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SUMMARY

Celebrating the 20th anniversary of the presentation of the paper by Dempster, Laird and
Rubin which popularized the EM algorithm, we investigate, after a brief historical account,
strategies that aim to make the EM algorithm converge faster while maintaining its
simplicity and stability (e.g. automatic monotone convergence in likelihood). First we
introduce the idea of a ‘working parameter’ to facilitate the search for efficient data
augmentation schemes and thus fast EM implementations. Second, summarizing various
recent extensions of the EM algorithm, we formulate a general alternating expectation—
conditional maximization algorithm AECM that couples flexible data augmentation
schemes with model reduction schemes to achieve efficient computations. We illustrate
these methods using multivariate -models with known or unknown degrees of freedom and
Poisson models for image reconstruction. We show, through both empirical and theoretical
evidence, the potential for a dramatic reduction in computational time with little increase in
human effort. We also discuss the intrinsic connection between EM-type algorithms and
the Gibbs sampler, and the possibility of using the techniques presented here to speed up
the latter. The main conclusion of the paper is that, with the help of statistical con-
siderations, it is possible to construct algorithms that are simple, stable and fast.
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1. PROLOGUE: HISTORY AND POPULARITY

1.1. Who First Developed the EM Algorithm?

With the ever growing popularity of the EM algorithm, especially with its various
deterministic and stochastic extensions (e.g. the data augmentation algorithm of
Tanner and Wong (1987)), those of us who do research in this area find ourselves
being asked more frequently the question who first developed the EM algorithm?
Although it is easy for us to direct the inquirer to Dempster et al. (1977) where the
term EM appeared for the first time, the question is really not easy to answer. In fact,
the issue of the origin of the EM method was raised by several discussants of
Dempster et al. (1977). For example, Hartley opened his contribution with

‘I felt like the old minstrel who has been singing his song for 18 years and now finds, with
considerable satisfaction, that his folklore is the theme of an overpowering symphony’.
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Hartley’s ‘folk-song’ analogy is indeed appropriate for describing the development of
this powerful method. Just as a folk-song typically evolves many years before its tune
is well recognized, various EM-type methods or ideas which precede Dempster et al.
(1977), and in fact precede Hartley (1958) by many years, can be found in the
literature. For instance, the earliest piece of the EM score traced by Dempster et al.
(1977) is McKendrick (1926). If we are willing to make a broader connection, then a
key identity underlying the EM algorithm can be traced back, as with many other
popular statistical methods (e.g. the bootstrap), to the work of Fisher (i.e. Fisher
(1925)), as pointed out by Efron in his discussion of Dempster et al. (1977).

The folk-song analogy is also accurate in the sense that it signifies the collective
effort in developing the EM algorithm. Indeed, a couple of dozen individuals were
credited by Dempster et al. (1977) for contributing to one degree or another, some
with new verses and some with remakes. Among them, Baum et al. (1970) is perhaps
the most sophisticated — we still cannot sing it without first warming up with the
version of Dempster et al. (1977). This is not a criticism of Baum et al. (1970), who
might have been required by their publisher to adopt such a compact version, but
merely a remark attempting to explain why their version, which had the key notes as
did Dempster et al. (1977), did not become the hit that Dempster et al. (1977) did
seven years later. Combining Baum et al. (1970) with Sundberg (1974, 1976), which
were based on the author’s thesis at Stockholm University (Sundberg, 1972), perhaps
would have caught more attention. Sundberg not only provided an easily accessible
rendition of the theory underlying the EM algorithm when the complete data are
from an exponential family (where the algorithm is most useful) but also illustrated
the iterative method with several examples. What was missing in Sundberg’s ver-
sion was an explicit result on the monotone convergence in likelihood, a celebrated
feature of the EM algorithm, which was proved in Baum et al. (1970). As a further
note on the difficulties in answering the question of the origin of the EM algorithm,
Sundberg (1976) acknowledged that his key ‘iteration mapping’, which corresponds
to the EM mapping defined by Dempster et al. (1977), was suggested by A. Martin-
L6f in a personal communication.

Although we shall perhaps never be able to find out who really sang the first
musical note of the EM algorithm, we all agree that it was Dempster ef al. (1977) who
brought it into the all-time top 10 of statistics (see Stigler (1994)). They made (at
least) two contributions that popularized the song. First, they gave it an informative
title identifying the key stanzas—the expectation step and the maximization step.
Second, they demonstrated how it can be sung at many different occasions, some of
which had not previously been thought to be related to the EM algorithm (e.g.
viewing latent variables as missing data). Since then, we all have sung or heard it
being sung many times, sometimes with abusive or even unbearable tones.

