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1Assume that {ετ}, τ = 0, 1, 2, ..., is a sequence of independent stochastic variables with
mean zero and variance σ2 and let ξt =

∑t

τ=0
ετ . Sequence {ξt}, t = 0, 1, 2, ..., is then a random

walk (without drift).
2Granger and Newbold (1974) reached their conclusions by simulation. The asymptotic

distribution theory valid for their experiment was worked out more than a decade later by
Phillips (1986). A compact presentation of these developments can be found in Granger (2001).
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�������
� 
�
�
���	����	� �������	
 ��
 �
 �	 2/ d � d0), ��	�	 d0 > 0.

3Uniqueness can be shown as follows. Suppose there are two cointegrating relations between
the I(1) variables yt and xt:

yt = βjxt + εjt, j = 1, 2, β1 �= β2.

Subtracting the second from the first yields

(β2 − β1)xt = ε1t − ε2t.

The left-hand side of this equation is I(1) whereas the right-hand side as a difference of two
I(0) variables is I(0). This is a contradiction unless β1 = β2, in which case ε1t = ε2t.
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st = a + b(pt � p∗t ) + εt /9�H0
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∆st = a + b(st−1 � pt−1 + p∗t−1
) + g(∆pt−1 � ∆p∗t−1

) + εt, /9�I0
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st = 6.63 + 0.44pt � 1.07p∗t + ε̂t. /9�40
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8According to the Balassa-Samuelson effect, poor countries grow faster than rich countries,
and consumer prices in the former increase faster than they do in the latter. A reason is that
faster growth in poor economies is primarily due to productivity growth in the tradable goods
sector where prices tend to be equal across all countries. Strong growth in productivity leads
to large wage increases in the non-tradables sector as well; in this sector, however, productivity
can be expected to grow at about the same rate in all countries. Large wage increases then
imply large increases in prices of non-tradables in poor countries. The latter price increases, in
turn, raise the growth rate of the aggregate consumer price index in these countries.

9This requires the assumption that the foreign price level p∗
t
is exogenous in the sense that

there is no feedback to it from the other two variables. This restricts the considerations to a
system with two equations, so that there can be at most one cointegrating vector.

$9



#����	 9�$% Residuals of regression (2.8)
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� �	-	��	� �� ��	 HO �	�	�� 2� �	 �
�����	 ���� st, pt ��� p∗t ��� �	 �	����	�
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3. Modeling volatility
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10The results are sensitive to the choice of null hypothesis, however. Augmented Dickey-
Fuller tests of the unit-root hypothesis, see Dickey and Fuller (1981), give t-values from −2.3
to −2.5, which are not small enough to reject the null hypothesis at the 0.1 significance level
(the critical value equals −2.58).

11For a thorough account of stable Paretian distributions and their use in finance and econo-
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3.1. Autoregressive conditional heteroskedasticity
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��	� ���� εt ��� �	 �	�
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	� �
 εt = zth

1/2
t , ��	�	 � zt� �
 � 
	��	��	 
�

��� ����
� �������	
 ���� �	�
 �	�� ��� ���� �������	' ��� ��	�	

ht = ��� (εt�� t) = α0 +

q∑
j=1

αjε
2

t−j. /@�90

metrics, see Rachev and Mittnik (2000).
12Alternatively, the conditional mean is a nonparametric function of xt, in which case the

focus is on estimating its functional form.
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2� (3.2) , εt = yt � E� yt�xt� , ��� ��	 ���
�����
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	� � t = � εt−j : j 	 1� , α0 > 0,
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3.2. Extensions and applications
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(=7� �
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� (3.2) �
 �
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�	� ����
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��� �
�
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�
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���� �
��' 
		 <
��	�
�	� /$34I0'

ht = α0 +

q∑
j=1

αjε
2

t−j +

p∑
j=1

βjht−j. /@�@0

��	 ��
� 
��	� / p = q = 1) 8(=7� �
�	�' ��

 
���	
�	� ���	�	��	���� ��
����
� /$34I0' ��
 
���	 �	�
�	 ��	 �

� �
����� (=7� �
�	� �� �������	�
7
����	� �
 ����	�
 ��
�� (=7� �
�	�' ��	 8(=7� �
�	� �
 � �
	��� �	�������
���
����
� ���� ���
�
 � ���
��
��
�
 
�	�������
�% � ��
� 
��	� 8(=7� �
�	�
�
�����
 
��� ���		 �����	�	�
� �
�	�	�' �� �
	
 �
� ��� ��� �
��	������� �	�
��
�����

��	 ���������
� �� ����	 /$3490 ���
��	� ����
	�
�
��� 
	��	
 
��� �
 ��	
��.���
� ���	' ��� ����	 ������� �	����	� ���� ��	 (=7� �
�	� ��
 �
	��� �� � 
������� 	�
�
���
' �
 �	��� 2��		�' ��	� �
�
��	���� ���	 
	��	
 
� ����	 �����	
'
>���	���
� /$3I@0 ��� ���	��� 
�
	��	� ���� D��� ����	 �����	
 �	�� �
 �	 �
� 
�
�	� �� ����	 �����	
 � 
� 	���	� 
��� � ��� 
���� �����	
 �	�� �
 �	 �
��
�	�
�� 
���� �����	
 ���E' ��� �	 ��� �
� �
 
� �
 �
�	� ��	 �	����
 �
 ���	 �	�	� 
�	��� 2� ��	 �
�����
��� �	�� �
 �

��	� �
�
����' ��	� ��	 (=7� �
�	� ���
�	 �
	� �
 �������	���	 �	���� 
	��	
 ���� �
����� �
 ���	�� �	�	��	��	 ��� �

��
���� ���
�	���� 
� �
��������� (
 ��	 (=7� �
�	� �
 ��

 
������	 �
� �
�	����
�	��
������ 
�
	�����
�
' �� ��� �	 �
	� �
 �
�	��
� �
��������� ���
' �� ����' ���
�	 ������� �
� ���	
�
�
 ��
 ���� �
 ����� ��	 ��
���	

 
� ��	�� �
���
��
�

��	 ���	� ���	� 
� #����	 @�$ 
�
�
 ��	 ����� �
��������� �	����
 /��
� ��� 
�	�	��	
 
� ��	 �
�������
 
� ����� ��

��� ����	
0 
� ��	 +������� ��� !

� H55

$H



#����	 @�$% Upper panel: Logarithmic daily returns of the Standard and Poor 500

stock index, May 16, 1995 � April 29, 2003. Lower panel: Estimated conditional

variance for the same index from the first-order GARCH model (3.4).
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ht = 2 � 10−6 + 0.091ε2t−1
+ 0.899ht−1. /@�B0
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�	� 8(=7�/$'$0 �
�	� �
� �
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3.3. ARCH-in-mean and multivariate ARCH-in-mean
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rt = β + g(ht) + εt, /@�H0
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13The vech-operator chooses the observations in every column that lie above or on the main
diagonal and stacks them on top of each other, beginning with the first column. For instance,
let

A =

[
a11 a12

a21 a22

]
.

Then vech(A) = (a11, a12, a22)′.
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3.5. Application to value at risk
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14This example is, of course, artificial in the sense that the GARCH model is estimated for

a period ending April 29, 2003. In practice, the investor could only use a GARCH model

estimated for the observations available at the time the Value at Risk is calculated.
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5. Summary and hints for further reading
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