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SUMMARY

In two recent papers, Granger and Ding (1995a,b) considered long return series that are first differences of
logarithmed price series or price indices. They established a set of temporal and distributional properties for
such series and suggested that the returns are well characterized by the double exponential distribution. The
present paper shows that a mixture of normal variables with zero mean can generate series with most of
the properties Granger and Ding singled out. In that case, the temporal higher-order dependence observed
in return series may be described by a hidden Markov model. Such a model is estimated for ten subseries
of the well-known S&P 500 return series of about 17,000 daily observations. It reproduces the stylized
facts of Granger and Ding quite well, but the parameter estimates of the model sometimes vary con-
siderably from one subseries to the next. The implications of these results are discussed. © 1998 John Wiley
& Sons, Ltd.

1. INTRODUCTION

In two recent papers, Granger and Ding (1995a,b) considered long return series which are first
differences of logarithmed price series. They established a few properties or stylized facts which
seemed to hold for a large number of such series. The series were either daily observations or
single transactions data. They also suggested a stochastic model that would generate series with
such properties. Some of the properties were temporal, some other distributional. The temporal
properties are as follows:

TP1: Returns r, are not autocorrelated (except possibly at lag one).

TP2: The autocorrelation functions of |r,| and r,2 decay slowly starting from the first auto-
correlation, and corr(|r,|, |r,_,|) > corr(r?, r*_;). The decay is much slower than the
exponential rate of a stationary AR(1) or ARMAC(1, ¢q) model. The autocorrelations
remain positive for very long lags.

TP3: corr(|r,|, |r,_;|) > corr(| r,l", Ir,_; 19, 0 # 1. Autocorrelations of powers of absolute
return are highest at power one. This effect is called the Taylor effect.

TP4: The observed autocorrelations of sign(r,) are insignificant.
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The distributional properties are as follows:

DP1: |r,| and sign(r,) are independent.
DP2: |r,| has the same mean and standard deviation.
DP3: The marginal distribution for |r,| is exponential (after outlier reduction).

An exponentially distributed stochastic variable x, has the following properties:

PEDI1: E(x,) = ,/Var(x,); see DP2.
PED2: E[x, — Ex,*/(Var(x))*? =2.
PED3: E[x, — E(x)]*/(Var(x,))*=9.

Although TP1 holds, the return series contain higher-order dependence. Granger and Ding
(1995b) (henceforth abbreviated GD) considered the following model for the returns: r, =eh,
where {e,} is a sequence of i.i.d. double exponential variables with mean zero and unit variance.
Furthermore, #, is an ARCH-type term in that it is a function of |e,_,|, k=1,..., g; see also
Ding, Granger, and Engle (1993), Granger and Ding (1995a), and Ding and Granger (1996).
According to GD, a part of the idea was to model the distinctive shape of the return distribution
near its centre and not just concentrate on the tails. A somewhat related paper discussing
unconditional distributions for asset returns is Mittnik and Rachev (1993). These authors studied
the usefulness of various stable distributions in modelling returns which they assumed indepen-
dent. Of the alternative distributions they fitted to five years of S&P 500 daily returns in 1982—6
the Weibull distribution gave the best fit.

In this paper we present an alternative to the distribution theory of GD and discuss its
properties in the light of an empirical example. Our starting point is the assumption that the
marginal distribution of returns is a mixture of normal distributions. Other distributions could be
considered, but normality is a convenient assumption to start with. We show that such a mixture
allows data-generating processes capable of closely reproducing most of the distributional
properties GD observed in the absolute returns. There also exists a computationally feasible
solution to introducing higher-order temporal dependence in the process if the marginal
distribution is a mixture of normal distributions. It consists of postulating the dependence in
terms of the hidden Markov model (HMM) or Markov Switching Regime model of Lindgren
(1978). For applications of this model to financial time series; see, for example, Tyssedal and
Tjostheim (1988), Hamilton (1988), Pagan and Schwert (1990), and Sola and Timmermann
(1994). To find out how this idea works we apply the HMM to ten equally long subsets of the
daily S&P 500 US stock price series. This series consists of 17,055 observations dating from
3 January 1928 to 30 April 1991. It is one of the series considered by GD and one which they
found to have most of the properties listed above. Our paper thus has a different focus from GD,
who concentrated on establishing the existence of the temporal and distributional properties
listed above for a large number of series. We shall consider a small number of series which are in
fact subsets of a very long single series and model them with the HMM. A major part of the
interest lies in the properties of the estimated models. It turns out that at least in our case, the
HMM is a very promising idea as far as reproducing the stylized facts of GD is concerned.

The plan of the paper is as follows. Section 2 contains preliminary considerations and Section 3
highlights properties of the hidden Markov model. Section 4 discusses parameter estimation,
testing linearity against the HMM, selecting the number of regimes and the evaluation of
estimated models. Evaluation also includes checking how well the models reproduce stylized facts
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observed in the data. Section 5 is devoted to an application to the S&P 500 US stock index.
Finally, Section 6 presents conclusions.

2. PRELIMINARY CONSIDERATIONS

As GD remarked, it is not difficult to find a model possessing at least some of the above-
mentioned properties. Elaborating their example, suppose r, = e, where {e} is a sequence of
i.i.d. variables with zero mean independent of #, so that TP1 holds. If the distribution of e, is
symmetric about zero then TP4 is also true. Assume #,=a >0 for t=1,2,..., T/2, and
h,= k%a, for t=T/2 + 1,..., T (T observations). In that case, TP2 holds approximately as well
for sufficiently large 7. This artificial but simple example provides a starting-point for our
investigation.