1.2. EM: A Bibliographical Review with Missing Articles

This section shares its title with Meng and Pedlow (1992), who conducted a
bibliographical search of EM-related papers (using their definition) in statistical and
non-statistical literatures. This turned out to be an essentially hopeless task, not only
because of the ever increasing number of EM papers (see Fig. 1), but also because
many papers applied the EM method without citing any reference or listing it in the
keywords, much like when we use a Taylor series expansion or the Newton-Raphson
algorithm.
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Fig. 1. Annual number of EM-related articles (- ) and the number of papers that cited Dempster
etal. (1977) (- - - -): the data are from Meng and Pedlow’s preliminary EM bibliography (available on
request) and were reported in Meng and Pedlow (1992); they noted that the decrease after 1989 should
not be interpreted as a real decline, because the number of ‘missing articles’ increases over the years, and
because there is a ‘reporting delay’ in the seven citation sources that they used for the search (for
example, the 1991 Current Index to Statistics was not available at the time that the bibliography was
prepared)

Nevertheless, even with many missing articles, Meng and Pedlow (1992) found
over 1000 EM-related articles appearing in almost 300 journals, about 85% of which
are non-statistical, the majority of which many statisticians never consult. Meng and
Pedlow (1992) also reported the 12 journals that have published the most EM-related
papers from 1977 to 1991, according to their preliminary EM bibliography (Table 1).
As Meng and Pedlow (1992) noted, it is not surprising that the list includes the most
popular statistical journals, with the one exception of The Annals of Statistics,
indicating the applied nature of the EM algorithm. The appearance of the Journal of
Dairy Science in the fourth place, even before Series B of the Journal of the Royal
Statistical Society, was unexpected and was mainly due to a series of articles on
modelling animal breeding data via variance components models.

TABLE 1

Top 12 from Meng and Pedlow’s (1992) preliminary EM bibliography

Journal No. of papers
1. Journal of the American Statistical Association 82
2. Biometrics 68
3. Psychometrika 38
4. Journal of Dairy Science 29
S. Journal of the Royal Statistical Society, Series B 27
6. Communications in Statistics A: Theory and Methods 26
7. Biometrika 25
8. IEEE Transactions on Signal Processing 24
9. IEEE Transactions on Nuclear Science 21
10. Applied Statistics 21
11. Technometrics 20
12. IEEE Transactions on Medical Imaging 19
Total 400
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There is no attempt here to update Meng and Pedlow’s (1992) findings or to review
the background of the algorithm. Instead, we refer readers to Vardi and Lee (1993),
Lange (1995a, b) and the special theme topic in Statistica Sinica (volume 5, number
1, 1995) entitled ‘EM and related algorithms’ and the references therein for recent
work on the application and theory of EM-type algorithms. Our purpose here is to
show promising ways of tackling the most often voiced complaint about the algo-
rithm, namely its slow convergence. The popularity of the EM algorithm stems from
its simplicity and stability, both of which save human time. Our new tune centres on
making it fast, measured in computational time, while maintaining its simplicity and
stability. Our main methodological contribution (Section 2) is the introduction of the
‘working parameter’ approach to search for efficient data augmentation schemes to
construct fast EM-type algorithms. Our main theoretical contribution (Section 3) is
the formulation of the alternating expectation—conditional maximization (AECM)
algorithm, which unifies several recent extensions of the EM algorithm that effec-
tively combine data augmentation with model reduction. We present two examples,
the z-model and the Poisson model for image reconstruction, to illustrate our
methods and to show the potentially dramatic reduction in computing time with little
increase in human effort. A third important application to the mixed effects model is
presented in Meng and van Dyk (1997). We conclude with a discussion of the
potential application of these methods to stochastic extensions of EM-type
algorithms such as the Gibbs sampler.

2. AUGMENTING DATA EFFICIENTLY TO SPEED UP EM ALGORITHM

2.1. Speeding up EM Algorithm with Little Sacrifice

Although the principal reasons for the popularity of the EM algorithm are its easy
implementation and stable convergence, various attempts have been made to speed it
up since it can converge quite slowly in some applications. Methods proposed to
speed up the algorithm include the use of Aitkin acceleration (e.g. Dempster et al.
(1976) and Louis (1982)), combining it with Newton—Raphson-type algorithms (e.g.
Lange (1995b)) or with conjugate gradient methods (e.g. Jamshidian and Jennrich
(1993)), etc. A practically undesirable feature of these accelerations is that the savings
in computer time are achieved typically at the expense of a larger human investment
for general users. This is because these methods require not only more numerically
complex implementations but also more careful monitoring (partially due to the lack
of automatic monotone convergence), and even with such care the algorithms may
not converge properly (e.g. Lansky and Casella (1990)). However, there is a way of
improving the speed of the EM algorithm without much sacrifice of its simplicity or
stability. Since the rate of convergence of the algorithm is determined by the fraction
of missing information, the data augmentation scheme (i.e. defining the so-called
complete data space) that one uses for constructing the augmented data likelihood
(or posterior) determines the speed of the algorithm. It has been well recognized since
Dempster et al. (1977) that, by augmenting less, one can develop a faster algorithm,
but a common trade-off is that the resulting M-step and/or E-step may be more
difficult to implement. If the M-step and E-step resulting from less augmentation are
equally simple (or slightly less simple but the gain in speed is relatively substantial),
then there is little reason not to use the faster EM algorithm. This, for example,
motivated the expectation—conditional maximization either (ECME) algorithm (Liu
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and Rubin, 1994) and the space alternating generalized EM (SAGE) algorithm
(Fessler and Hero, 1994), both of which will be discussed in Section 3.

