On Prediction of Individual Sequences!

By Nicord CESA-BIANCHI AND GABOR LUGOSI?

Sequential randomized prediction of an arbitrary binary sequence
is investigated. No assumption is made on the mechanism of generating
the bit sequence. The goal of the predictor is to minimize its relative loss
(or regret), i.e., to make almost as few mistakes as the best “expert” in
a fixed, possibly infinite, set of experts. We point out a surprising con-
nection between this prediction problem and empirical process theory.
First, in the special case of static (memoryless) experts, we completely
characterize the minimax regret in terms of the maximum of an as-
sociated Rademacher process. Then we show general upper and lower
bounds on the minimax regret in terms of the geometry of the class of
experts. As main examples, we determine the exact order of magnitude
of the minimax regret for the class of autoregressive linear predictors

and for the class of Markov experts.
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1. Introduction Consider the problem of predicting sequentially an arbi-
trary binary sequence of length n. At each time unit ¢ = 1,...,n, after making
a guess, one observes the ¢-th bit of the sequence. Predictions are allowed to
depend on the outcome of biased coin flips. The loss at time ¢ is defined as the
probability (with respect to the coin flip) of predicting incorrectly the ¢t-th bit of
the sequence. The goal is to predict any sequence almost as well as the best “ex-
pert” in a given set of experts. In this paper we investigate the minimum number
of excess mistakes, with respect to the mistakes of the best expert, achievable
in a worst-case sense; that is, when no assumptions are made on the mechanism
generating the binary sequence.

To formally define the prediction problem, we introduce the notion of expert.
An expert F is a sequence of functions Fy : {0,1}!=1 — [0,1], t > 1. Each expert
defines a prediction strategy in the following way: upon observing the first ¢ — 1
bits y* =t = (y1,...,y—1) € {0,1}'71, expert F predicts that the next bit y; is 1
with probability Fy(y'~!).

We now describe the binary prediction problem as an iterated game between
a predictor and the environment (see also [29]). This game is parametrized by a
positive integer n (number of game rounds to play) and by a set F of experts

(the expert class). On each round ¢t =1,...,n:
1. The predictor picks a number P; € [0, 1].
2. The environment picks a bit y; € {0,1}.
3. Each F' € F incurs loss |F;(y*~!)—y,| and the predictor incurs loss | P, —y;|.

For each positive integer n, one may view an expert F' as a probability dis-

tribution over the set {0,1}™ of binary strings of length n such that, for each
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yt=t € {0,1}71) Fy(y'~1) stands for the conditional probability of y; = 1 given
the past y'~!. (Here y° denotes the empty sequence.) In this respect, the loss
|Fi(y'=1) — y| of expert F at time ¢ may be intepreted as the probability of
error P{X; # y;} if the expert’s guess X; € {0,1} were to be drawn randomly
according to the probability P{X; = 1} = Fy(y*~1).

As our goal is to compare the loss of the predictor with the loss of the best
expert in F, we find it convenient to define the strategy P of the predictor
in the same way as we defined experts. That is, P is a sequence of functions
P, :{0,1}'=t — [0,1],¢ > 1, and P predicts that y; is 1 with probability P, (y*~1),

where y'—!

is the sequence of previously observed bits. Note that the predictor’s
strategy P may (and in general will) be defined in terms of the given expert class
F. Finally, as we did with experts, for each n > 1 we may view the predictor’s
strategy as a distribution P over {0,1}" and interpret the loss |P,(y'~!) —y4| as
the error probability P{fft # y+}, where the prediction Y, € {0,1} is randomly
drawn according to the probability P{Y; = 1} = P,(y'~1).

We now move on to define some quantities characterizing the performance of

a strategy P in the prediction game. The cumulative loss of each expert F' € F

is defined by
def
Le(™) = Y IR =yl
t=1
and the cumulative loss of the predictor using strategy P is
ny def = t—1
Lp(y") = Z\Pt(y ) = Ynl -
t=1

The goal of the predictor P is to minimize its worst-case regret, defined by

def .
R, (P,F) < Lp(y") — inf Lp(y")) .
(P, F) yng}{gﬁ}n< p(y") — jnf Lp(y ))
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Finally, we define the minimaz regret as the smallest worst-case regret achievable

by any predictor,

V,(F) min R, (P, F),

where the minimum is taken over the compact set of all distributions P over
{0,1}™. In the rest of this work, we show that V,,(F) is characterized by metric
properties of the class F, and we give examples of this characterization for specific
choices of F.

The first study of the quantity V,,(F), though for a very specific choice of
the expert class F, goes back to a 1965 paper by Cover [8]. He proves that
Vo (F) = ©(y/n) when F contains two experts: one always predicting 0 and
the other always predicting 1. A remarkable extension was achieved by Feder,
Merhav, and Gutman [11], who considered the class of all finite-state experts. In
particular, they show that V,,(F) = O (\/ﬁ) when F contains all k-th order
Markov experts (a subclass of all finite-state experts). Cesa-Bianchi et al. [3],
building on results of Vovk [28] and Littlestone and Warmuth [19], consider
arbitrary finite classes of experts and prove that the minimax regret is bounded

from above as

(1.1) Vo (F) < /(n/2)In | 7] .

(In fact, the bound shown in [3] has a slightly different form. The above inequality
is proved in Theorem 1 below.) This surprising result shows that there exists a
prediction algorithm such that the number of mistakes is only a constant times
\/n larger than the number of errors committed by the best expert, regardless
of the outcome of the bit sequence. (Typically, the number of mistakes made by

the best expert grows linearly with n.) Moreover, the constant is proportional to
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the logarithm of the size of the expert class.
In [3] it is also shown that the upper bound (1.1) is asymptotically tight in
a worst-case sense. That is, for each N > 1 there exists an expert class Fy of

cardinality N such that

lim inf lim inf Va(F)

Nooo n—oe \/(nj2)InN

The approach taken in this paper is different. We treat F as a fixed class and
try to estimate the size of the minimax regret V,,(F) for this class. It turns
out that for a fixed class, the order of magnitude of V,,(F) may be significantly
smaller than /(n/2) In|F|. (Just consider a class F of two experts such that the
predictions of the two experts are always the same except in the first time instant
t = 1. In this case it is easy to see that V,,(F) = 1/2.) In general, the value of
Vi(F) depends on the geometry of the expert class. As the above-mentioned
examples of Cover and Feder et al. show, even for infinite classes of experts one

may be able to determine meaningful upper bounds.

The paper is organized as follows: In Section 2 we give a new simple proof
of inequality (1.1) and extend it to expert classes defined as a convex hull of
finitely many experts. In Section 3 a special type of experts is considered. These
so-called static experts predict according to prespecified probabilities, indepen-
dently of the past bits of the sequence. In this special case it is possible to
characterize the minimax regret V,,(F) by the maximum of a Rademacher pro-
cess, which highlights an intriguing connection to empirical process theory. In
Section 4 we use the insight provided by the example of static experts to define
a general algorithm for prediction, and derive a general upper bound for V,,(F).

