases, one will
typically be concerned about hidden biases that may take a
different form or otherwise go undetected, and for this sensi-
tivity analyses are needed; see Section 3.
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3. INFERENCE IN OBSERVATIONAL STUDIES

3.1 Sensitivity Analysis in Observational Studies

In an observational study, treatments are not randomly
assigned, so treated subjects may not be comparable to con-
trols. Pretreatment differences visible in the data at hand, or
overt biases, are removed by adjustments, such as matching
(Cochran 1965; Smith 1997). There is no guarantee, however,
that these adjustments will be effective, because there may
also be differences in covariates that were not measured, or
hidden biases. A sensitivity analysis asks how hidden biases
of various magnitudes might alter the conclusions of an obser-
vational study. The first sensitivity analysis by Cornfield,
Haenszel, Hammond, Lilienfeld, Shimken, and Wynder (1959)
showed that for an unobserved binary covariate to explain
the strong association between heavy smoking and lung can-
cer, that covariate would need to be a near-perfect predictor
of lung cancer and about nine times more common among
smokers than among nonsmokers; see also Greenhouse (1982)
and Gastwirth, Krieger, and Rosenbaum (1998a). A sensi-
tivity analysis replaces the correct, completely general, but
not very useful logical fact that association does not imply
causation. In its place is a quantitative statistical inference
specific to the findings of a particular study saying that to
explain away the association actually observed, a hidden bias
would need to be of such and such a magnitude. Associ-
ation does not imply causation, but studies vary markedly
in their sensitivity to hidden bias; see Rosenbaum (1995a,
Section 4) for numerous examples and detailed discussion.
Varied methods of sensitivity analysis are discussed by Corn-
field et. al. (1959), Rosenbaum and Rubin (1983), Rosen-
baum (1987), Gastwirth (1992), Manski (1995), Copas and
Li (1997), Gastwirth, Krieger, and Rosenbaum (1998b), and
Lin, Psaty, and Kronmal (1998).

In contrast to the randomized experiment in Section 2, an
observational study may be biased in the selection of sub-
jects to receive the treatment, and biased in the selection of
treated locations for the treated subjects. The sensitivity anal-
ysis developed in this section and illustrated in Section 4
explores sensitivity to both forms of hidden bias.

3.2 Departures From Random Assignment

The model of treatment assignment in the observational
study is identical to that of the experiment, except that the
treatment assignment is not picked from () at random with
equal probabilities, and the treatment assignment probabilities
are not known. Treatment assignments in distinct pairs are
modelled as mutually independent. Within pair i, two param-
eters I' > 1 and A > 1 measure the degree of departure from
a randomized experiment. Specifically, it is assumed that for
i=1,...,1,j=1,2:

> prob(Z; =1) > l )
prob(Z, =1) — T

and

prob(V,, =11Z; =1
~ prob(V,, = 11Z; =1

3
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In words, one subject in a pair is at most I' times more
likely to receive the treatment than the other, and one loca-
tion for the treated subject is at most A times more likely to
be treated than the other. This is analogous to the model in
Rosenbaum (1987) for treatment assignment in which assign-
ment is affected by an unobserved covariate not controlled
by matching, except here the model is applied twice, once
to the assignment of treatment to one subject in a pair, and
again to the assignment of treatment for that subject. In place
of a single known distribution of treatment assignments when
I'=1 and A =1, Model (3) defines a family of departures
from equally probable random assignment, specifically, a fam-
ily that becomes progressively larger and less definite as I’
and A increase.