In this section we present an approach that uses this idea for accelerating the EM
algorithm by searching for an efficient data augmentation scheme. By ‘efficient’ we
mean less augmentation while maintaining the simplicity and stability of the EM
algorithm. Our key idea is to introduce a working parameter, which is not in the
underlying problem, to index a class of possible data augmentation schemes to
facilitate our search. We illustrate our approach using multivariate z-models with
known: degrees of freedom. In Section 3 we shall use this approach in conjunction
with the AECM algorithm to construct an efficient algorithm for z-models with
unknown degrees of freedom and for image reconstruction under the Poisson model.

2.2. An Optimal EM Algorithm for t-model with Known Degrees of Freedom

The multivariate (including univariate) ¢-distribution is a common model for
statistical analysis, especially for robust estimation (e.g. Lange et al. (1989)). Here we
let t,(u, X, v) denote a p-dimensional ¢-variable with known degrees of freedom v,
and the density

fxlp, Z) o BTy + (x — p)' S e — )y ¢ x eR.

Fitting this model to a data set Yops = (31, . . ., ¥») typically requires maximizing the
likelihood function IT; £, (yi|u, X), which is known to have no general closed form
solution. The standard EM algorithm for this problem uses a data augmentation
scheme based on the following well-known representation:

L=t =, v)=pn+ 222/ /g, Z ~ Ny(0, 1), q~xi/v Zlg,
2.1)

with I, the p-dimensional identity matrix and ‘L’ indicating independence. Now
assume that y;, i =1, . . ., n, are independent and identically distributed realizations
of this #,. Since ¢, follows N,(u, £/g) conditionally on g, if we further assume that the
g, i=1, ..., n, were observed, i.e. Yoo ={(3i, ¢:), i =1, . . ., n} are our augmented
data, finding the maximum likelihood estimate (MLE) of 6 = (u, X) follows directly
from the well-known weighted least squares procedure (see equations (2.3) and (2.4)
below), which provides a simple M-step. The E-step finds the expectation of the log-
likelihood function of € based on the augmented data Y,,, conditionally on Y, and
6® from the rth iteration of the EM algorithm. (We follow the convention of using ¢
to index the iteration. This should not be confused with the z-variable or -model.)
Since this log-likelihood is linear in the ‘missing’ data (qi, . . ., ¢»), the E-step
amounts to calculating

v+p

1
wi™ = Egly, u®, 0) = +d
v i

i=1,...,n, 2.2)

where d* = (y; — ) () (y; — p®). Consequently, the standard EM algorithm
calculates the (¢ + 1)th iterate as
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where w§t+1) is calculated in equation (2.2). The algorithm then iterates between

equations (2.2)—(2.4) until it converges.

Now let us consider a more general data augmentation scheme b2y multiplying both
the numerator and the denominator in equation (2.1) by |X|™/?, with a being an
arbitrary constant, which results in

|E|_a/221/22

~ ~ —-a, 2
T ZNOL). d@~ BTG/ Z L),

L, B, v) =p+
(2.5)

In other words, we move a portion of the scale factor (this is more transparent for the
univariate case, p = 1) into the missing data g(a), where the argument a highlights the
fact that its distribution now depends on the working parameter a. Note that the
standard augmentation scheme (2.1) corresponds to a = 0 (i.e. g(0) = q). Although
expression (2.5) is mathematically equivalent to expression (2.1), it provides a
different data augmentation scheme because when g(a) is assumed to be known it also
contributes to the estimation of X. In other words, what expression (2.5) accom-
plishes is to ‘transform’ part of the M-step into the E-step (or vice versa). For each
given a, we can proceed as before to derive the corresponding EM algorithm (which
may not be easy to implement) and its rate of convergence as a function of a
by treating Yau(a) = {(yi, gi(a)), i=1, ..., n} as the augmented data. In Section
2.4, we shall show that the optimal a that maximizes the speed of the algorithm
is aopt = 1/(v +p), a result that is neither obvious nor intuitive (at least to us).
Amazingly, the corresponding optimal EM algorithm is not only very easy to
implement but also only differs from the standard algorithm (2.2)—(2.4) by a trivial
modification, i.e. by replacing the denominator » in equation (2.4) with the sum of
the weights (which has already been calculated for equation (2.3)):