In Section 5 lower bounds for V,,(F) are derived. To demonstrate the tightness
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of the upper and lower bounds, we consider two main examples: In Section 6 we
derive matching upper and lower bounds for the class of k-th order autoregres-
sive linear predictors. Finally, in Section 7 we take another look at the class of

Markov experts of Feder, Merhav, and Gutman.

2. Finite classes and their convex hulls We start with a new short proof
of (1.1). The algorithm is a simple version of a “weighted majority” method
proposed by Vovk [28] and Littlestone and Warmuth [19]. However, whereas
previous analyses of this algorithm did not get the best leading costant of (1.1),
we are able to do so using a proof technique similar to that used for proving [5,

Theorem 5].

THEOREM 1.  For any finite expert class F, define the predictor strateqy P
by

t—1
def ZFe]-‘ e~ nLr(y )Ft(yt_l)
C Trepe BT

where 1 > 0 is a parameter. If n = \/81n |F|/n then, for any y™ € {0,1}",

n
™) _ mi )< = .
Lp(y") —min Lr(y )_\/21n\f|

ProoF. Fix an arbitrary sequence y™ € {0,1}". Define W7 = In|F|, and for

Py

all ¢t > 1 let

Wt = Z e_nLF(ytil) .
FeF

Then
Wi ( o
Wi FeF

>1In (maxe"LF(yn)) —In|F]|
FeF
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(2:2) = —nmin Lp(y") —In|F] .

On the other hand, for each t =1,...,n

—nlFu(y"™ ") =yel p—nLr(y* ™)
In Wit N >F€ fil
W, e e—nLr(yt~1)

=InEp.q, |¢ W vl

where Er.q, denotes expectation taken with respect to a distribution Q¢ on F
which assigns a probability proportional to e ~"£# """ to each F € F. Recalling
Hoeffding’s bound [17] on the moment-generating function of bounded random
variables (see also [9, Lemma 8.1]), we observe that

mEp-q, [e—ant(y“l)—yz\}

2
_ n
< —nEr~q, |[Fi(y"™") — | + 5

(2:3) = —n[Brea [Fly' )] —uil +

2
(2.4) =[Py —ye| + % ,

where equation (2.3) holds because y; € {0,1}, and (2.4) holds by definition of
P,.

Summing over t =1,...,n we get

Combining this with (2.2) and solving for Lp(y™) we find that

In|F| 7
— +=-n

Lp(y") <min Lp(y") + 3

+

Finally, choosing n = 1/81n|F|/n yields the desired bound.

The upper bound of Theorem 1 may be easily extended to infinite classes of

experts which may be written as a convex hull of finitely many experts:



8 N. Cesa-Bianchi and G. Lugosi

THEOREM 2. Let FV) ... FWN) be arbitrary experts, and consider the class

F of all convex combinations of FV, ..., FIN) that is,

N N
F=S> ¢;F9: g, qn >0, ) ¢ =1
=1 i=1

Then
Va(F) <+/(n/2)InN.

ProOOF. The theorem immediately follows from Theorem 1 and the simple
fact that for any bit sequence y™ € {0,1}" and expert G = Z;V=1 qu(j) e F
there exists an expert among F(!) ...  F(N) whose loss on 4" is not larger than

that of G. To see this note that

La(y™) =) 1G(y"™") — wl

N

N
Z 4 F(J) —

j=1

N
ZQJ ’F(]) ) yt‘

j=1

n
Z ’F(J) yt‘

o~
I
-

I
M:

~
Il
-

Mz HMZ

G Lro (y")

<.
Il
—

> in LF(7>(y ).

la

J

3. Prediction with static experts In this section we study the important
special case when every F' € F is such that the prediction of F' at time ¢ depends
only on ¢ but not on the past y*~!. We use F; € [0,1] to denote the prediction

at time t of a static expert F. Thus, Fy(y'~!) = F; for all t = 1,...,n and all
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yt=t € {0,1}17L. Such experts are called static in [3]. When interpreting experts
as probability distributions on {0, 1}", this means that every expert corresponds
to a product distribution. Note that every static expert is determined by a vector
(Fy,...,F,), and F may be thought of as a subset of [0, 1]".

Next we derive a formula for the minimax regret of any (finite or infinite) fized
class F of static experts. This enables us to derive sharp upper bounds, as well as
corresponding lower bounds, in terms of the geometry of F. We start by observing
that a previous characterization of the minimax regret, implicitely shown in [3],

corresponds to the expected supremum of a class of random variables.

THEOREM 3.  For any class F of static experts,

n 1 ~
Vo(F)=E |su ——F, ) (1-2Y,
=B (5-A) 0
where Y1, ..., Y, are independent Bernoulli (1/2) random variables.

PROOF. From the statement of [3, Theorem 3.1.2, page 441], we have that

if Y1,...,Y, are independent Bernoulli (1/2) random variables, then
n ] n B
Va(F) =5 —E ;gff; P — Y]

n 1 B

=E | sup (— F —Y)
Fe}'tz:; 2 e — i

=E supi(l—Ft>(l—2Yt)
Fer = \2

REMARK. The fact that V,,(F) > (n/2) — E [infper Y, |[F} — Vi||] may
be proven very easily, and, in fact, it can be extended to classes of arbitrary
experts (see Theorem 10 below.) The more involved proof of the other direction,

given in [3], is based on an inductive argument and exhibits a minimax optimal
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prediction algorithm achieving V,,(F) for any class of static experts F. The
algorithm (described in this form in [7, Section 2.6.2]) is as follows: Suppose

y™ € {0,1}" is the sequence to predict. Then the prediction at each time t =

1,...,nis
1 infr Lp(y!~10Y" ™) —infr Lp(y! 11y "t
Py = L4 g |2 F(y— 0 ) —infr Lr(y )
2 2
Theorems 4 and 5 below provide performance bounds for this algorithm. O

With a more compact notation, Theorem 3 states

1 LA
(3.5) Vo(F)=5E |sup Y FZ| ,
2 |rerim
where Z1,...,Z, are independent Rademacher random variables (i.e., P{Z; =

—1} = P{Z, = +1} = 1/2) and each F; is the constant 1 — 2F;. Rademacher
averages of this type appear in the study of uniform deviations of averages from
their means, and they have been thoroughly studied in empirical process theory.
(For excellent surveys on empirical process theory we refer to Pollard [23] and
Giné [14].)

Based on the characterization (3.5) of V,,(F) as a Rademacher average, we
get the following two results, which give useful upper and lower bounds for the
minimax loss in terms of certain covering numbers of the class of experts. These
covering numbers are defined as follows. For any class F of static experts, let
Ny(F,r) be the minimum cardinality of a set F,. of static experts (possibly not

all belonging to F) such that

(VF e F) (3G € F,) (F,—G)’ <r.
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THEOREM 4.  For any class F of static experts,

Vi/2

Vo(F) < 12 VIn(No(F,r) + 1) dr .

0

PROOF. According to (3.5), it suffices to derive the upper bound for the
Rademacher process characterizing V,,(F). Such bounds are well-known, the
bound given here is Dudley’s metric entropy bound and may be proved by the

technique of “chaining”, as explained very nicely in Pollard [23].

Theorem 4 may be used to obtain bounds which are not achievable by earlier

methods (see examples below).