Write 77, = prob(Z,, = 1) and 6,; = prob(V,; = 11Z;; = 1),
so (3) implies:

r 1
> qr. >
1+~ "7 1+7T

and

A 1
>0, >——.
I+A Y71+ A

“)
Notice that I' = 1 implies 7, = % SO treatments are ran-
domly assigned to subjects in a pair, whereas A = 1 implies
0, = % so treatments are randomly assigned to locations on
the treated subject. When (I', A) = (1, 1), the sensitivity anal-
ysis will reproduce the unique randomization inference from
Section 2.1.2,but as (I', A) increases, there will be uncertainty
about the treatment assignment probabilities, resulting in a
range of inferences, for instance, a range of point estimates or
significance levels. For sufficiently large I" and A, any distri-
bution of assignments within a pair satisfies (3), so (3) is not
an assumption, but rather a way of measuring the magnitude
of the departure from random assignment by indexing it with
the two parameters I' and A. If small departures from ran-
dom assignment produce a broad range of inferences, then the
study is highly sensitive to hidden bias, but if only large val-
ues of (I', A) can produce a broad range of inferences, then
the study is insensitive.

Subject to (3), or equivalently to (4), the four treatment
assignment probabilities, , 6,,, m, (1 —6,,), (1 —m,)6,,, and
(1—m;)(1—0,,), may differ by at most a multiplicative fac-
tor of I'A. For instance, subject to (4), the ratio m; ;, /{(1 —
;) (1 —6,)} is between I'A and 1/(I'A). For this reason,
one might think of the three conditions, (I', A) = (2, 1),
(T, A) = (1,2), and (T, A) = (vV2, v2) as representing differ-
ent patterns but similar magnitudes of hidden bias, as the ratio
of treatment assignment probabilities, such as ;0,,/{(1 —
;) (1 —6,,)}, is bounded below by % and above by 2 in all
three cases. Notice that (I', A) = (1, 2) implies the assignment
of treatments to subjects is randomized but the locations are
possibly biased, while (I', A) = (2, 1) implies biased assign-
ments to subjects with symmetrical or randomized locations.

3.3 Approximate Inference Bounds

3.3.1 Bounds on Expectations of a Test Statistic. The
sensitivity analysis places bounds on inference quantities, such
as significance levels or point estimates, subject to (3), and
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then varies (I', A) to display the sensitivity of inferences to
departures from randomization of various magnitudes. When
('s A) =(1,1), and H, is true, T has the randomization dis-
tribution in Section 2.1.2. When (I', A) > (1, 1), many values
of (a7, @) satisfy (4), so there are many possible distribu-
tions for 7. This section places bounds on E(T) subject to
(4). The relationship between bounds on E(7) and bounds
on pr(T > k) is examined in Section 3.3.3. The material in
Section 3.3 is required to implement the procedure; however,
the example in Section 4 may be read without Section 3.3.
Subject to (3), Proposition 1 places bounds on:

I
E(T) = Zﬂ'i{eusiu"' (1=0,)s:10}
i=1

+ (1= )05+ (1= 0,)s120}.  (5)
The bounds have an intuitive structure. For the upper bound,
within each subject, one first maximizes the probability of the
location having the higher score, s, raising its 6; to A/(1+
A), then maximizes the probability of treatment for the subject

with the higher expected score, 6,;5,;, + (1—6,)s;;,. Formally,
define:
A .
- = if s 780>0 - =
0,'/' = h 5 0,'/' = 1_0,'j,
& otherwise
r oo p p p
S| 7T if 0,18, + (1 - 9i1)5i10 > 0,85n, + (1 - 9i2)5i20
;=
l .
| T otherwise
- ..z - - -
_ o7 if Oysi+ (1 - Oij)silo < b5+ (1 - Oij)sizo
™ =
l .
| or otherwise.

Proposition 1. 1If the treatment assignment probabilities
satisfy (4), then the expectation E(T) is bounded by two
known quantities:

S8 i (1o
+ (1= 785+ (102 )00
i 05, + (1= 6,)5110)
+ (-7, 1{,zs,zpua 0,5)5:20)

Moreover, these bounds are sharp, in the sense that they are
attained for treatment assignment distributions that satisfy (4).

Proof. Notice that (4) implies

5ijsijl + <1 - 5:'/')

le = 0 Sljl

+ (1= Oij)sijo

ljl+ (1 Olj)s

ijo
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for all i, j, so that for all 1 >, >0,
! = =
Z {9115:11 <1 - 9i1>5i10}
+(1-m) {5;'25:'21 + <1 - 5:‘2)5:'20}

1 —_ —_
>E(T) > Zﬂ'i{eusiu"' (1— 9;‘1)5;'10}

+ (1—m ){ S+ (1= ;2)5:‘20} (6)
Subject to (4), the upper bound in (6) is maximized by taking
7, = 7, and the lower bound is minimized by taking m; = ,,
yleldlng the stated bounds on E (T). The bounds are sharp

and 0 satisfy (4).