25;;1) _ Z w§'+1)(}/i — Yy, — “(t+1))T/ z s (2.6)

This replacement does not change the limit, because %; wS’H) — nast— oo. This
fact was proved by Kent et al. (1994), who used it to construct a modified EM
algorithm for fitting z~-models and reported that the modified EM algorithm is faster
than the standard EM algorithm. It turns out that the optimal EM algorithm given
by equations (2.2), (2.3) and (2.6) is identical with their modified EM algorithm, and
thus we know not only that their modified EM algorithm has all the properties of the
EM algorithm (e.g. monotone convergence in likelihood) but also that it converges
faster than the standard algorithm for any z-model being fitted to any data set.
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2.3. Simulation Studies
To explore the actual gains in computational time of the optimal EM algorithm we
conducted several simulations. We first generated 100 observations from each of
three distributions:

(a) N(O,1),
(b) (0, 1, v =1) (i.e. standard Cauchy) and
(c) a mixture of two-thirds N(0, 1) and one-third exponential with mean 3.

We then fitted #;(u, X, v) with v = 1 and v = 5 to each data set using both the stan-
dard and the optimal EM algorithms. Such simulation configurations are intended to
reflect the fact that, in reality, there is no guarantee that the data are from a -model
or even from a symmetric model. We started both algorithms with the same con-
venient initial values, u® = 7 and

5© :%Z i =P =)'

(since the variance is not defined for v < 2, we use this scalar multiple). We also
recorded Ngq and Ny, the number of iterations required by the standard and
optimal algorithms respectively, for achieving ||6“) — 6“~V|2/116“"P||* < 107", where
0 = (u, X). The simulation was repeated 1000 times and the results appear in Fig. 2.
(Comparing only the number of iterations is often misleading because different
algorithms may take more or less time to complete each iteration; see Table 4 of
Section 3.4. In the current case, however, the standard and optimal algorithms
clearly require the same amount of computation per iteration.) In all 6000 cases the
optimal algorithm was faster than the standard EM algorithm. Generally the
improvement was quite significant. In 5997 cases the improvement was greater than
10% and often reached as high as 50% when the Cauchy model (v = 1) was fitted.
Similar empirical evidence is also reported in Arslan et al. (1995), using a different
convergence criterion. They also provided a quantitative theoretical comparison of
the rates of convergence to demonstrate the superiority of the optimal EM algorithm.

A second simulation was run to investigate the improvement in higher dimensions.
We fitted a 10-dimensional Cauchy model to 100 observations generated from ¢;4(0,
V, v=1), where V' > 0 was randomly selected at the outset of the simulation as a
non-diagonal matrix. Using the same starting values and convergence criterion, Nyq
and N,y were again computed for 1000 data sets. Fig. 3 is a scatterplot of (N, Nopt)
with the improvement Nyq/Nop represented by the broken lines. The improvement of
the optimal EM algorithm is dramatic. The standard EM algorithm took at least 6.5
times longer and usually took between 8 and 10 times longer. Comparing this result
with the first simulation, we see that the improvement seems to be much more
pronounced in higher dimensional problems. We note that when the EM algorithm is
slowest and improvement is most useful the gains demonstrated by the optimal
algorithm are most striking. It is truly remarkable thatsuch striking gains are
obtained without any increase in computation, a true ‘free lunch’!

To understand the source of improvement better, Fig. 4 depicts the iterates of the
standard and optimal algorithms on the log-likelihood surface for one of the Cauchy
data sets generated in the univariate simulation. It is clear that the optimal algorithm
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Fig. 2. Percentage improvement of the optimal EM algorithm over the standard EM algorithm for the
univariate t-model (each histogram represents 1000 simulated data sets from one of three models to
which one of the two z-models was fitted with both the standard and the optimal algorithms; the histo-
grams show the relative improvement in iterations required for convergence (% improvement
= 100(Nga — Nopt)/N«a)): (2) t-model fitted with v = 1, true data model normal; (b) -model fitted with
v =1, true data model Cauchy; (c) t-model fitted with v = 1, true data model, mixture; (d) -model
fitted with v = 5, true data model normal; (¢) -model fitted with » = 5, true data model Cauchy; (f) 7-
model fitted with v = 5, true data model, mixture

takes much larger increments in the log-likelihood value, especially during the early
iterations. The difference between the two algorithms stems from the expected
augmented data log-likelihoods, Q(616*) = E[L(6|Yaug)| Yobs, 8*], which result from
the two augmentation schemes. This difference is depicted in Fig. 5 for the same data
set used in Fig. 4. From Fig. 5, we see that Q(6|6*) resulting from the optimal data
augmentation is flatter than Q(0|6*) resulting from the standard data augmentation
and, hence, approximates L(6] Yobs) better. As we show in the following section, this
degree of approximation can be ordered using the (observed) Fisher information,
which measures the curvature of the log-likelihood surface around the mode.