THEOREM 5.  Let F be a class of static experts containing F' and G such that

F,=0and Gy =1 forallt =1,...,n. Then, for some universal constant K > 0,
Vi (F) > Ksupry/In No(F,r) .

Theorem 5 is a direct consequence of (3.5) and Corollary 4.14 in Ledoux and
Talagrand [18]. In most cases of static experts, Theorem 5 gives a lower bound
matching (up to a constant factor) the upper bound obtained by Theorem 4.
(See Talagrand [26] for a detailed discussion about the tightness of such bounds
and possible improvements.) Now we describe two natural examples which show
how to use the above results in concrete situations. We start with the simplest

case.

Let F be the class of all experts F' € F of the form Fy(y'~!) = p regardless of
t and the past outcomes y'~1. The class contains all such experts with p € [0, 1].

Since each expert in F is static, and Ny(F,r) < v/n/r, we may use Theorem 4
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to bound the minimax value from above. After simple calculations we obtain
Va(F) < evn

for some constant c¢. Note that in this case one may obtain a better constant by

different methods. For example, it follows from Theorem 2 that

Vo(F) < /(n/2)In2 .

Thus the bound of Theorem 4 does not give optimal constants, but it almost al-
ways gives bounds which have the correct order of magnitude. In this special case
the sharpest upper and lower bounds may be directly obtained from Theorem 3,

since

Vo(F)=E

" /1
sup < —p> (1-2Y3)
pef0,1] ; 2

e ($5(2) 555 2))

|
=

Now on the one hand, by the Cauchy-Schwarz inequality,

< E(EG) -

t=1

E

>(3-7)

t=1

and on the other hand, Khinchine’s inequality (see Szarek [25]) for the expected
deviation of a binomial random variable from its mean implies

(e

t=1

E

Summarizing the upper and lower bounds, for every n, we have

Va(F) <0.5.

0.3535 <
SV
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(For example, for n = 100, there exists a prediction strategy such that for any
sequence ¥1,...,%Y100 the number of mistakes is not more than that of the best
expert plus 5, but for any prediction strategy there exists a sequence yi, . - ., Y100
such that the number of excess errors is at least 3.) Note that by the central
limit theorem, V,,(F)/y/n — 1/v/271 =~ 0.3989 (this exact asymptotical value
was originally shown by Cover [8].) It is easy to see that Theorem 5 also gives a

lower bound of the right order of magnitude, though with a suboptimal constant.

We now show a case where Theorem 4 yields an upper bound significantly
better than those obtainable with any of the previous techniques. Let F be the
class of all static experts which predict in a monotonic way, that is, for each
F € F, either F, < Ft+1 forallt > 1 or F} > Ft+1 for all ¢ > 1. In view of
applying Theorem 4, we upper bound the log of Ny(F,r) for any 0 < r < /n.

Consider the class F,. of all monotone static experts taking values in

{(2k+1)r/\/ﬁ : k:O,l,...,m}

where m is the largest integer such that (2m+1)r/y/n < 1. Then m < |/n/(2r)].
Let d = m 4+ 1 be the cardinality of the range of the functions in F,.. Clearly,
No(F,r) < |F:| <2("}?). Using
d
In <”Z > < d(n(1 + n/d) + 1)
and n/d < 2ry/n we get In No(F,r) = O ((v/n/r)In(rn)). Hence, applying The-

orem 4, we obtain

Va(F)=0 (x/nlogn) .

Note that this is a large “nonparametric” class of experts, yet, we have been

able to derive a bound which is just slightly larger than those obtained for finite
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classes.

In the special case of static classes F such that F; € {0,1} for each F € F,
a quantity which may be used to obtain good bounds on the covering numbers
is the Vapnik-Chervonenkis (VC) dimension [27]. If a class F has VC-dimension
bounded by a positive constant d, then, using a result of Haussler [16, Theorem

1], one may show that

For such classes, Theorem 4 gives V,,(F) = O (\/ dn), which was not obtainable
with previous techniques. Note that this bound can not be improved in general.
In fact, Haussler [16, Theorem 2] exhibits, for each positive integer d > 1 and

for each n integer multiple of d, a class Fy4 with VC-dimension d and such that

No(Fa,r) = (26(27"7124—(1))d |

Hence, the above discussion and Theorem 5 together yield V;,(F4) = © (\/d )

4. Chaining: a general prediction algorithm In this section we obtain
general upper bounds for binary prediction without assuming that the experts
in F are static. Our aim is to extend the upper bound (1.1) to arbitrary (i.e., not
necessarily finite) expert classes. The simplest way to do this is by discretizing the
expert class, that is, taking a finite set of experts that approximately represent
the whole class, and use the algorithm described in Theorem 1 for the finite
class. As we will shortly see, this leads to a simple but suboptimal upper bound.
To state this bound, we need to introduce a notion of covering numbers for a

nonstatic expert class: The r-covering number Ni(F,r) of a class F of experts
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is the minimum cardinality of a set F, of experts such that
(VFeF) (V" e{0,1}") GG eF) Y |RE™) -G <r.
t=1

Then we have the following easy consequence of (1.1).

COROLLARY 6.  For any expert class F,

Va(F) < inf <r+ W) .

r>0 2

Proor. For each r > 0, the r-covering F, satisfies V,,(F) < r 4+ V,,(F,).

Applying (1.1) to bound V,,(F;) yields the upper bound.

Note that for finite classes this bound is at least as good as (1.1) as, trivially,
Ny (F,r) < |F|. Corollary 6 provides a quite acceptable upper bound in many
cases, though sometimes it is way off-mark. One such example is the class of
“monotone” experts considered in Section 3. For this class Theorem 4 implies
Vo (F) = O(v/nlogn), while the best bound one can get by Corollary 6 is about
the order of n?/3. Indeed, it is easy to see that In Ny(F,r) = O((n/r)Inr).
Taking 7 = n?/3 shows that V,,(F,) = O (n?/3(lnn)/3) .

To achieve the near-optimal upper bound of Theorem 4 in the case of static
experts, a technique called “chaining” is used, a standard method in empirical
process theory. For nonstatic experts, however, unfortunately we do not have a
characterization of the minimax regret by an empirical process. Still, the idea of
chaining turns out to be useful even in this case. Next we use this idea to define
a prediction algorithm, and derive a performance bound, which, in turn, leads
to a general upper bound on V,,(F) of the same form as the upper bound stated
in Theorem 4 for static experts, albeit we use a somewhat stronger notion of

covering numbers.
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In the argument below we need the assumption that the expert class F is
such that all predictors are bounded away from 0 and 1. That is, there exists
0 < & < 1/2 such that for every F € F, t <n, and y'~! € {0,1}}7, Fy(y'™!) €
[0,1 — d]. We call such a class §-bounded. We do not know whether it is possible
to drop this assumption, but the predictor presented here does not seem to work
for classes of experts not satisfying such a property. In the remainder of this
section we assume that F is §-bounded.

We start by defining the covering number used in the bound. For any class F

of experts, define the metric p by

def _ _
p(F.G)= max [F(y™") -Gy -
y'n. 6_{0_,1}n

For any € > 0, an e-cover of F (with respect to the metric p) is a set F. C F
of experts on {0,1}" such that for all F € F, there exists an expert G € F;
such that p(F,G) < e. The e-covering number N, (F,¢) is the cardinality of the
smallest e-cover of F.

