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Multiple Hypothesis Testing

This article introduces a method of multiple hypothesis testing that combines the idea of sequential multiple testing procedures with
the structure of resampling methods. The method can be seen as an alternative to the analytic method of Dunnett and Tamhane,
which requires a specific distributional form. Resampling incorporates the covariance structure of the data without the need for
distributional assumptions. Recent work by Westfall and Young has shown that a step-down resampling method is asymptotically
consistent when adjusted p values can be obtained exactly for continuous data. This article shows that in the case of a comparison
of two groups on multiple outcomes, those results are generalizable to discrete data where exact adjusted p values are not available.
It is shown that the method asymptotically attains the desired level for controlling the experimentwise probability of a type I error.
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1. INTRODUCTION

When an experiment records several different variables
for each subject in two (or more) groups, it is often desired
that a statistical test identify any variable for which the group
means differ significantly. If the researchers record enough
different variables, it is apparent that they will likely find
one significant comparison by chance alone. Many different
methods of treating such simultaneous testing situations have
been proposed. One such method is concerned with con-
trolling the probability of at least one type I error at or below
a specified level a. This is called the experimentwise error
rate control approach (Dunnett and Tamhane 1992). In
some cases (€.g., a particular comparison has been isolated
prior to the experiment ) it may be unnecessary to make any
adjustments to the individual tests. But if the goal of the
experiment is to select a few significant variables from a large
pool, then I reccommend the adoption of the experimentwise
approach. In any case, in this article I shall assume that this
approach has been taken.

The simplest and most general multiple hypothesis testing
methods are the Bonferroni and its improvements (Hochberg
1988; Holm 1979; Simes 1986). The primary advantage of
methods based on the Bonferroni inequality is that they are
applicable to any multiple hypothesis testing situation; they
require no assumption about the data or dependence between
comparisons. Another advantage of such methods is their
simplicity in use. They require very little computation once
the individual comparisons have been completed to yield p
values. Unfortunately, they are ultraconservative in that no
attempt is made to incorporate the dependence between tests.
A second group of testing procedures is centered around the
assumption that the data are multivariate normal (Dunn
1959; Dunn and Massey 1965; Dunnett and Tamhane 1992;
Sidak 1967, 1971). Dunnett and Tamhane (1992) analyti-
cally approximated the joint distribution of k student ¢ vari-
ables used to compare normally distributed estimates. The
method requires assumptions about the structure of the data
that may be quite strong. Another approach to the multiple
testing problem is to use resampling techniques to incor-
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porate the dependence structure of the tests. Westfall and
Young (1989) showed how resampling can be useful in a
single-step manner to adjust p values. Analogous to the im-
provements of the Bonferroni procedure, stepwise resampling
is presented as an improvement to their single-step resam-
pling method of p-value adjustment. Stepwise resampling
can be thought of as a resampling approximation to the joint
distribution analytically approximated by Dunnett and
Tamhane (1992), which does not require the structural as-
sumptions yet retains a large portion of the increased power.
In this article I introduce a method of sequential testing that
relies on sample reuse to estimate probabilities needed to
control the experimentwise error rate. The method is illus-
trated in the setting of comparing k treatment and control
means. The method is shown quite generally to be asymp-
totically conservative; that is, the probability that any type
I error is committed is asymptotically bounded above by a.

2. BONFERRONI PROCEDURES

Before introducing the stepwise resampling method, we
shall review the Bonferroni procedure and its improvements.
Consider the problem of simultaneously testing k univariate
null hypotheses H,, H,, . . . , H, based on the observed values
t, ta, ..., t, of some test statistics 7y, 7>, ..., Tx. If p; is
the p value computed from the observed value ¢; for i = 1,
..., k, then the Bonferroni procedure rejects any H; with
pi < a/k. The factor 1/k accounts for the fact that there are
k possible true null hypotheses, and the rejection of any one
of these could cause a type I error. The Bonferroni procedure
can be improved upon by realizing that once one has rejected
one null hypothesis (assuming it was false), there are only
k — 1 possible true null hypotheses to guard against rejecting,
and so one can reduce the factor 1/k to 1/(k — 1) in the
Bonferroni procedure. This gives the step-down procedure
of Holm (1979):

HM Algorithm
1. Order the p values and hypotheses
P(l)Z L] ZP([()

corresponding to  Hyy, ..., Hy,.
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2. Leti=1.