3.3.2 There Is No Bounding Random Variable. In the
simplest cases of sensitivity analysis (Rosenbaum 1988, 1995a,
Section 4.4, 1995b), it is possible to find a set of treatment
assignment probabilities that produces a distribution of the test
statistic T that is stochastically larger than for any other set
of treatment assignment probabilities. If such a distribution
existed for 7', then it would have the largest expectation, so
Proposition 1 in the previous section identifies a plausible can-
didate for that set of treatment assignment probabilities. Alas,
the current problem is not one of these simple cases with a
bounding random variable—the 7 identified in Proposition 1
is not stochastically larger than all others. This section shows
by counterexample that T is not stochastically largest.

Consider the contribution from pair i, namely H; =

Z/ 1 ZI O
ables when (71'!, 0,,0,) = (7, 011, 0,2) The Proposition in the

previous section showed that E(H,) > E(H,). However, H,

need not be stochastically larger than H;. For example, suppose
Sip =4 S = 18 =3, 80 =2, =9, A =2, (7, 0,1, 0,) =

(1/2,1/2,1/2), so that (7, 0,.1, 0,-2) (9/10,2/3,2/3). Then
H; and H ; have the following distributions:

since 77,, 77,, 0,1,

Vi siji» and let H be the analogous random vari-

n=4 Spo=1 $p =3 s =2
1 1 1 1
Hi 4 4 4 4
7 18 9 2 1
H; 30 30 30 30

so that E(H;) = (18/30 x 4)+ (9/30 x 1)+ (2/30 x 3) +
(1/30 x2) =26/9 =289 >25=1/44+ 1+ 3+ 2) =
E(H,), but prob(H,; > 2) = 21/30 = 0.7 < 3/4 = prob(H,
2). There is, in general, no configuration of (;,6;,6,,)
that yields a stochastically largest H;. Similar considera-
tions apply to the random variable H; obtained by letting
(m;, 0, 6,) = (7, 0;, 0,,), which gave the smallest expecta-
tion in Proposition 1.

v

3.3.3  Using Asymptotic Separability to Bound Pr(T > k)

The Concept of Asymptotic Separability

When there is no unique bounding random variable for use in
sensitivity analysis, Gastwirth, Krieger, and Rosenbaum (2000)
showed that one may obtain an approximate upper bound on
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a significance level, say Pr(T > k), for k > E(T), by picking
the treatment assignment probabilities to maximize the expec-
tation E(T), and if there is a tie among treatment assignment
probabilities that maximize the expectation, to resolve the tie
by picking the assignment probabilities to maximize the vari-
ance. This approximation converges to the true, sharp upper

bound on Pr(T > k) as the number of matched sets increases,
I —> o0,

A Technical Detail: Ties in the Maximum Expectation

To apply that general approach to the current problem, one
must first address the issue of ties in the expectations. Tied
expectations occur when several choices of (7, 6,,,6,,) in a
pair all give the maximum E(H,). There are three cases to
consider, namely: (i) (I' > 1, A > 1), (ii)) (I'=1,A > 1), and
(iii) (I' > 1, A = 1), and it will turn out that cases (i) and (ii)
are trivial requiring no adjustments at all. Case (iii) requires a
small adjustment. Consider these cases in turn. Keep in mind
that a sensitivity analysis entails trying out several specific
values for (I', A), so we always know which case applies.