2.4. Theoretical Derivations
In general when constructing an EM algorithm any Y,,, is a legitimate data
augmentation as long as Yous = M(Yay,) for some (many-to-one) mapping M.
Suppose that we have a class of augmentations, Y,,(a), indexed by a working
parameter contained in a set .4, such that Y,,,(a) is a legitimate data augmentation
for each a € A. Our goal here is to determine values of a that result in algorithms that
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Fig. 3. Improvement of the optimal EM algorithm over the standard algorithm when fitting #0(u, =,
v = 1): the plot shows the number of iterations required for the standard EM algorithm, N4, and for
the optimal EM algorithm, Ny, for each of 1000 simulated 10-variate Cauchy data sets (the points have
been jittered using a U(—0.2, 0.2) distribution)

Fig. 4. Comparing the optimal and standard iterative mappings: the figure shows the mappings
induced on L(f| Yobs) by the standard (+) and the optimal (0) algorithm for a one-dimensional Cauchy
data set fitted with v = 1, starting from the same 6© (not shown); notice how much larger the
increments in the log-likelihood values are with the optimal algorithm

are both quick to converge and easy to implement.” The question of ease of
implementation must be considered case by case, so here we confine our attention to
the rate of convergence of the EM algorithm as a function of a. From Dempster et al.
(1977) we know that the matrix rate of the EM algorithm is given by (assuming that
the limit of the EM sequence is an interior point)
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Fig. 5. Comparing the log-likelihoods: the plot shows L(0|Yobs), as well as E[L(6] Yaug)| Yors, 0*] for
both the standard and the optimal augmentations (each adjusted by their maximum value for
comparison); notice that the optimal augmentation results in a flatter log-likelihood that better
approximates L(6| Yobs)

DM™(q) = I — Iy, Ik (@),

where [ is the identity matrix,

&"[log f{Yaue(@)16}]
Iaug(a) =E [— 90007 YObS’ 0] hp (2-7)
is the expected augmented information and
azL(Hl Yobs)
Iobs - 6080T o (28)

is the observed information matrix, which is positive semidefinite when 6* is a (local)
MLE. The largest eigenvalue of DM®™(a), denoted by r(a), is known as the (global)
rate of convergence of the EM algorithm (e.g. Meng and Rubin (1994)). Since large
values of r(a) result in slower algorithms, Meng (1994) defined s(a) = 1 — r(a) as the
global speed of the algorithm. Note that s(a) is the smallest eigenvalue of the speed
matrix SEM(a) = Lops Iaﬂlg (a).

Therefore, our goal here is to make s(a) as large as possible as a function of a.
Since I,y is independent of the data augmentation scheme, it is enough to search for
a small I,,,(a) in the sense of a positive semidefinite ordering, as proved in the
following theorem. The same ordering was used by Fessler and Hero (1994) for the
SAGE algorithm.
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Theorem 1. If Lyg(a) = Lug(d), i.e. Lug(a) — Lug(a) is positive semidefinite, then
s(a) < s(d).
1/2 1/2

Proof. If Lps > 0, then s(a) is the smallest eigenvalue of B(a) = I, It (@) I . But
Lug(@) > Lug(d) implies B(a) < B(d') (e.g. Horn and Johnson (1985), p. 470), and
thus the result follows trivially from the Courant-Fischer representation: s(a) =
mingro—1 {6 B(a)b}. If |Lovs| = 0, then s(a) = s(d) = 0. O

We now apply theorem 1 to show that replacing equation (2.4) with equation (2.6)
results in the optimal algorithm in the class defined by equation (2.5). For a fixed a,
the log-likelihood for (u, X) based on Yaug(a) is

L(k, | Yaug(@) = 5 {alp +1) — 1} log ||

1
=312 4@+ Gy = @ =G )+ EETS) - 29)

where
Fw = Z gi(@)y: / Z g:(a),
Sy = ¢@¥i =7y = ) / Z q:(a)-

i

(2.10)

It follows immediately that the MLE given Y,,(a) for p is y,. To obtain the MLE of
¥, we differentiate equation (2.9) with respect to the elements of ¥ = »~!, which
yields the following score equation (a detailed derivation is given in van Dyk (1995)):

2 L, DY) =~ 2 alp )= 1) DD) — 212 TG~ G — i +D(S)
+ 2@/ W + G — W =G — )+ 1(E7'8,)) D(Z) =0,
@.11)

where g(a) = Zi_, qi(a)/n and D(4) = 24 — diag(4), i.e. D(4) doubles all the ele-
ments of 4 except the diagonal ones. Evaluating equation (2.11) at the MLE of
1 = ¥, and replacing D(X) with £ and D(S,,) with S,,, since we may find the root of
equation (2.11) element by element, we see that the MLE of X satisfies

ap+v)—1
12| g(a)

