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SUMMARY

This paper proposes that results from simultaneous tests be reported as adjusted P-values such that,
if the adjusted P-value for an individual hypothesis is less than the chosen significance level of «, then
the hypothesis is rejected with an experimentwise error rate of no more than «. Examples are given
of adjusted P-values for multiple comparisons in the analysis of variance and of adjusted P-values
based on the Bonferroni procedure and modifications of that procedure by Holm (1979, Scandinavian
Journal of Statistics 6, 65-70), Hochberg (1988, Biometrika 75, 800-802), and Hommel (1988,
Biometrika 75, 383-386). The modified Bonferroni-based procedures are much more powerful than
the original Bonferroni procedure, and they deserve wider use. In addition to the above, a procedure
is outlined for obtaining adjusted P-values for any closed test procedure.

1. Introduction

Without a doubt, the P-value has become the “bottom line” for many consumers of
statistical analyses. This is not without reason. A P-value provides information about
whether a statistical hypothesis test is significant or not, and it also indicates something
about “how significant” the result is: The smaller the P-value, the stronger the evidence
against the null hypothesis. Most important, it does this without committing to a particular
level of significance as traditional hypothesis tests and confidence intervals do. The dilemma
for the consulting statistician is how to convince the client that a P-value is not necessarily
“significant” just because it is less than .05 (or any other chosen level), when that P-value
is for one of a possibly large collection of tests conducted during the course of a study. One
way out of the dilemma is to report adjusted P-values which take into account that multiple
tests are being conducted. It is the purpose of this paper to encourage the use of adjusted
P-values and to extend their use to settings where they have not been used previously.
The idea of adjusted P-values is not new. In one sense, the P-value produced by a
multivariate test statistic can be thought of as being adjusted for simultaneous testing. This
is the approach taken by O’Brien (1984) as a means of handling multiple endpoints in
clinical trials. This approach, however, does not solve the problem of reaching a conclusion
about a particular test; for this, the P-value of the individual test needs to be adjusted. The
idea of adjusting individual P-values is also not new (see Rosenthal and Rubin, 1983), but
it does not seem to have gained much favor. One reason is that most adjusted P-values
have been based on the Bonferroni inequality, leading to very conservative results in most
instances. The objective of this paper is to demonstrate how adjusted P-values can be
obtained using other, less conservative procedures. Section 2 presents methods that can be
used for multiple comparisons in an analysis of variance setting. Sections 3-5 address the
more general setting for which the Bonferroni adjustment is so often used. Special emphasis
is given to recent improvements on the Bonferroni procedure by Holm (1979), Simes
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(1986), Hochberg (1988), and Hommel (1988). In Section 6, further improvements and
applications are considered.

First, before specific techniques for adjustment are given, a definition of “adjusted
P-value” is in order. The ordinary, unadjusted P-value for a single hypothesis test can be
defined in two equivalent ways: (1) The P-value is the probability, under the sampling
distribution of the test statistic when the null hypothesis is true, of obtaining a result as
extreme as or more extreme than the one observed in the sample; (2) The P-value is the
smallest level of significance that results in rejection of the null hypothesis. In applying the
P-value concept in simultaneous inference, the second definition is more useful since it can
be applied to any collection of tests. The adjusted P-value for a particular hypothesis within
a collection of hypotheses, then, is the smallest overall (i.e., “experimentwise”) significance
level at which the particular hypothesis would be rejected. An adjusted P-value can be
compared directly with any chosen significance level «: If the adjusted P-value is less than
or equal to «, the hypothesis is rejected.

2. Multiple Comparisons in the Analysis of Variance

One area in which simultaneous inference has a long history is in the use of multiple
comparisons in the analysis of variance (AOV). This is a good example of a situation in
which P-values have been little used, but would be valuable. Although P-values are routinely
reported for overall F tests of effects, they are almost never reported for individual
comparisons. Instead, confidence intervals may be constructed; or in the case of pairwise
comparisons, pairs of means that are significantly different may be reported verbally or
displayed graphically. In either case, a fixed « level must be chosen in advance; it is this
commitment to a specific « that can be avoided by using P-values.

Analysis of variance multiple comparisons can be divided into two categories: simulta-
neous test procedures (STPs) and multiple-stage tests (MSTs). In the case of STPs, in which
all comparisons are referred to a single sampling distribution, the calculation of a P-value
is straightforward. For example, in the case of the Scheffé procedure used in a one-way
AOYV with g groups or treatments, an individual, unadjusted P-value is obtained by finding
the sum of squares for the comparison (call it SS.), converting this to an F statistic
(F. = SS./MSE, where MSE is the error mean square), and finding the upper-tail area
under an F distribution with 1 and (N — g) degrees of freedom. To obtain the adjusted
P-value, the same SS. is used but is treated as if it had (g — 1) degrees of freedom.
That is, F. = (SS./(g — 1))/MSE, and the P-value is obtained from an F distribution
with (g — 1) and (N — g) degrees of freedom.