3. If Py—i+1y> a/(k — i+ 1), then accept all the remaining
hypotheses H—i+1), . . . , H(;yand STOP.

4. If Py_js1y < a/(k— i+ 1), then reject H 1), incre-
ment i, and RETURN to Step 3.

By starting with the largest p value and sequentially ac-
cepting hypotheses, one gets the procedure of Hochberg
(1988):

HM Algorithm
1. Order the p values and hypotheses
Payz «++ = Py
corresponding to  H(y), ..., Hy,.

2. Leti=1.

3. If Py < o/, then reject all the remaining hypotheses
H(,'), ey H(k) and STOP.

4. If P;y > /i, then accept Hy;), increment i, and RE-
TURN to Step 3.

Hochberg’s procedure is called a step-up algorithm. All
three procedures control the probability of a type I error at
level «. But it can be easily seen that Hochberg’s procedure
is uniformly more powerful than Holm’s, which is uniformly
more powerful than Bonferroni’s.

The sequential multiple hypothesis testing procedures just
described, though not dependent on any particular distri-
bution form, are limited by their reduction of the data to p
values. Information in the data is lost when only the p values
are used. Sequential procedures can be improved by methods
that incorporate the covariance structure of the data. Dunnett
and Tamhane (1992) used an analytic approach to approx-
imate the multivariate distribution of the test statistics when
the data have a special form. This approach requires mul-
tivariate normal estimates with equal marginal variances and
a known common correlation coefficient. Resampling is a
computational approach geared toward making use of the
dependence structure of the data without distribution re-
strictions. Westfall and Young (1989) used the resampling
approach to compute adjusted p values for multivariate bi-
nomial data, but considered only a single-step adjustment.

3. STEPWISE RESAMPLING METHODS

Suppose in the comparison of a treatment group and a
control group, k outcome variables are observed. Let X,
..., Xy be independent k-dimensional random variables,
representing the control group, with common joint distri-
bution

Xi~F(”'l;x)’ i=17"°aNa

where u,, the mean of the distribution, consists of the com-
ponent means

M11
2

Hik
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For the treatment group, let Xy, . . . , Xon be independent
k-dimensional random variables, with

M21

M22

X; ~ F(u;y), m=|""|, i=N+1...,2N.

M2k

The hypothesis tests of interest may be either one-sided or
two-sided comparisons of the component means

H;:py = py versus Ki:uy < py;
or

H;:py = py versus  K;:py # uo;
fori=1,...,k,and it is desired to have no more than an

a chance of committing a type I error. Typically, test statistics
T,, ..., T, are available for testing each individual hypoth-
esis separately. For example, if the data are multivariate nor-
mal with a common variance, then each 7; would be a ¢
statistic with 2N — 2 degrees of freedom. Let the observed
valuesof Ty, ..., Ty bet,, ..., t. These values are ordered
along with the hypotheses

ly =ty =" =k

corresponding to

H(]), H(z), ceey H(k).

A conservative approach would be to reject each H ;) as long
as

PH(k){maX szt(,-)}Sa, (1)
1< j<k

where Py, is the probability under H,), . .., H,. In this
case we may estimate the probability given in (1) by resam-
pling, because under H(,), . .., H, the control and treat-
ment groups are identically distributed. Let ‘*’ denote a ran-
dom variable whose value is obtained by random sampling
from the entire original data. Then a resample

* *
Xi,.. .., Xon

is a sample from
X1, - -5 XoN.

Sampling could be done either with or without replacement.
Also, define T7, i =1, ..., k, to be the test statistics cor-
responding to the resampled data. For each resample, we
calculate whether

i=1,...,k (2)

*
max Tj = L),
1=<j<k

and keep track of the proportion of resamples for which (2)
holds. If after many resamples this proportion is less than or
equal to «, then we reject H,. In fact, the proportion of
times that (2) holds gives us an adjusted p value in the sense
of Westfall and Young (1989). This method of testing is
easily seen to be overly conservative in the case of more than
one false null hypothesis. To illustrate this point, consider
the following example.
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Example. Suppose that one is testing one-sided hy-
potheses on bivariate normal data with u; = (), w,
= (%), and identity covariance matrix. Suppose that N = §
and the data turn out to be

control gro 0 : -l ! :
n
goup {1 )\o)°\ o )7 \=1) o
(50 49 52 48 51
treatment group , s ) ” .
() (5)-(5)- (o1 (5)

In this case,
L=5-0=35,
and if resampling is done without replacement, then the event
t7=29-21=8

will occur with probability .5. Therefore, the probability of
rejecting H, by the foregoing resampling method with o
< .5 will converge to zero as the number of resamples goes
to infinity. Note that if the resampling is with replacement,
then the same conclusion holds for o < .25.