Solving equation (2.12) with arbitrary a is quite difficult if not impossible, but there
are two values of a that make it trivial to solve. One is a = 0, corresponding to the
standard augmentation scheme, which yields £ = g(0)S,, and thus equation (2.4).
The other is aopt = 1/(v + p), with which the first term on the left-hand side of
equation (2.12) is 0, and thus the solution ¥ must be proportional to S,,. It is then
easy to verify that the proportionality constant must be 1, and therefore the MLE of
¥ is S, which leads to the corresponding M-step in equation (2.6). It is arguably a
miracle that equation (2.12) can be solved analytically for the optimal a, but for

T+ 8, =a{v+tr(=7'S,)) . (2.12)
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(almost) no other a. It is also remarkable that the optimal a does not depend on the
particular data set. We believe that these findings are not coincidental, although we
are still searching for a simple explanation.

To show that a., indeed yields the best possible rate of convergence under the
augmentation scheme (2.5), we apply theorem 1 and need to verify only that Lug(a)
2 Lug(aopt) for all a. Using techniques similar to those used to derive equation (2.11),
one can verify that

1 2
Iaug(a) - Iaug(aopt) = (V +p) (a — m) Cn for any a,

where

nf0 0
Cn—_2_<0 CCT),

¢ = vec{D(Z*)}, vec(4) stacks a dx d symmetric matrix 4 into a d(d+1)/2-
dimensional vector row by row without duplicating the off-diagonal elements and
T* is the MLE of Z. It follows immediately that a,, = 1/(v + p) minimizes the
augmented information since C, does not depend on a. With the note that the E-step
for the optimal EM algorithm only differs from the standard E-step of equation 2.2)
by a scale factor that is independent of i and, thus, is irrelevant for equations (2.3)
and (2.6), this completes our proof that replacing equation (2.4) by equation (2.6)
results in a uniformly faster EM algorithm regardless of v, p or Yous.

In this derivation, we could order I,.5(a) with the positive semidefinite ordering, in
which case it defines an ordering of the data augmentation schemes. When Lyg(a) =
Lg(a'), we may say that the augmentation Y,.,(a’) is nested in Yaug(a). In such cases,
when we write I — DM™(g) = S®M(q) as

S™M(@) = {Lovs Lug(@)} {ag(@) Iui(@)} = S™M(d) R(d, a), (2.13)

we can view R(d, a) as the speed of an EM algorithm with ‘observed data’ Y,,,(«)
and augmented data Y,,(a). Of course, two augmentations need not be nested (i.e.
Lg(a) — Lug(a’) may be neither positive nor negative semidefinite). In such cases
R(d, a) = Lug(d) Iug(a) can be viewed as the relative augmented information.
Intuitively, if R(d, a) is ‘small’, Yaue(a) will result in a faster algorithm than Y,,.(a)
will, and, if it is large, the opposite will be true. When the augmentations are not
nested, theorem 1 does not apply but R(a’, a) is still useful for searching for efficient
algorithms; see Meng and van Dyk (1997) for a detailed illustration with the mixed
effects model.

3. ALTERNATING EXPECTATION-CONDITIONAL MAXIMIZATION
ALGORITHM

3.1. Data Augmentation and Model Reduction
Data augmentation is the key idea underlying the EM algorithm, and in this
section we shall show its power in constructing efficient algorithms when coupled
with model reduction. We recall that the EM algorithm augments the observed data
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Yobs to the larger Y,.,. Starting with an initial value 6® € @, it then finds 6*, a
stationary point of L(f]Y,s), by iterating the following two steps (¢ =0, 1, .. .):

E-step—impute the augmented data log-likelihood L(f|Y..,) by

Q(elo(’)) = EIL(ol Yaug)l Yobs’ 0(1)]; (31)
M-step— determine §“™" by maximizing the imputed log-likelihood Q(6]6“),
06“t16“) > (616", for all 6 € ©. (3.2

The idea is to select Y, so that 6*" is easy to compute, thereby providing a simple,
stable, though sometimes slow, algorithm.

Although the notion of data augmentation is appealing to statisticians, it is some-
times mysterious to others who are puzzled by the notion of using ‘data’ that one
does not have. For some, a more familiar approach for fitting a complicated model is
to break it into several smaller models, i.e. instead of augmenting the data to ‘match’
the model we can reduce the model to ‘match’ the data. For example, we may be able
to find a partition § = (;, ¥,) such that L(f|Y,s) is easy to maximize for ¥, given
¥, and vice versa. In such cases, we can iterate between these two conditional (or
constrained) maximizations until convergence to maximize L(0|Y,bs). This model
reduction method is well known in the optimization literature as the cyclic co-
ordinate ascent method (e.g. Zangwill (1969)) and can also be viewed as the Gauss—
Seidel method applied in an appropriate order to the score equations. It turns out
that simple partitions of # are not enough for certain statistical models (e.g. log-linear
models for contingency tables) to achieve simple conditional maximizations (CMs),
and thus Meng and Rubin (1993) studied more general model reduction strategies by
introducing a set of S > 1 (vector) constraint functions G = {g;(#), s=1, ..., S}
that are ‘space filling’, a condition that ensures that the entire parameter space be
searched after the completion of the S CMs defined by G. Specifically, at each
iteration of this CM-algorithm, we carry out the following S CM-steps in turn for
s=1,...,8:

sth CM-step —determine 8“**/ by maximizing the constrained observed data log-
likelihood