We now move on to the description of the predictor P for a d-bounded class

of experts F. For all k > 1, define

1-26

= m(%)k and ap = (1 —20)(26)*1 .

€k

Let Gy be an ej-cover of F of cardinality N, = Ny (F, ). Define Gy = {F(©}
as the singleton class containing the static expert F(?) such that F’t(o) = 1/2 for
eacht=1,...,n.

For each k > 1 define Qy, as the class of all experts of form
lef 11 k k—1
Qt‘§§+a(Ft()*Ft( ))

for each pair (F(*=1 F(¥)) € G, x Gy, satisfying the condition p(F*), F(:=1)) <
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ay /2. By definition of the metric p and by the above condition,

1 k), +_ k— _ 1 _
— |EP (=) = FF V(Y| < — p(F®, F-D) <
ag ag

N =

This implies that each Q € Qj, satifies 0 < Q;(y'~!) < 1 and, therefore, is indeed
a bona fide expert.
Now, for each k > 1 we choose a predictor P*), for example, the one defined

in Theorem 1, such that its minimax regret with respect to the finite class Qy

achieves the bound (1.1). Namely, for all y™ € {0,1}"

. n n
(4.6) Lpa(y") — min Lge (y") < 51H|Qk\ <+/nlnNyg .

QEQ

where the last inequality holds because |Qy| < NjNy_; < NZ. Define P by
o0
p, % > P
k=1

Note that Z,;“;l ar = 1, and therefore P is indeed a valid predictor, taking values

in [0,1].

THEOREM 7.  For all classes F of 6-bounded experts and for the predictor P

defined above

1
Lp(y") — inf Lp(y") < 5(11+_2255)\/ﬁ/0 VIO N (F, €) de .

FeF

ProOOF. We fix a sequence y™ and, to simplify notation, we write F} instead
of Fy(y*~1). Let F* € F be an expert for which Lp(y") = infper Lr(y").
(If no such F* exists, for any small ¢ > 0 we may consider an F* such that

Lp-(y™) < infper Lrp(y™) + € and the same proof works.) Consider the “chain”
FO pM
formed by experts F*) € G, satisfying

p(F®) F*) < ¢, k> 1.



18 N. Cesa-Bianchi and G. Lugosi

Note that such a chain exists by the definition of the G;’s. Now, as
lim p (F(k),F*) -0,
k—o0

we may write

0 - k k—1
k=1
B t t
k=1
= Zangk)
k=1
where
k 11 k k—1
(4.7) QE):§+;k(Ft()_Ft( ))~

CLAIM 8. For each k > 1, the expert Q%) defined in (4.7) belongs to Q..
PROOF OF THE CLAIM. We must check that p(F®*), F(#=1)) < g, /2 for each
k>1. For k=1,
p(F.F©) <

for each F' € Gy, due to the §-boundedness of F (recall that F(©) predicts 1/2 all
the time). Now take k > 2. By the triangle inequality we clearly have

P(F(k),F(kfl)) < P(F(k)vF*) +p(F*,F(k71)) <e€p+ep_1 = %

and this concludes the proof of the claim.

Thus, forallt=1,...,n,

- k
Z%Qg "~y

k=1

00
k

> aP —y

k=1

|Pr—ye| — | — | =
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(4.8) iak[ ’ ‘Q(k) H

k=1

Therefore, summing the above equality over ¢ = 1,...,n and applying (4.6) to
each predictor P*), k > 1, we obtain

Lp(y™) — inf Lp(y ):

jnf ar (Lpo (y") — Low (™))

Sg (Lp(k) )= guin Loy n)>
SZ \/Tlthk
k=1
= ary/nIn N (F, )
k=1
1426
= \/EZ m(ek _€k+1) lnNoo (.7:,6k;)
< Jnit2 \/lnN (F.od
= V51— 20) €) de,

as desired.

The predictor P can be easily modified so to avoid the infinite sum. Define

the new predictor P’ by

t—1 0o
(4.9) PLES 0P+ ar
k=1 k=t
Here, only P, ..., P(™=1) are actually used to predict any sequence y". More

precisely, each P(®) is only used to predict the n — k bits yxi1,...,%n. The

performance of P’ is derived from (4.8) as follows

t—1 oo
. k k
(4.10) [P} = ye = [Fy =y <D Hpt( )_yt’ - ‘Q§ )—ytH +) a
k=1 k=t
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Note that
> ap = (20)"
k=t
Therefore, summing (4.10) over t = 1,...,n, we get
n t—1 n
Lo') = pLLr() <3 [|P® = | = @ =] + > ()

3
—

n i . .

5 5 w180 -l s+ 2

k=1t=k+1

n—1 .
= ag (LP(k) (yZ_H) - LQ(k,) (yg+1)) + 1_725

k=1

n—1 .
< L n o . L n IR
< 2 ag < P(k)(yk+1) C§T€llélk Q(yk+1)) + o5

=

< ak< (n—k)lnNk)—i—

3

1
1-26"°

Eod
—

(Here and in what follows, yi = (yp, Yp+1,---,Yq) for p <q.)

Hence, concluding the proof as we did in Theorem 7, we obtain the following.

COROLLARY 9. For all classes F of §-bounded experts and for the predictor

P’ defined above

142
Lp(y") = jnf Lp(y") < Vise— = +20 /mdwr?%

FeF 0(1—29)

5. Lower bounds In this section we derive lower bounds for the minimax
regret V,, (F) of general classes of experts. Recall that in the case of static experts,

by Theorem 3, we have the following characterization:

Vn(]:):E >

sup Z (; - Ft> (1—2Y,)

FEF

where the Y;’s are independent Bernoulli (1/2) random variables. Unfortunately,

this equality is not true for general classes of experts. However, the right-hand
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side is always a lower bound for V,,(F), and the following inequality is our starting

point.

THEOREM 10.  For any expert class F,

"1
Vo(F) > E |sup Y ( - Ft(Ytl)) (1-2Y))],
Feri= \2
where Y1, ..., Y, are independent Bernoulli (1/2) random variables,

PRrROOF. For any prediction strategy P, if Y; is a Bernoulli (1/2) random

variable then E|P;(y'~1) — Y;| = 1/2 for each y*~!. Hence

Vo(F) > Ry (P, F)

= L ™)y — inf L i
%}( P~ int Li(y >)

>E [LP(Y”) —I;Ielg__LF(Yn):|
= g —E [FirelgtLF(Yn)]

B |ap ) (3-F ) a-o2m)

Feri={ \2

Theorem 10 will be directly applied in Section 6 to the class of linear experts.
Next, we prove a different lower bound on V,,(F) in terms of the packing number
of F with respect to a random metric. This result will be applied in Section 7.
We make use of the following notations.

For any class F of experts and for all y™ € {0,1}", F|,» is the class of static
experts I such that F} = Fy(y'~1).