Consider the point at which we have decided to reject
H, the hypothesis corresponding to the largest test statistic.
If H, is actually true, then we have already committed a
type I error. Therefore, from the standpoint of controlling
the probability of committing any type I error, we can assume
that H, is false. Thus in deciding whether to reject H—_,),
we should not let the component corresponding to ¢ influ-
ence our decision. Consequently, I propose resampling the
data with the component corresponding to ¢, deleted. Then
in this partial resample, we calculate whether

max Tl* = Lk-1)>

where the maximum extends over all | < j < k except for
the index of the component corresponding to ¢,. By con-
tinuing in this manner, we arrive at a stepwise resampling
(SR) method:

SR Algorithm 1
1. Order the observed test statistics and hypotheses
< +-- <
corresponding to  Hyy, ..., Hy,.

2. Leti=1.
3. By repeatedly resampling the data, estimate

_ (k—i+1)
o = PH(k_,-H){ T ity = t—iv1) §» (3)
(k—i+1)

where T ;1 is the largest of the (k — i + 1) test statistics
corresponding to ¢y, . . . , L—i+1)-

4. If o; = e, then accept the remaining hypotheses H/,),
L. , H(k—i+1) and STOP.

5. If &; < a, then reject Hy—_;41), increment i, and RE-
TURN to Step 3.

When we estimate «; in (3), we are essentially using the
estimated distribution of TEZ:;: {; from resampling. This gives

rise to a second version of SR:
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SR Algorithm 2
1. Order the observed test statistics and hypotheses

t(l)S e Sl(k)

corresponding to  Hy), . .., Hy,.

2. Leti=1. _
3. By repeatedly resampling the data, estimate ¢ (<~*+!
such that

- (k—i+1) k—i+1
a = PH(k-i+1){ T(k—i+l) = ‘Pt(x ! )}, (4)
(k—it+1)

where T (;_;1) is the largest of the (k — i + 1) test statistics
corresponding to #(y, . . ., Ek—i+1)-

4, If tgivny < @D, then accept the remaining hy-
potheses H(y), ..., Hy—;+1)and STOP.

5. If tginr) > @D, then reject Hy—i41), increment i,
and RETURN to Step 3.

The two SR algorithms are equivalent in the sense that
they are identical in the idealized case where the sample is
so large and the number of resamples so large that ¢ ¢!
is determined exactly.

In general, we must consider the error of estimating «; by
an estimate based on a finite number of resamples of the
data. Suppose now that M resamples are used, each of size
2N, to estimate «; given by (3). Let T} be the value of
T7 in the jth resample. We propose using the estimate

L

M
7 2 I[max T3 = tg—win),

J=1 !

(5)

ak =

where the maximum extends over all i corresponding to ¢y,
.« +» L—w+1), and I[A] is the indicator function of the event
A. We now can state the practical SR algorithm.

SR Algorithm 3
1. Order the observed test statistics and hypotheses
l(]) < o0 <

corresponding to  H(y), . .., Hy,.

2. Letw=1.
3. Generate T, the /th test statistic in the jth resample,
for/l=1,...,kandj=1,..., M.

4. Define a¥ by (5).

5. If a¥% = «, then accept the remaining hypotheses H ),
...y Hy—y+1yand STOP.

6. If a¥ < o, then reject H—,+1), increment w, and RE-
TURN to Step 4.

4. SR SIGNIFICANCE LEVEL

I first consider the experimentwise type I error rate when
using SR in the idealized case where resampling can be con-
sidered as perfect (i.e., SR Algorithm 2 is used where ¢
are known).

Theorem 1. In the multiple testing framework of Section
3, if each of k hypotheses are tested by an application of SR
Algorithm 2 with ¢’ known, then the probability of a type
I error being committed is less than or equal to c.



