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Probability and Problems in Euclidean
Combinatorial Optimization

J. Michael Steele

Abstract. This article summarizes the current status of several streams
of research that deal with the probability theory of problems of combina-
torial optimization. There is a particular emphasis on functionals of finite
point sets. The most famous example of such functionals is the length
associated with the Euclidean traveling salesman problem (TSP), but
closely related problems include the minimal spanning tree problem,
minimal matching problems and others. Progress is also surveyed on (1)
the approximation and determination of constants whose existence is
known by subadditive methods, (2) the central limit problems for several
functionals closely related to Euclidean functionals, and (3) analogies in
the asymptotic behavior between worst-case and expected-case behavior
of Euclidean problems.

No attempt has been made in this survey to cover the many important
applications of probability to linear programming, arrangement search-
ing or other problems that focus on lines or planes.
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1. INTRODUCTION
Almost all of the results surveyed here owe a debt
of one sort or another to the classic theorem of Beard-
wood, Halton and Hammersley that lays out the basic
behavior of the length of the shortest tour through a
random sample from a-general distribution in R?,

TaeoreM 1 (Beardwood, Halton and Hammersley
1959). If X;, 1 < i< o are independently and identi-
cally distributed random variables with bounded sup-
portin Re then the length L, under the usual Euclidean
metric of the shortest path through the points {X1, X,,

., X,} satisfies

L,/n'=Y4 — Brep / flx)9=V4 dx almost surely.
Rd

Here, f(x) is the density of the absolutely continuous
part of the distribution of the X;, and Brspa is a positive
constant that depends on d but not on the distribution
of the X,.
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The Beardwood, Halton and Hammersley (BHH) theo-
rem has led to developments of several different types.
The first developments that we review concern general-
izations of the BHH theorem that aim to provide in-
sight into larger classes of processes. It turns out
that the essential geometric features of the traveling
salesman problem (TSP) are present in many of the
problems that have been investigated in the theory of
combinatorial optimization, and there is also a close
connection between these properties and the notions
of subadditivity. These subadditivity-driven general-

izations of the BHH are addressed primarily in Sec-

tion 2.

The second type of problem considered looks at the
BHH theorem from the perspective of precision rather
than generality. It turns out that L,, the length of the
shortest tour through an n-sample, is highly con-
centrated about its mean. The main result of this devel-
opment, the theorem of Rhee and Talagrand, is spelled
out in Section 3. It tells us that the tails of the TSP
functional L, decay as rapidly as those of the nor-
mal distribution. This remarkable result has evolved
through several intermediate stages, each of which
offered new tools for the analysis of functionals of finite
point sets in the plane.

Section 4 is the last to focus explicitly on the theory
of the TSP, and, though we start to strain the notion
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of a Euclidean problem, the development casts light
on problems like those just described. The main pur-
pose of Section 4 is to introduce the connection between
Euclidean optimization problems and self-similar sets
of fractional dimension; the principal result reviewed
is a theorem by S. Lalley on the TSP. This is an
intriguing result that suggests a rich connection be-
tween the rapidly developing theory of sets of fractals
and many classic problems.

In Sections 5 and 6 the set of problems studied is
widened. We first consider the theory of the minimal
spanning tree (MST) and review how one can construct
an infinite analog to the MST that leads to answers of
a number of classic questions. One of the best reasons
for introducing any new mathematical structure is that
it simplifies and strengthens earlier results, and this is
exactly what occurs in this development of an “infinite
MST.” The new structure permits one to make many
deductions that are apparently difficult (or perhaps
impossible) to address without such a tool.

Section 6 gives a brief survey of some of the new
developments in the theory of matching. This subject
began with the theorem of Ajtai, Komlés and Tusnady
on the two-sample matching problem, but it has devel-
oped rapidly because of its rich connections to such
topics as bin packing, scheduling and the theory of
empirical processes. There are many engaging special
results in this active area, and it is not possible to offer
much more than a taste. We particularly want to call
attention to a new theory of majorizing measure initi-
ated by M. Talagrand. This theory unifies and deepens
many earlier results and also suggests many new con-
crete problems.

In the last three sections the pace is quickened,
but the work that is surveyed represents many recent
developments that can be expected to lead to much
further research. In Section 7, recent progress is re-
viewed in the calculations of the constants that appear
in results such as the BHH theorem. Section 8 then
considers the very recent progress on the central limit
problem for some geometric problems closely related
to Euclidean functionals. Finally, in Section 9 we see
some tight analogies between the probabilistic analysis
of Euclidean functionals and their worst-case behavior.
The concluding section mainly focuses on the omis-
sions that have been occasioned by our focus on func-
tionals on points rather than on the full range of
Euclidean structures.

The Connection to Algorithms. Before going to the
survey just outlined, there is one top-level observation
about the BHH theorem that should be made. It is
likely that this remarkable 1959 result would have
remained relatively undeveloped if it had not been for
the striking use of the BHH theorem in the polynomial-
time probabilistic TSP algorithm of Karp (1976, 1977).
The TSP was among the first of the traditional prob-

lems of geometric optimization to be proved to be
NP-hard, and it is also a problem of genuine practical
interest, so it is not surprising that considerable excite-
ment was generated when Karp showed that the TSP
is perfectly tractable under the plausible stochastic
assumption that the sites to be visited by the tour
can be modeled as a random uniform sample. In this
context, Karp showed that, given any ¢ > 0, there is a
(simple!) polynomial time algorithm that produces a
tour of length no more than (1 + ¢) times the optimal
tour length with probability that converges to one as
the size of the problem is increased. This discovery
launched an important branch of the field of proba-
bilistic algorithms. Moreover, it generated powerful
interest in the BHH theorem, its generalizations and
sharpenings that are at the center of this survey.

2. SUBADDITIVE EUCLIDEAN FUNCTIONALS

By abstracting from the traveling salesman tour just
a few of its basic properties, it is possible to suggest
a very general result that provides information compa-
rable to that given by the BHH theorem for a large
number of problems of combinatorial optimization in
Euclidean space.

Let L be a function that associates a real number to
each finite subset {x1, x3, . . . , x,} C R To spell out
the most innocent properties of L that mimic the behav-
ior of the TSP, we first note that for the TSP, L exhibits
homogeneity and translation invariance; that is,

(1) L(axy,axz,...,0x,) = al(xi,x2, ..., X)
for all a > 0,
and
L(xi +y,x2+y,...,x. +y)
(2) = L(x1,%2, . . ., x,) for all y e R%

The TSP’s length also has some strong smoothness
and regularity properties, but these turn out not to be

-too important for most purposes. All that is needed is

that L be Borel-measurable when viewed as a function
from R™ to R. This condition is almost always trivial
to obtain, but still one has to have it to be able to talk
honestly about probabilities involving L.

Functions on the finite subsets of R? that are measur-
able in the sense just described and that are homoge-
neous of order one and translation-invariant are called
Euclidean functionals. These three properties are com-
monplace but bland. One should not expect to be able
to prove much in such a limited context, but, with the
addition of just a couple of other structural features,
a rich and useful theory emerges.

The first additional property of the TSP functional
that we consider is that it is monotone in the sense
that