For each expert F, for all t = 1,...,n, and for all 2/=1 = (21,...,21) €

{—1,+1}""1, we define F; by F, (281 =1 —2F, (1 — 21)/2,...,(1 — z_1)/2).
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As we did in the case of static experts, we write the inequality proven in

Theorem 10 using the more compact notation

1 -
(5.11) Vo(F) > SE |sup Y F(Z27YZ| |
2 |rer—
where 71, ..., Z, are now independent Rademacher random variables.

THEOREM 11.  Let F be a class of experts containing two static experts F

and G such that Fy = 0 and Gy = 1 for all t. If there exists a positive constant ¢

such that
n B n 5

(5.12) E|sup ¥ F(Z"NHU,| <cE|sup Y F(Z'7Y)Z
where Zv, ..., Zn, U1, ..., U, are independent Rademacher random variables, then

K

Vi(F) > —E |supry/In No(Flyn,r)|

2c r

where Y1, ...,Y, are independent Bernoulli (1/2) random variables and K is the

universal constant appearing in Theorem 5. In particular, if in addition to the
above, for some r > 0, there exists a set G, of experts such that with probability

at least 1/2 it is an r-packing with respect to the (random) metric

dyn(F,G) = En: (F(YP1) = Gi (Y1)

t=1

then
Kr
Vn(f) Z Tc\/ 1n|g7-| .

PrROOF. For each fixed y™ € {0,1}", we can apply Theorem 5 to the static

class Fj,» and prove

E | sup Zﬁt(zt_l)Ut

FeFr i

> Ksupry/In No(Fjyn,7) ,
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where z; = 1 — 2y;. Then, by averaging over y”, we get

1 n B
Vo(F) > =E | sup ZFt(Zt_l)Zt by inequality (5.11)
2 |reri-
1 -
> —E |sup ZFt(Zt_l)Ut by hypothesis
2c FeF —1

v

K
Z—E [sup ry/In No(Fjyn, r)]
(& r

concluding the proof of the first statement. The second statement is a trivial

consequence.

6. Linear predictors In this section we study the class £y of k-th order
autoregressive linear predictors, where k > 2 is a fixed positive integer. As each
prediction of a k-th order autoregressive linear predictor is determined by the
last k bits observed, we add an arbitrary prefix y_gi1,...,%0 to the sequence
y" to be predicted. We use y}'_, to denote the resulting sequence of n + £ bits.

Accordingly, for such predictors the minimax regret is re-defined by

Vo(F) =min =~ max (LP(ylk) - ggffLF(ylk)> :

where

n

Lp(yi_x) Z |P(yi=3) — v
t=1

and Lp(y}_,) is defined analogously. Similar remarks hold for the next section.

The class £ contains all experts F' such that
k
F(yiZ)) = aie—i
i=1

for some q1,...,qr > 0 with Zle q; = 1. In other words, an expert F' predicts
according to a convex combination of the k£ most recent outcomes of the sequence.

Convexity of the coefficients ¢; assures that Fy(yi"}) € [0,1]. The same class of
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experts (without the convexity assumption) was considered also by Singer and
Feder [24] who studied a rather different problem. The main result of this section

determines the exact order of magnitude of the minimax regret for L.

THEOREM 12.  For any positive integers n and k > 2,

1
V(L) <1/ 2 ;k ~0.707VnInk

and for all k > 5

(6.13) liminf Valfe) o (L 1Y g L~ 0.158vink — 0.199 .
n—oo \/ﬁ 81

Moreover,

1
i inf liminf Y258 — L0707,

k—oo n—co \/pnlnk V2

REMARKS. For small k, the lower bound (6.13) holds vacuously. However,
for all k > 2, one can prove that liminf, . V,,(Ly)/v/n > 1/6. With more work
is also possible to obtain nonasymptotical lower bounds of the “right” order
vnlnk by studying the rate of convergence in the martingale central theorem
used in the proof below. Such nonasymptotical bounds will be derived for the
class Markov experts in Section 7. Finally note that the last statement implies

that the upper bound cannot be improved: the constant 1/ V2 is optimal. O

PROOF OF THEOREM 12. The first statement is a straighforward conse-
quence of Theorem 2 if we observe that L is the convex hull of the k experts

FO . F®) defined by

Ft(i)(ytq) =y, i=1,....k
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We prove the second statement by applying directly Theorem 10 in the compact

form (5.11),
1 - 1 -
: > -E F(Z2"YZ,| = -E VAV
Va(Ly) > 5 Ifélgk; 3 ( VZ¢ 5 lIgZaSthz::l t4t
where Z_j41,...,Z, are independent Rademacher variables and the last step

holds simply because a linear function over a convex polygon takes its maximum
in one of the vertices of the polygon.

Consider now the k-vector X,, = (X, 1,...,Xn k) of components

dot 1 )
Xn,z' = 7ZZtZt_i, ZZl,...,k.
V=

By the “Cramér-Wold device” (see, e.g., Billingsley [2, p. 48]), the sequence
of vectors {X,,} converges in distribution to a vector random variable N =
(N1, ..., Ng) if and only if Zle a; X, ; converges in distribution to Zle a; N;

for all possible choices of the coefficients ay, ..., ar. Thus, consider

k n k-
ZZ:; a; X, = % tz:; Zy ; a;Zi_;.

It is easy to see that the sequence of random variables vnX, ;,, n = 1,2,...,
forms a martingale with respect to the sequence of o-algebras G; generated by
Z_k+41,-- -, Zs. Furthermore, by the martingale central limit theorem (see, e.g.,
Hall and Heyde [15, Theorem 3.2]) Zle a; X, converges in distribution, as
n — 00, to a zero-mean normal random variable with variance Zle a?. Then,
by the Cramér-Wold device, as n — oo the vector X, converges in distribution to
N = (Ny,...,Ny), where Ny,..., N; are independent standard normal random
variables.

Convergence in distribution implies that for any bounded continuous function
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P RF = R,
(6.14) nlin;OE W(Xna,- s Xng)] =E(DN, ..., Ny
Consider, in particular, the function ¥ (z1,...,z;) = ¢r(max; x;), where L > 0,

and ¢y, is the “thresholding” function

—Lifr < —L
or(z) =<z if|z] <L
L ifz>L.

Clearly, ¢, is bounded and continuous. Hence, by (6.14), we conclude

PR [¢L (mx Xﬂ =E PL (m N)] ~
Now note that for any L > 0,

E {max Xm]
1<i<k

>E |:¢L <1r22a<xk Xn,z>:| +E |:<L + gfgxk Xn,i) I{maxlgigk Xn,i<—L}] )

where
‘E (L + 1réliagxk Xm) I{maxl<i<an,i<L}:| ‘
E |:< — L> I{‘maxlgigk Xn,i
o0

/ P{ >L+u}@

0
/ P { > u} du

L

o
/ k max P {| X, ;| > u}du
L 1<i<k

IN

max X, ;
1<i<k ’

L>O}]

max X, ;
1<i<k

max X, ;
1<i<k "

IN

< Zk/ e 2qy
L

(by the Hoeffding-Azuma inequality)
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> 1
< 2k/ (1 - 2) e "2 du
L u

2k
= feiL2/2.