If ' >1 and A > 1, then there is strict inequality in
Proposition 1, E(H,) > E(H,) > E(H,), unless s, = s,,, =
S;31 = Sing» 1N which case I},- = H, = H; and all three are con-
stant. This means that, when I' > 1 and A > 1, there is either
a unique (1, 0,,, 6,,), given by Proposition 1, that maximizes
E(H,), or otherwise all values of (7, 6, 0,,) give the same
distribution for H;. Hence no adjustment for ties is needed
when I' > 1 and A > 1. _

IfI' =1 and A > 1, then there is strict inequality, E(H;) >
E(H;) > E(H,), unless s;;; = $;;0 and $;5; = 8,5, in which case
H; = H;, = H; and all three random variables equal s;;; or
s,; each with probability % Again, either there is a unique
(;, 6,1, 0,,), given by Proposition 1, that maximizes E(H,), or
else the choice of (1, 6,,, 0,,) does not affect the distribution
of H;, so again, no adjustment is needed if I' =1 and A > 1.

If ' >1and A =1, then E(H;) > E(H;) > E(H,) unless
Sin+ Sio = Siz1 + Sing» and in which case E(H,) = s, = E(H, |
Z; =z) for z =0 and z = 1. In this case, with s;;, + 5,0 = 5,5, +
Sino, the expectations for the two subjects in the pair are equal,
and one maximizes the variance by taking 7, =T'/(1+ I') if
511 = Si10l > I8y, = 8,90] and 7, = 1/(1+ T) otherwise.

In summary, to apply asymptotic separability to approxi-
mate the upper bound on Pr(T > k) for k > E(T) one small
change in the definition of 7; is required in one special case.
Specifically, if I' > 1 and A = 1, and in pair i if s;;; + 5,0 =
i+ Sing» then redefine 7, for this one pair i as follows:
m, =T/(1+ D) if |s;;, — ;10 > 1550, = 5,50l and 7, = 1/(1+ T)
otherwise. Under the same very special circumstances, when
approximating the upper bound on Pr(k > T') for k < E(T),
redefine 7; = ['/(1+ T) if |s;;; — 5,0l > [5:; — 8i50, so that in
both cases, tied expectations lead one to increase the probabil-
ity of the more variable scores. In the example in the Section 5
with I = 66 pairs, this tied situation rarely came up, and when
it did come up, it affected only one of the 66 pairs.

Procedures for Sensitivity Analysis

As is traditional in nonparametrics, confidence intervals
and point estimates are derived from tests, so tests come
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first logically, even if in practice it is more useful to report
point and interval estimates. Consider testing the hypoth-
esis, H, : 7 = 7,, and seeking an upper bound on the
one-sided significance level, Pr(T > k). Under this hypothe-
sis, one computes the scores s;; from the aligned, adjusted
responses, and then the test statistic T = ) H; where H, =

lez,lzo Z; Vys;. One then computes the probabilities,
(7, 615 0,,), in Proposition 1, that determine the contribu-
tions, H;, to T that maximize E(7T), making in a few rare
instances the slight adjustment to the definition of 7, dis-
cussed above. Then the observed T is compared to the

maximum expectation E(ZI},) =Y E(H,) = Z[’«,-,ﬁ say,

and the variance at the maximum expectation, var(}_H,;) =
= -2

Y var(H;) =Y 0, where:

B =705t 7Ti<1 - 9i1>si10

+ (1= ;i)éizsiﬂ + (1= ;;) <1 - éi2>si20

2

=t _ o2 = A 2
O, =70;5,,t 7Ti<1 0i1>si10

+(1- ;i)gizsizzl +(1- 7;,')<1 - 5,‘2>S,-220 _/:'“,- .

Using Proposition 1 of Gastwirth, Krieger, and Rosenbaum
(2000), the sharp upper bound on Pr(7T > k) for k > E(T)
may be approximated with negligible error as I — o© by

1—®{(T - 1)/ Z&f} where ®(-) is the standard nor-
mal cumulative distribution. This yields an approximation to
the sharp upper bound on the one-sided significance level.
In parallel, for the significance level in the opposite tail, one
approximates the upper bound on Pr(k > T) for k < E(T)
using the same procedures but with (7, 6;,, 6,,) in place of
(7, 0,1, 0,,), yielding u; and 2.

