Multiple Confidence Sets Based on Stagewise Tests

Sture HOLM

Recent years have seen suggested constructions of multiple confidence sets related to stagewise multiple tests by some authors.
These methods are a type of mixture between test and confidence interval methods, because confidence interval statements are
made only for some parameters, whereas test statements for fixed parameter values are made for the other parameters. In this
article I define a concept—confidence directional set—giving a confidence bound for one parameter, which may depend on other
parameters. Using this concept, one can construct multiple confidence sets, which are always confidence set statements and not test
statements for fixed parameter values. The confidence sets correspond exactly to stagewise tests, which is theoretically appealing.
Special examples of the general technique are given for the independent test statistic case and for comparison of a number of
treatments to a control in the case of normally distributed observations with the same variance.
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1. INTRODUCTION

Many classical multiple test procedures are directly re-
lated to simultaneous confidence intervals. Thus, for in-
stance, in the simple analysis of variance model with &
series of normally distributed observations with the same
unknown variance o2 in all series and possibly different
expectations u;,7 = 1,2,...,k in the k series, the Tukey
(1953) method gives both a test of the overall hypothesis
w; = p; for all ¢ # j such that 1 < 4,5 < k and multi-
ple (simultaneous) confidence intervals for all differences
Mg — M-

Also, for example, the Dunnett (1955) method of multiple
comparisons with a control include analogous tests and con-
fidence interval methods. In the simplest balanced model,
all observations are normally distributed with the same vari-
ance o2 and there is one control series with expectation pqg
and sample size ng and & treatment observation series with
expectations pu;,7 = 1,2,...,k, and the same sample size
n. In this case it is often most reasonable to use one-sided
tests and one-sided confidence intervals, upper or lower de-
pending on the application.

The theory and application of multiple tests has under-
gone great change since the middle of the 1970s. There
have been developed general closed tests, stagewise step-
down tests, and stagewise step-up tests. The general closed
tests were introduced by Marcus, Peritz, and Gabriel (1976).
A number of step-down tests have been presented by
Hochberg and Tamhane (1988). A basic early work on a
step-up test was given by Dunnett and Tamhane (1992).
These tests generally have the property of having greater
power than corresponding classical nonstagewise tests.

In the beginning of the development of closed and stage-
wise tests, corresponding confidence interval methods were
not found. Thus it was commonly thought that any trans-
formation from closed and stagewise tests to confidence
sets did not exist. In recent years, however, some multiple
confidence interval methods directly related to stagewise
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multiple tests have appeared.

Bofinger (1987) studied the problems of selecting sub-
sets containing no bad populations or no good populations
in relation to a control. The concepts “no bad” and “no
good” are defined by parameter differences below or above
some fixed bounds. Putting this bound to 0 for the method
of selecting no bad population gives a method of obtaining
lower bounds for differences between treatment parameters
and the control parameter with a predetermined coverage
probability. For the case of normal observations with the
same unknown variance o2 in all series and denoting the
means in the treatment groups by p1, po, - - ., 4k and in the
control group by uo, the method can be described as fol-
lows. Calculate the ordinary ¢ statistics 7; for testing the
hypotheses H;: 6; < 6, against the alternatives 6; > 6y
for all  =1,2,...,k. Suppose for simplicity that all treat-
ment cases have the same sample size n, whereas the con-
trol case may have another sample size ny. The variance
is estimated by S?, an ordinary pooled variance with some
degree of freedom v. Denote the means for the different
cases by Y;,i = 0,1,...,n; perform a step-down test of
each of these hypotheses with a multiple level of signifi-
cance «. This means that if ¢; is 1 — « fractile of the ap-
propriate ¢-variate ¢ distribution, then the ordered T; vari-
ables T,y > T(p—1) = - -+ > T{1) are compared successively
with t,,tn_1,...,t1. If T(n) > t,, then the corresponding
hypothesis H ) is rejected. If T,,_1) > t,_1, then the hy-
pothesis H(,,_) is rejected. This continues, and hypotheses
H;y are rejected as long as T(;) > t;. When this relation is
not satisfied, no further rejections are made. Let u be the
(first) 7 for which rejection is not made, and let R be the
set of (original) index for the rejected hypotheses. Then the
confidence intervals

0; —6p>0 for 1€R

and

0; — 00 >Y; — Yo — t,S(1/n+1/ng)/? for i¢R
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have a multiple confidence coefficient 1 — «. Observe that
this is in a sense a mixture between test and confidence in-
terval statements. The second type of statement, 6; — 6y >
Y; — Yo — tuS(1/n + 1/no)'/?, is an ordinary confidence
interval statement. The first type of statement 6; — 6y, > 0
gives confidence sets with a fixed bound 0 for a set of out-
comes, and may also be considered to be test statements.
Bofinger (1987) studied similar problems also for the non-
balanced case with unequal numbers of observations for the
treatment cases.