Therefore, we have that for any L > 0,

2k
liminfE[max an} >E[¢L<max Ni)] _ 2R 22
n— o0 1<i<k ’ 1<i<k L

Letting L — oo on the right-hand side, we see that

liminf E [m X X,m} > E {max Ni] .
n—00 1<i<k 1<i<k

(Note that one can similarly show that, in fact, E[maxi<;<xXn: —
E [maxi<;<; N;] as n — o0.) Using a standard estimate for the expected

value of the maximum of %k independent standard normal variables (see, e.g.,

[18, p. 80]), which holds for k£ > 5, we obtain

. 2 Va(Lr) 1 1 1 1
— > > - = — |V — — .
hrfnaloonf N 2E 1??5}(1@ Nij = 4  4e Ik V 87

The last statement now follows from the fact that

. E[maxi<i<i Ny
lim —Lt—isesk ) \/5’
k—o0 Vink

see, for example, Galambos [12].

7. Markov experts This section is devoted to an important family of ex-
amples (i.e., k-th order Markov experts), another example of how the upper
and lower bounds obtained in Sections 4 and 5 may be used in concrete situ-
ations. The same class of experts was also considered by Feder, Merhav, and
Gutman [11], who derived an upper bound. The main novelty of this section is
a matching nonasymptotical lower bound, obtained via Theorem 11, revealing
the exact value (to within constant factors) of the minimax regret for Markov

experts.
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For an arbitrary & > 1, we consider the class My of experts that, when
considered as probability measures on {0, 1}", represent all stationary k-th order
Markov measures. The rigorous definition is as follows (as each prediction of a
k-th order Markov expert is determined by the last k bits observed, we add a
prefix y_r4+1,...,yo to the sequence to predict in the same way we did in the
previous section for the autoregressive experts): The class My, is indexed by the
set [0, l]zk so that the index of any F' € My, is the vector f = (fo, f1,--+, for_1)
with f; € [0,1] for 0 < s < 2*. If F has index f then Fy(y"}} ) = f for
all 1 <t < n and for all yt:lirl € {0,1}***~1 where s has binary expansion
Yt—ks - -, Yt—1. (Note that, due to the need of adding a prefix y_x11,...,¥y0 to
the sequence to predict, the function F} is now defined over the set {0, 1}t+*~1))

As mentioned in Section 1, Feder et al. [11] showed that
Vn(/\/lk) < CV2kn

where C' is a universal constant. Interestingly, both Theorem 2 and Theorem 7
imply the same upper bound. The best constant C = \/W is achieved by
Theorem 2. (To see why Theorem 7 implies a bound of the same order of magni-
tude, just observe that Neo(F,d) < 572" for all § € (0,1).) We now complement
this result by showing a matching lower bound on V(M) that holds for all

k > 1 and for all sufficiently large n.

THEOREM 13.  There exist universal constants C1 and Co such that for all

k> 1 and for alln > C k222K

Vn(Mk) Z OQ \% an

REMARK. In the proof, we will show that the theorem holds for C; = 78941
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and Cy = K/690 (where K is the universal constant appearing in Theorem 5)
provided that n is also a multiple of 2¥. It should be clear from the analysis that
this condition on n could be indeed removed by a suitable increase of C; and Cs.

O

We prove this theorem by applying the lower bound of Theorem 11. How-
ever, instead of checking directly that Markov experts satisfy condition (5.12),
we proceed as follows: First, we define two simple properties (symmetry and
contraction) whose conjunction is shown to imply condition (5.12). Second, we

prove that Markov experts have both of these properties.

DEFINITION 14 (SYMMETRY). An expert class F is symmetric if for each
F € F and for each y* € {0,1}" there exists F' € F such that F{(y'~!) =

1— Fy(y*=1) for eacht =1,...,n.

This condition is quite mild, and even if it is not satisfied, one may easily “sym-
metrize” the expert class by adding to F a “symmetric” expert F' =1 — F for

each ' € F. This operation just slightly increases the size of F.

DEFINITION 15 (CONTRACTION). Let ¢ be a positive constant. An expert

class F is c-contractive if

n n
E|[sup > F(Z7HYZY,| <cE |sup > F (27 1z,
where Z1,...,Zpn,Y1,...,Y, are independent random variables such that each Z;

is Rademacher and each Y, is Bernoulli (1/2).

The next result shows that symmetry and c-contraction imply condition (5.12)

with constant 2¢ + 1.
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LEMMA 16. If an expert class F is symmetric, c-contractive, and contains

some static expert F such that F; =1 for allt, then

E|sup Y F(Z8HU | < (2c+1)E |sup > Fi(Z27Y)Z,
s 2 P s 2 P
where Zv,...,Zn,Uy,..., U, are independent Rademacher random variables.

PrOOF. Consider the chain of inequalities

n n
2c+ 1E | sup F(z7YZ,| - E sup F(z'7YH,
e a3 o [ o
= 2cE | sup AV AR VA
s Y272
— | E |sup F(ZYU,| — E | sup F(zt7YZ
(el Zrew] - vl Epen
n n
> 2cE | sup F,(Zzt7™YZ,| — E sup F(Zt7YWU, — Z
L R s

Now pick independent Bernoulli (1/2) random variables Y7, ...,Y,. We further

bound as follows.

2cE | sup F(Z"YZ,| - E sup F(Z"YWU, - Z
LA B S R w2
(7.15) =2cE |sup Y F(Z'7")Z| - 2B |sup > F,(Z2"7")(-Z)Y,
FeFr i FeF =1
(7.16) =2¢E |sup Y F(Z'"")Z| — 2B |sup > F(Z2""")ZY,
FeF —1 FeF —1
(7.17) >0.

To show (7.15) fix any 2" and notice that, for each ¢, the distribution of U; — z;
is the same as the distribution of —2Y;z;. Finally, symmetry of F implies (7.16)

and contractiveness implies (7.17).
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As My is clearly symmetric and contains some static expert F' such that
F, =1 for all ¢, all we have to show, by Lemma 16, is that M, is contractive,
and then the existence of a packing set G, with the required property. These

properties are stated by the next two lemmas.

LEMMA 17.  For all k > 1 and all n > 78941k%2%% multiple of 2k My, is

(10\@) -contractive.

To prove this result we need some preliminary definitions and a few technical sub-
lemmas. Fix any k > 1. For each s € {—1,1}*, for each z = 2", | € {-1,1}""k,
and for each t = 1,...,n define

1 ifzf:,i =sand z =1,
a(s, z) o —1if zf:,i =sand z; = —1,
0 otherwise.
Recall that, by definition of k-th order Markov expert, for any F' € M} the
quantity ﬁ‘t(zt_jii_l) depends only on the subsequence ztt:,i Hence,

Zat(s,z)

t

n

TR
FIQ%Z #2011 )2

t=1 se{—1,1}*

So, showing that My, is (10\/5)—contractive amounts to showing that

(118) > E < (10v2) Y EYals2)

se{—1,1}* se{—1,1}* t

Z a(s, 2)Ys

where Z = (Z_g41,...,Zy) is a vector of n+k independent Rademacher random
variables. Define m(s,z) = .1, |as(s, 2)|, so m(s, z) is just the number of times

s occurs in z. We now prove the following.