The two-sided 100(1 — @)% confidence interval for 7 is the
set of 7,’s not rejected at level a/2 in the above manner by
either of the upper bounds on the two, one-sided significance
levels. The bounds on the Hodges—Lehmann (1963) point esti-
mate of 7 are found by solving for 7, twice, once in the equa-

tion 7 =Y M, and once in T = Y fi,.
4. EXAMPLE: MINIMUM WAGE AND EMPLOYMENT

To illustrate, the sensitivity analysis will be applied to Card
and Krueger’s (1994, 1995) study, described in Section 1.2.1,
of the effects of increasing New Jersey’s minimum wage. The
goal here is solely to illustrate methodology, not to reach con-
clusions about minimum wages and their employment effects.
As recorded in Table 1 of Rosenbaum (1999b), there are
I = 66 pairs of fast food restaurants, one in New Jersey
(NJ) and one in eastern Pennsylvania (PA), matched for chain
(Burger King, Wendy’s, etc.) and for the starting wage before
the wage increase. In contrast to economic theory, Card and
Krueger found no evidence of a decline in employment fol-
lowing the increase in the minimum wage. What magnitude of
hidden bias would need to be present to reconcile economic
theory and data?

Table 4 is the sensitivity analysis giving the lower bounds
for the Hodges-Lehmann point estimates 7 derived from T
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Table 4. Sensitivity of Estimated Number of Employees Lost
r A Minimum 7 Minimum 7,,,,
1 1 37 —-1.75
V2 V2 -1.13 -3.12
2 1 —.38 —-2.37
1 2 —1.88 —-3.75
V3 V3 —2.00 -4.00
3 1 —-.75 —2.69
1 3 —2.88 —-5.12

and for the lower endpoints 7,,, of 95% confidence inter-
vals. In all cases, upper bounds, which are not presented,
indicate that no effect of the minimum wage is a plausible
hypothesis. As discussed in the previous section, biases of
(I, A) = (V2,v2), (T,A) = (2, 1), and (I', A) = (1,2) are
comparable in magnitude but different in pattern. In particu-
lar, (I'; A) = (2, 1) is a hidden bias with symmetry over time,
whereas (I';, A) = (1,2) is a hidden bias with comparability
of restaurants in New Jersey and eastern Pennsylvania.

As noted in Section 3.2, when I'A = 2, treatment assign-
ment probabilities differ by at most a factor of 2. For compar-
ison, treatment assignment probabilities would need to differ
by a factor of about 6 to explain away the association between
heavy smoking and lung cancer found by Hammond (1964),
by a factor of about 7 to explain away the association between
DES and vaginal cancer found by Herbst, Ulfelder, and
Poskanzer (1971), and by about 1.3 to explain away the asso-
ciation between coffee and myocardial infarction found by
Jick, Miettinen, Neff, et al. (1973). See Rosenbaum (1995a,
Section 4) for detailed discussion.

In the absence of hidden bias, (I', A) = (1, 1), the ran-
domization distribution gives a point estimate of 7 = .37 or
a gain, rather than the anticipate loss, of .37 employees per
restaurant; however, from the confidence interval, a loss of
1.75 employees per store is consistent with chance even in
the absence of bias. Biases of moderate size are consistent
with point estimates of a loss of 1.88 employees per store and
lower endpoints of 3.75 employees. As the typical store had
about 20 full-time equivalent employees, declines of 2 or 4
employees are not catastrophic, but they are not inconsequen-
tial either. Card and Krueger were certainly correct to say the
data provide no indication of a decline in employment follow-
ing the increase in the minimum wage, but the loss of several
employees per store cannot be ruled out if moderate biases are
plausible.

5. CONCLUSION: THE CONTRIBUTION
OF STABILITY

Stability and comparability, if present, yield tests for treat-
ment effect with greater power but with no increase in the
sample size. This increase in power is due to a larger non-
centrality parameter in the normal theory test, so the treat-
ment effect stands out more clearly. Generally, larger treatment
effects are less sensitive to hidden biases—only large hid-
den biases can explain away large ostensible treatment effects.
Analyses that exploit stability in the absence of treatment may,
in some studies, yield reduced sensitivity to hidden bias.
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