For example, consider a one-way AOV with four groups (g = 4), each with 5 observations
(so N = 20). Suppose that the four cell means are 50.0, 51.0, 55.0, and 59.0, and the error
mean square (MSE) is 16.5. The overall F statistic is then 5.126 with 3 and 16 degrees of
freedom, resulting in a P-value of .01127. Table 1 shows, for this example, one convenient
way to display the results of pairwise comparisons using P-values. The adjusted P-values
are shown as the upper-right off-diagonal elements, cell means are given along the diagonal,
and the unadjusted P-values are given below the diagonal. (These unadjusted and Scheffé
adjusted P-values also appear in Table 2 in a different format to facilitate their comparison
with adjusted P-values obtained by other procedures discussed below.)

At present, Tukey’s procedure using the Studentized range distribution is the most
powerful of the STPs for pairwise comparisons in a balanced design. In this procedure all
comparisons are referred to the same critical value. The P-value for any comparison, which
is by its nature adjusted for simultaneous inference, is simply the tail area under the
sampling distribution of the Studentized range. Table 2 shows these P-values for the one-
way AOV example.
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Table 1
A P-value matrix for pairwise comparisons in a one-way AOV using Scheffé’s procedure
Group 1 2 3 4
| 50.0 .98445 .32058 .02472
2 70222 51.0 50771 .05028
3 .06940 13903 55.0 50771
4 .00294 .00668 .13903 59.0

On the main diagonal: The mean for each group. Below the diagonal: Unadjusted P-values for pairwise
comparisons. Above the diagonal: Adjusted P-values.

Table 2
P-values for pairwise comparisons in a one-way AOV
i Means Di Dschefré PTukey Drecwr Precwaq Derer
1 1-vs-4 .00294 .02472 .01405 01127 .01405 01127
2 2-vs-4 .00668 .05028 .03057 .02259 01736 .02259
3 1-vs-3 .06940 .32058 .24873 15236 15815 15236
4 2-vs-3 .13903 50771 42907 25873 25873 15236
5 3-vs-4 .13903 50771 42907 .25873 25873 .30296
6 1-vs-2 70222 .98445 .97927 91133 91133 70222

pi: Unadjusted P-value for the t-test that the two means are equal; pseere: Adjusted P-value using Scheffé’s
procedure; prukey: Adjusted P-value using Tukey’s procedure; precwr and precwe: Adjusted P-values using REGWF
and REGWQ procedures; perer: Adjusted P-values from closed test procedure using F tests.

Obtaining adjusted P-values for MSTs is a greater problem. The problem is to determine,
for each comparison of interest (e.g., each pairwise comparison), what is the smallest
experimentwise level of significance that would result in the comparison being declared
significant. With unbalanced data, this might involve computations similar to those
described in Sections 4 and 5. For the balanced one-way AOV example, it is fairly easy to
obtain adjusted P-values. The method will be demonstrated using the MST of Ryan (1959,
1950), Einot and Gabriel (1975), and Welsch (1977) based on the F distribution. The
method has been implemented in SAS (1990), where it is referred to as the REGWF
procedure. Similar calculations using the Studentized range distribution give the REGWQ
procedure.

The REGWF procedure, like many of the balanced-data procedures, is most easily
carried out using the ordered means. For this reason, the means in the AOV example
above are intentionally listed in order from smallest (mean 1) to largest (mean 4).
REGWEF declares a pair of means significantly different by conducting F tests on subsets
of means. For example, means [ and 4 are significantly different if the null hypothesis Hy:
W = ua = u3 = g4 18 rejected by an F test. Similarly, means | and 3 are significantly different
if Hy: u, = uy = ws is rejected. The experimentwise error rate is maintained at the desired
level («) by using adjusted significance levels for different subsets of the g means. If k is the
number of means in a subset, then the F test for equality of those k means is done with
significance level « when k = gor k=g — 1, and with level | — (1 — &)** when k< g — 1
(see Hochberg and Tamhane, 1987, p. 69). For each F' test there is a corresponding
unadjusted P-value, call it pr. The hypothesis that a set of k means are equal is rejected if
the corresponding pr < « when k = g — 1 or when pr < 1 — (I — )¢ when k < g — 1.
The adjusted P-value is obtained by rearranging these expressions to obtain a quantity that
leads to rejection of the hypothesis when the quantity is « or less. Thus when k = g — 1,
the adjusted P-value (call it preewr) IS just pr. When k < g — 1, rearrangement gives