LEMMA 18.  Forall s € {—1,1}*,

2
> ai(s, Z)| <E (Zat(572)> = E[m(s, 2)] ,

(7.19) Var

t t
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Zat(svz)}/t S
t

(7.21) E[m(s, Z)] =

E[m(s, 2)]

9

(7.20) E

27]6 .

PROOF. We start with (7.19). Note that

E (Zat(s,Z)> =E Zat(s,Z)Q

=E[m(s, 2)| + > _Elai(s, Z)av(s, Z)] .
t#v

Zat(s,Z)av(s,Z)

t#v

To investigate one term of the sum on the right-hand side, assume without loss

of generality that ¢ > v and write
E[a,(s, Z)ay(s, Z)] = E [E [a(s, Z)ay(s, Z) | Z k+1]]
=E[a,(s, 2)E [as(s,2) | Z51,]]
(since a,(s, Z) is determined by VA k+1)
=0

and this concludes the proof of (7.19). To prove (7.20) fix z € {—1,1}"** and

consider the chain of inequalities

)

E Zat522y2
t

E

Zat(s,z)Yt

t

+E Zat(sv z)av(s, Z))/t}/v
t#£v

t;é'u

:\/;Zatsz Zatszavsz)
t

2
<Z a(s, z)) +m(s, z) .
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Averaging both sides with respect to z € {—1,1}"*¥ yields

E

IN

%E <Z a(s, Z)) +m(s,2)

Zat(s,Z)Yt

IN

2
e (;Ms,m) + Efm(s, 2)]

E[n(s.2)]
2

Finally, to prove (7.21) just observe
n
Em(s, 2)] = > P{Z . =s}=n/2".
t=1
LEMMA 19.  For all n > 78941k%2%F multiple of 2F and all s € {—1,1}*,
plSias 2l 1)1
Em(s2) 45
PROOF. Recall that the functions ai,...,a, are such that for all s €

{—=1,1}* and 2z € {-1,1}"**, each a,(s, z) is determined by s and (z;_g, ..., 2;)

only. Hence, we can extend each function’s domain by adding infinitely many

arbitrary components 2,41, Zn+2,- .. to the vector z without affecting the func-
tion’s value on a pair (s, z). Call af,...,a,, these extended functions, which are
now defined on pairs (s, 2’) where 2’ = (2, ,,...,2,2],...). Thus, we have

that for each such pair (s, 2’),

a’;(svzl) = Q¢ (Sa (Zl)zk-&-l)

where, as usual, (2')", 1 = (2_;41,---,2,). As the function m is the sum of
ai,...,a,, we can extend m to m’ so that m’(s,2") = Y7, |aj(s,2’)|. Now,
if Z = (Z_g+1,.-.,2Zy) is a vector of n + k independent Rademacher r.v.’s

and Z' = (Z,.1,...,2y,Z},...) is a vector of infinitely many independent
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Rademacher r.v.’s, then

%
e~ =

P { E a2 1} _p ) [Eia (5 (2) )|
E[m(s,2)] 4 VE[m (s, (2)711)]

) I iiai(s, 2 1
(7.22) —P{ e 2] 4} .

We now lower bound (7.22). To keep the notation tidy, in the rest of the proof
we will write a;, 2, and Z; instead of a}, 2;, and Z.
Fix any s € {—1,1}*. Define the random variables T}, . . ., T}, such that T;(z) =

tiff z{_, ., is the i-th occurrence of s in z. More formally,
Ti(z)=inf{t>0:2,=s,, t—k<p<t}
and, inductively for each ¢ > 1,
Ti(z)=inf{t >T;_1(2) : zp=8p, t—k <p<t} .
Now, for all 1 < £ < n, let

L
def
S@(Z) = ZZTi(Z)+1 .
i=1

Then
n m(s,z)
Zat(suz) = Z ATi(z2)+1 = Sm(s,z)(z) .
t=1 =1

To control Sp,(s)(2), we use a technique due to Doeblin and Ascombe (see,
e.g., [6, Theorem 1, page 322]). The use of this technique relies on the following

key observation.

CLAIM 20.  For any integer m > 0, the random variables Zp 41,. .., 21, +1

are independent Rademacher.
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PROOF (OF THE CLAIM). We use the following idea due to Merhav and
Weissman [21]. Consider the nested sequence {Q,?} = 4y C A; C ... of
o-algebras, where each A; is the o-algebra generated by the r.v.’s Z1, ..., Z;. To
see that Zp 41,...,Z7, +1 are indeed Rademacher note that

P{Zp=1}=> P{Zy=1|T,=t}P{T; =t}
t=0

— S P{Zi = 1| T =t} PAT: = 1}
t=0

I
N =
NE

P{T, =t}

as {T; =t} € A; and Z;; is independent of Ay)

[=)

Independence is proven by induction as follows: The random variable Zp, 11

is trivially independent. Now assume by induction that Zp 11,..., 27,11 are
independent. By construction, Zr, 41, ..., Zr;+1 are all ATj+1-measurable. Now
the fact that Z7,,, 11 is independent of Az, ;1 (and therefore of Zp, 1 1,..., Z1, 1)

follows from observing that T > T; and from applying [6, Lemma 2, page 138]

to the finite stopping time 7). This concludes the proof of the Claim.

Let k, = E[m(s, Z)]. Note that (7.21) in Lemma 18 and the assumption that

2F divides n imply that k,, is integer. We have

Siias,2)] 1| o [ [Smen(Z)] 1
P{ E[m(s,Z)}Z4}_P{ Vkn 24}

(723) >P {|Skn(Z) > " and |S,(s,2)(Z) — Sk, (Z)| <

%
5

—
3

B
B

3
[\
>
IV
!
—
0
o
3
N
IV

2n} - P{Sm(m(z)s’“"(z)lz 4 }
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where (7.23) holds since
[Sm(s.2)(Z)| 2 Sk, (Z)] = [Sm(s,2)(2) = Sk, (Z)]

and (7.24) holds since P{A N B} > P{A} — P{B¢}. Note that S, (Z) =

Ef;l Z1,(Z), where k,, is constant and, by Claim 20, Zr,,...,Zp,  are inde-

ko
pendent Rademacher random variables. Hence, if 14 is the indicator function of
the event A,

k k
vk, = - vk,
plis. @12 Y }>2P{§:I{zn_1}>§ Izn=1y + 5 }

i=1 i=1

k
- kn  Vkn
:2P{ZI{ZT«;—1}>2+ 1 }

i=1

(7.25) >2 (1 —®(1/2) - \;{7)

where the last inequality follows from the Berry-Esséen theorem (see Chow and
Teicher [6, Corollary 4, page 305] where we took ¢s = 1) with ® being the Normal
distribution function. As 1 — ®(1/2) > 3/10, the quantity in (7.25) is at least

2/5 for k,, > 100, that is for n > (100)2*. Now, for any a > 0,

ey

p {|sm<s,z><Z> Su(2)|

Vkn
4

(7.26) <P {'S'm.(s,Z)(Z) - Sk (Z)] > and |m(s, Z) — k,| < akn}
(7.27) +P{|m(s,Z) — kn| > aky,} .