L9 Yops) = L(8] Yobs), for all 6 € O = {9 € ©: g,(6) = g9}
(3.3)
The next iterate is then defined as §¢+" = §¢+5/9)
The main purpose of Meng and Rubin (1993) was to demonstrate the benefit of
combining data augmentation and model reduction by introducing the expectation—

conditional maximization (ECM) algorithm, which replaces the original M-step of
the EM algorithm by a set of CM-steps analogous to step (3.3):

sth CM-step—determine 8“**/9 by maximizing the constrained imputed log-
likelihood

Q0“+'9169) > 0(616"), for all 6 € O = {6 € ©: g,(9) = g,(B*“+*"V/M)).
(3.4)



524 MENG AND van DYK [No. 3,

The rationale for this replacement is that in some applications of the EM algorithm
the M-step requires iteration but with an appropriately chosen G all the CM-steps
defined by expression (3.4) can have analytic solutions or are at least much simpler to
implement than the original M-step. Meng and Rubin (1993) gave three examples to
illustrate this point and also proved that the ECM algorithm retains the stable con-
vergence properties of the EM algorithm, in particular the monotone convergence
of the likelihood values. In addition, they defined the multicycle ECM (MCECM)
algorithm, which inserts an E-step before some of the CM-steps. The hope is that by
updating the imputed log-likelihood more often one can achieve faster convergence
(surprisingly, although the MCECM algorithm always involves more computation
per iteration than the corresponding ECM algorithm, the former does not necessarily
have a faster rate of convergence; see Meng (1994) for a counter-example).

A trade-off of the ECM algorithm, when compared with the EM algorithm, is that
it usually converges more slowly in terms of the global speed of convergence defined
in Section 2.4 (surprisingly, again, this is not always the case; see Meng (1994)). We
emphasize that this does not necessarily imply that the ECM algorithm takes longer
to converge in real time since the actual time taken for running the M-step and the
CM-steps is not taken into account in the calculation of the speed of convergence
and can be quite different, especially if the M-step requires iteration. An even more
relevant comparison for individual users should also include the human investment
for implementing the algorithms; after all, it is this comparison that makes the EM
algorithm more popular for statisticians in some settings than, say, Newton—
Raphson iteration. Having said this, however, it is obviously desirable to speed up an
algorithm if we can with little increase in human effort; Section 2 showed that this is
possible even for a popular algorithm. Two recent generalizations of the ECM
algorithm, the ECME algorithm (Liu and Rubin, 1994) and the SAGE algorithm
(Fessler and Hero, 1994) also represent such efforts.

Specifically, Liu and Rubin (1994) recognized that in some applications of the
ECM algorithm the implementation of some of the CM-steps requires similar com-
putations for maximizing the observed data log-likelihood and for maximizing the
expected augmented data log-likelihood under the same constraint (i.e. similar
computation for step (3.3) and for step (3.4)). In such cases, one is tempted to
perform step (3.3) rather than step (3.4), as the former operates on the actual log-
likelihood (i.e. no augmentation) and thus should lead to faster convergence. Liu and
Rubin (1994, 1995) provided numerical examples to demonstrate the gain in central
processor unit (CPU) time, sometimes by a factor of 10, which resulted from this
modification. They thus defined the ECME algorithm whose CM-steps maximize
either the imputed log-likelihood (i.e. Q(0]6“)) or the actual log-likelihood (i.e.
L(el Yobs))-

Fessler and Hero (1994) developed SAGE without knowledge of the ECM or
ECME algorithms and motivated their algorithm from a different perspective from
that of Meng and Rubin (1993). As we have discussed, the ECM algorithm starts
with EM and then incorporates model reduction (i.e. CM) into the M-step to
simplify the computation. In contrast, SAGE starts with the CM algorithm (i.e.
break the problem into several smaller problems by conditioning sequentially on a
subset of the parameters) and then uses data augmentation (i.e. EM) to simplify the
computation of each reduced problem, which may still have no analytic solution.
Because each of the reduced problems considers the likelihood as a function of a
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different subset of the parameters, it is natural to use a different data augmentation
scheme for each of the corresponding EM algorithms. In some settings, this attempt
to simplify computations also turns out to be very useful for speeding up the algo-
rithm, because the amount of data augmentation needed for each of the smaller
problems can be less than that needed for the original big problem.