Hsu (1984) gave multiple confidence intervals for the dif-
ference between parameters 6; and the maximal parameter
maxi<j< 0; in problems involving comparing k treatment
effects 01,0, ..., 0; based on a nonstagewise test. This was
further developed for stagewise tests by Stefansson, Kim,
and Hsu (1988), who also explored the comparison of sev-
eral treatments with a control. To explain this, suppose that

Y;,i=0,1,...,n, are independent statistics in a translation
problem, where Y; — 6; has some known distribution. Let
di,7=1,2,...,k, be constants determined to satisfy

P(Y;‘—ei—Yo—eo<dkf0r’L'=1,2,...,]43):1—6!.

Then multiple one-sided (lower) confidence intervals are
constructed the following way. Order the variables Y;,i =
L,...,n to get Y3y < Y < -+ < Yy). Make a step-down
test of the hypotheses H;: 6; — 6y < 0,7 = 1,2,... k. If
Y(xy — Yo > di, then reject the corresponding hypothesis
Hpy; if Y(g—1) — Yo > dk—1, then reject the correspond-
ing hypothesis H;_1); and so on. Let u be the (first) j for
which H(;) is not rejected, and let R be the set of origi-
nal indices for rejected hypotheses. Then (analogously to
Bofinger 1987) the confidence intervals are given by

0; — 6y >0 for i€ R

and

91—902Y;~Y0—du for Z%R

if uw > 1, whereas
0i—6o > Y —Yo—d1 Vi

if w = 0 (i.e., if all hypotheses are rejected in the stagewise
test). The multiple confidence level is shown to be at least
1 — o. Because even the last hypotheses Hy) is rejected
in this case, all of the bounds are positive. Stefansson et al.
(1988) also discussed multiple comparison with the best and
comparison with the sample best. Their discussion includes
previous related results along with those of Bofinger (1987).

Hayter and Hsu (1994) studied in detail the problem of
constructing confidence intervals based on stagewise tests
in the case of the two-dimensional parameter. Statistics X
and X, are supposed to have a two-dimensional normal
distribution with unknown expectations #; and 6, and com-
mon unknown variance o2 but known correlation p. Fur-
ther, there is a statistic S? independent of X; and X, and
such that the normalized statistic .52 /o2 has a chi-squared
distribution with v df. This is a direct reformulation of a
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situation with a comparison of two treatments with a con-
trol.

Let t; be 1 —« fractile in the ¢ distribution with v df, and
let t5 be the 1 — « fractile in the multivariate ¢ distribution
determined by

P(max{Xl — 01,Xg — 92} S tQS) =1-aqa.
Then lower multiple confidence sets are given by

91' > Xi — Stz for i= 1,2 ifmax{Xl,Xg} < tQS,

01y > X1) — Sta
and
f2) >0 if min{Xy, X5} <118
and
max{X1, X2} > t2S,
and
0; > max(X; — Ste,0) for i=1,2
if min{Xy, X5} >t;5
and
max{X1, X2} > t25.

The multiple confidence level is at least 1 — «. This confi-
dence interval method is related to a stagewise step-down
test.

Hayter and Hsu (1994) have also constructed confidence
intervals related to step-up tests. Let ¢; = ¢; and determine
co by.the relation

P(mln{X1 — 91,X2 — 92} S C]S
and
max{X; —01,Xs — 62} <25)=1-a.

Then a multiple confidence interval is given by

0; > X;— Scp for i=1,2, if max{X;, X2} <c1S;
0; > X; — Sca
and
0; > X; —Sci, ifeiS<X;<eS

and

X; <15

0; >0
and
0; > X; —Sci, if X; > ¢S

and

X; <cilS
and
0; > max(X; — Stg,0) for ¢=1,2,

if min{Xl,Xg} > t1.5.