Let r,=e,h, where e, =sign(r,) and s, = |r,|. Assume furthermore that r,, t=1,..., T, are
drawn independently from one of two normal distributions N; = N(0, 1) and N, = N(0, 6?). The
probability of drawing from N, equals p. By construction, TP1 holds and because the normals are
assumed to have zero means, TP4 is not violated in practice. We postpone a discussion of TP2
and TP3 until later and consider instead the properties of 4, and compare them with PED1-3. To
do that we need the expectation and the second, third, and fourth central moments of #,. If we let
X, ~ N, and X, ~ N, we have

E =pE1X,1°+(1 = pEIX,|° 0=1234 (1

from which Eh, and the central moments y, = E(h, — Eh,)’, 6 =2, 3, 4, can be computed using
normality of X, i=1, 2. Skewness (#3/#3/ %) and kurtosis (u4/u§) are functions of these central
moments.

Using the first two moments, the skewness, and the kurtosis, we can see how well PED1-3 can
be satisfied with our mixture of normals. Figure 1 depicts the combinations of p and ¢ which yield
PEDI1. The figure also contains two dashed lines; one for which the ratio of the mean to the
standard deviation is 0-8 and another corresponding to the combinations of p and ¢ for which the
ratio equals 1-25. Consider the case ¢ > 1. It is seen that for large values of p (0-5 < p <09), ¢
remains practically unchanged when p is changed, whereas for large values of ¢ (6 = 5), p
changes rather little when o is changed. If the ratio of the mean to the standard deviation is
allowed to vary between 0-8 and 1-25, say, the set of combinations of p and ¢ satisfying this
interval requirement is large. The other curves for ¢ < 1 form an inverted mirror image of the
ones just discussed.

Figure 2 shows the corresponding values for the combinations of p and ¢ for which the
skewness requirement PED2 holds. The shape of the curve resembles that for ¢ > 1 in Figure 1.
The main difference is that the standard deviation starts increasing from about p=0-6
downwards, whereas the corresponding value of p was about 0-4 in Figure 1. The dashed lines
again show (lo§) symmetric deviations from PED2: one corresponding to #3/#3/ 2 =16 and the
other to u3/u§/ = 2-4. For the range of p for which ¢ =~ 2.5, small deviations from this value
(holding p constant) cause relatively large changes in the skewness. On the other hand, for the
range of ¢ for which p = 0-6 even fairly large deviations from this value (holding ¢ constant) have
only a minor effect on the skewness. Because of the symmetry, the curves for ¢ < 1 are not shown
separately. Finally, the combinations of p and ¢ satisfying PED3 can be found in Figure 3. The
dashed lines depict isoquants which satisfy u,/u3 = 7-2 and p,/u3 = 10-8, respectively. The general
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Figure 1. Combinations of p and ¢ which yield PEDI: ‘the standard deviation of the absolute returns equals
the mean of the absolute returns’ (solid line). Dashed lines indicate the combinations for which the mean/
standard deviation ratio equals 0-8 and 1-25, respectively. The scale of the g-axis is logarithmic
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Figure 2. Combinations of p and ¢ which yield PED2: ‘the skewness of the absolute returns = 2’ (solid line)
when ¢ > 1. Dashed lines indicate the combinations for which the skewness equals 1-6 and 2-5, respectively.
The scale of the g-axis is logarithmic
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Figure 3. Combinations of p and ¢ which yield PED3: ‘kurtosis of the absolute returns =9’ (solid line)
when ¢ > 1. Dashed lines indicate the combinations for which the kurtosis equals 7-2 and 11-25,
respectively. The scale of the g-axis is logarithmic

shape of the curves is rather similar to those in Figure 2. A remarkable fact is that the steep
descent in the isoquant in terms of p occurs again for ¢ & 2.5 as in Figure 2. On the other hand,
for the kurtosis to equal nine at large values of o, a larger value of p (0-65 < p < 0-7) is now
required.

In all, Figures 1-3 indicate that properties PED1-3 are not contradictory for a mixture of two
normals. For ¢ > 1, with ¢ near 2-5 and p between 0-7 and 0-9 one comes close to satisfying these
three stylized facts. It seems that PED1 has to be relaxed somewhat (the mean has to be allowed
to be slightly larger than the standard deviation) if we at the same time want PED2 and PED?3 to
be satisfied. On the other hand, combinations with large ¢ and small p and vice versa are clearly
unacceptable.

3. INTRODUCING DEPENDENCE

The above considerations rely on the normality of the components of the mixtures. If the idea of
mixtures is to be applied to modelling returns then we have to introduce stochastic dependence
between the observations. Of course, TP1 has to hold for {r } and automatically does when {e } is
a sequence of i.i.d. variables with zero mean, but higher-order dependence has to be postulated.
Thus we assume that there is dependence in {,}. Such dependence can be introduced by making
the probability p time-varying and conditional on its previous values. Following the suggestion of
Lindgren (1978), define a random variable S, such that {S,} is a d-state first-order Markov chain.
(We do not consider higher-order Markov chains here.) Thus pi=PS,=jIS,_, =10, i
Jj=1,..., d, are the transition probabilities for the process to move from state or regime i at time
t — 1to state j at ¢. The discussion in the previous section would imply d = 2, but in the following
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