Our purpose here is to provide a general framework that combines the ECM and
SAGE algorithms. The AECM algorithm, defined in Section 3.2, allows the data
augmentation scheme to vary within and between iterations, a key ingredient of
SAGE, and allows the model reduction strategy to go beyond a simple partition of
the parameters, a key feature of the ECM algorithm. After presenting theoretical
results on the AECM algorithm in Section 3.3, we introduce in Section 3.4 an AECM
algorithm for fitting the #~-model with unknown degrees of freedom. In Section 3.5,
we illustrate the use of working parameters together with the AECM algorithm for
image reconstruction with the Poisson model.

3.2. Alternating Expectation—Conditional Maximization Algorithm
To present our algorithm in its most general form, we need to extend and
standardize the indexing system that has been commonly used in the EM literature.
Specifically, we need to develop the notion of a ‘cycle’ in between a ‘step’ and an
‘iteration’.

Definition 1. A cycle consists of an E-step followed by an ordered set of CM-steps,
the last of which will be followed immediately by a new E-step (which is itself the
beginning of the next cycle). An iteration consists of one or more cycles.

For example, in the ECM algorithm, an iteration is the same as a cycle, but for the
MCECM algorithm an iteration consists of multiple cycles (hence its name). In what
follows, we use ¢, ¢ and s to index iteration, cycle and step respectively, as illustrated
in the following scheme:

E-step, {sth CM-step, s = 1,..., 8%} ..., E-step, {sth CM-step, s = 1,..., S}

(¢ + 1)th cycle (c+1)th cycle

tth iteration
The flexibility of our general algorithm comes from allowing the data augmentation
scheme, as well as the set of constraint functions, to depend on the cycle index. At the
(¢ + Dth cycle, we first 1choose the augmented data Y[¢t! and the set of constraining
functions Gt = (g¥*9), s=1, ..., S“*1}. The (c+ 1)th cycle of the AECM
algorithm then consists of
E-step— compute Q010 = E[L(6] YEE"™)| Yobs, 0]

and St CM-steps

sth CM-step (s = 1, . . ., SN calculate 8+/S“"") such that
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Qe (glets/S M| glddy > gl (g gl

for all € OF = {9 € ©: g(@) = gl (gl (3.5)
The output of the (¢ + 1)th cycle is then deﬁned as 0[““5[‘“]/ S _ gletn]
It is clear that without restrictions on G {g ,s=1, , S} there is no

reason to hope that the AECM algorithm will converge properly The condition
needed here is the space filling condition which Meng and Rubin (1993) used for the
ECM algorithm. Intuitively, this condition requires that, after a set of constrained
maximizations we will have searched in all directions (radiating from a particular
%m) of the parameter ss)ace Mathematically, the space filling condition holds for
S} at a particular §' € © if and only if (see Meng and Rubin

(1993))

sl
N 7@ = o), where (@) = (Vel@)x: A eRY)  (3.6)

s=1

is the column space of the gradient (denoted by V)] of the d-dimensional vector
function gs (0 ), Vg s (0 ". (We always assume that g5~ () is differentiable and Vgs (9)
is of full rank at each 6 € ©,, the interior of @ to avoid unnecessary technical
complications.) For the ECM algorithm, each iteration consists of one cycle, and G
does not depend on the cycle index. Thus, it was sufficient in Meng and Rubin (1993)
only to consider constraint (3.6) for one cycle. With the AECM algorithm, however,
it is possible that the space filling condition will not hold for every cycle, i.e. it may be
useful (for the efficiency of the algorithm) to allow the space filling condition to be
satisfied only after several cycles (e.g. as in Fessler and Hero (1994)). More precisely,
in contrast with constraint (3.6), we may now only require

a S 1G]

N N 7#9@) =10}, (3.7)

c=c s=1

where ¢; and ¢, are two generic indices. To facilitate proper monitoring of con-
vergence (see Meng and van Dyk (1995)), we define an iteration of the AECM
algorithm as the smallest set of consecutive cycles such that constraint (3.7) holds,
instead of defining cycles as iterations. More precisely, using parentheses to index
iteration and square brackets to index cycle, we define an AECM iteration sequence
{6, t > 0} as a subsequence of the sequence generated by the output of each cycle
(0, ¢ > 0} such that §°+D = gl if

ar SH cr—1 8
) 7@ =10, but () ()7 {0}, (3.8)
c=c+1 s=1 c=c+1 s=1

In other words, we consider a set of consecutive cycles to form an iteration of the
AECM algorithm if and only if the last cycle of the set has completed the search of
the parameter space, starting from the previous iteration (not cycle) output, in the
sense of completing the space filling requirement. Since the cycles are time ordered,
there is a unique sequence {c,; ¢ > 0} that defines the iteration sequence; obviously we