We start to bound (7.26) by establishing the following:

Vkn
4

(Sm<s,z><z> ()] ) A (ms,2) — kol < aky)

implies

kn<j<(l4a)kn 4

( max 19;(2) — Sk, (2)] > kn>
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v (e 18500 - S92 )

(1—a)kn <j<kn

Hence we have

P {|sm<s,z><2> 5,(2)]

v

<P s (2
B {kn<jr<ng§a)kn5j( ) = Sk (2) 4

p Si(Z) — Sk (Z)] >
i {(1—a§2?§j§kn| i) = 8. (2)

Note that, again by Claim 20, |S;(Z) — Sk, (Z)| is the absolute value of the
sum of at most |ak,| independent Rademacher random variables. Hence, by

Kolmogorov’s inequality,

Vkn
(Z) — >
i {kn<jglg>ia)kn|SJ(Z) Sk (Z)] 2 1
Vkn
(Z) — >
v {(1—a§23§jgkn|sj(z) Sk (2)l 2 —
16 ,
< B {(Sknﬂaknj(z) — 5, (2)) }
16 ,
e E [(S’“"(Z) = Sk Lok, (£)) }
< 16a + 160 .

Now we bound (7.27). As m(s, z) can change by at most k by changing the value
of z; for at most one 1 < ¢ < n, we can apply McDiarmid’s inequality [20] (see
also [9, p. 136]) and conclude, recalling that E[m(s,Z)] = 2¥/n by (7.21) in

Lemma 18,
azn
P {m(s,2) - Bl(s, Z)| > aBfn(s, 2)]) < 2exp (20 ) =0

Hence,

Sl 12 L
P{W24}25 320 — 5
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By choosing a = 1/165 and n > 78941k?22% | we get § < 1/165 implying 32a+§ <

1/5.

PROOF OF LEMMA 17. To prove the lemma, by (7.18) it suffices to show
that, for any s € {—1,1}* and for all n multiple of 2* and larger or equal than

78941222k

n

Zat(s,Z)Yt

t=1

E < (10\/5) E

Lemma 19 and Markov’s inequality imply

% < P{ > i E[m(S,Z)]} < AE [0 au(s, Z)| )

E[m(s, Z)]
Now, from (7.20) in Lemma 18,

n

Zat(s,Z)

t=1

E[m(s, Z)]

. 2

<

Zat(57 Z)}/t
t=1

< (10&) E

Zat(s, 7Z)
t=1

as desired.

LEMMA 21. Ifn > 2F+5 there exists a subset of Markov experts of cardinality
92"/3 which, with probability at least 1/2, is anr = y/n/8-packing of F with respect

to the random metric

dyn(F,G) = | > (F(YP1) = Gy(Yi-1)) .

t=1
PrROOF. The key tool is Gilbert’s [13] packing bound which states that if
A(f,r) is the largest number of sequences of length ¢ in {0,1}¢ such that the

Hamming distance (i.e., the number of disagreements) between any two of them

is at least 2r + 1, then

Al r) > 2376[.
il ()
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In particular,

L

i=1 \1

(7.28) AL, 0/8) > > 9f—th(1/4) > 9t/3

where h is the binary entropy function.

We need to prove the existence of a set
G ={FV, .. FMLcF
such that

P{ min dy-(FO, FO)) >p} >
i,§<M

i

DN | =

where M = 22°/3 and r = \/n/8. We choose the packing set G, as follows. Let

i contain all F' € M, such that Fy(y'=') € {0,1} for all 1 < ¢t < n and
for all y*~1. By the Gilbert lower bound (7.28), there exists a set G, C M}, of
cardinality M = 22°/3 so that any two distinct F(, F(0) € G, are indexed by

vectors f), ) € {0, 1}2k that disagree on at least 2¥ /4 components. Then,

2k _1
i )2 n i 1) 2
E [(dY”(F( L FD)) } = 2 (10 -1)
s=0
n 2k n
> =
— 2k 4 4
and therefore
P { min dy.(F®, FU)) <y
i,j<M
i#j
2 n ) . 2
< (22k/3) J?S%P {Z (Ft(z) (Yfﬁl) - Ft(j)(Y—t;Jlrl)) < 7"2}
= t=1

1,J<M
IS =1

k - i — j - 2
< 2> max P {Z <Ft( )(Y_tkiﬂ - Ft(j)(yikiﬁ)



40 N. Cesa-Bianchi and G. Lugosi

g |:(dYn(F(i)7F(j))>2] <2 Z}

(by the above inequality for the expected value)

* - i) e N 2
=922 il?gﬁP {Z (Ft( )(Y—tki—l) _ Ft(j)(Yikil))
e t=1

_ B |:(dYn(F(i)7F(j))>2] < _Z}

(choosing 72 = n/8)

< 22ke’”/32

where at the last step we used the Hoeffding-Azuma inequality for sums of
bounded martingale differences [1, 17], (see also [9, Theorem 9.1]). This upper
bound is less than 1/2 whenever n > 285 which is guaranteed by assumption.

The proof is now complete.

8. Conclusion and remarks In this work we demonstrate that ideas and
results from empirical process theory can be successfully applied to the problem
of predicting arbitrary binary sequences given a fixed set of experts. For general
expert classes, we prove upper and lower bounds on the minimax regret in terms
of the metric entropy of the expert class. In the special case of static experts, the
prediction problem turns out to be precisely equivalent to a Rademacher pro-
cess; hence we can prove tighter upper and lower bounds on the corresponding
minimax regret. Furthemore, applications of our results to the classes of autore-
gressive linear predictors, Markov experts, and (static) monotone experts yield

bounds that were not apparently obtainable with any of the previous techniques.

As we noted before, the loss function considered here may be interpreted as

the expected loss |?t — | of a randomized prediction strategy whose prediction
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at time t is the binary random variable }A/t, where 171, ceey 17” are independent,
and P{Y; = 1} = 1 — P{Y; = 0} = P,. Then an obvious question is how the
actual (random) loss Y., ; Y, — | relates to its expected value Lp(y™). Luck-
ily, this difference may be easily bounded by general concentration-of-measure
inequalities. Since all prediction algorithms considered in this paper calculate P;
by looking at the expected losses of the experts up to time ¢t — 1, it is easy to
see that changing the value of one Y, cannot change the cumulative loss by more
than one. Therefore, for example, McDiarmid’s inequality [20] (see also [9, p.
136]) implies that for any u > 0,

A

In other words, the random loss Y 7, |5A/t — y¢| with very large probability is at

Z |5A/t —yt| — Lp(y")
t=1

> u} < 26_2“2/".

most O(y/n)-away from Lp(y™), regardless of the expert class.

The loss function considered here is by no means the only interesting one. The

most popular loss function considered in the literature is the so-called “log loss”

—log (Py(y' N iy=1y + (1 = P(y" ") {y,=0}) »

which has several interesting interpretations in coding theory, gambling, and
stock-market prediction. Instead of surveying the literature, we refer to the ex-
cellent recent review paper of Merhav and Feder [10]. For the log loss with static
experts, and under some additional conditions, Opper and Haussler [22] bounded
the minimax regret with an expression whose form is similar to Theorem 7. This

result was recently extended to more general (nonstatic) experts in [4].
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