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Predicting ARMA Processes

Overview
1. ARMA models, notation
2. Best linear predictor
3. Prediction equations, Levinson’s algorithm
4. Prediction errors

5. Discussion

ARMA processes

ARMA process A stationary solution {X;} (or if its mean is not zero,
{X: — p}) of the linear difference equation

Xi— 1 Xpo1— = 9pXip = wp+ 0w+ +0wi—g, wp~WN(0,0%)
#(B)X; = 6(B)wy (1)

In general, I will treat © = 0 (until we fit models to data). The one-
sided MA representation is

o
Xp = djwij = (B, (2)
§=0
and the corresponding AR representation is
o0
X :wt+Z7rth,j or W(B)Xt:wt . (3)
j=1

Best linear predictor

Conditional mean Consider finding the best estimator of Y given X1, Xo,..., X,

(using mean squared error loss),

minE (Y — g(X1, Xa,...,Xn))?.
g
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The answer is given by setting g to the conditional expected value of
Y, g(X7) = EY|X]. The proof resembles those used in regression
analysis because we can think of the conditional expected value as a
projection onto X7'.

Best linear predictor In general, the conditional mean is a nonlinear
function of X{'. In the Gaussian case, however, the two agree. With
that rationalization in mind, linear predictors are popular. A second
rationale is that linear predictors only require second-order properties
of the process. We can estimate these from data.

We define (see Property 3.3) the best linear predictor of X, 1., (i.e.,
m periods beyond the end of the observed time series) as Xotm (the
book writes this as X', ,)

2
HEHE Xipm — (Xntm = Zanj) (4)
J

Equivalently, we can define the best predictor by demanding orthogo-
nal prediction errors,

A~

E(Xn+m — Xner)Xj = O, ] = 1,2, ey (5)

Yule-Walker equations, again Consider predicting one-step ahead at
Xy41. Write the coefficients in the form ¢,,; = @size index (S0Ome books
do these in the other order, so read carefully). Multiplying and taking
expectations in

E Xpi1-k(Xnt1 = > GnjXnt1-j) =0
gives the n x n system of equations
7 =Tndt, Tnij =700 —j) (6)

so that solving directly gives a large inverse and the solution to the
prediction problem:

X1 = XJ'67 where ¢ =T}, 47
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In matrix form, the mean squared error of one-step ahead prediction
reduces to
E(Xnt1— Xp1)? =0 =" T, o7 (7)

which resembles the regression expression for the residual sum of squares,
RSS =y — VX' XD.
Note the problem changes only slightly when the forecast horizon in-

creases from predicting X,4+1 to Xy, im; only the covariance vector
changes (it shifts to larger lags).

Levinson’s recursion

Big problem How do we solve the prediction equations, in general an nxn
system of equations? It turns out that there is a very nice recursive
solution.

Levinson’s recursion (p 113) takes as input v(0),~(1),... and provides
the coefficients ¢g1, Pg2, - . . , drx of the AR(k) model that minimize the
MSE

minE (X1 — dp1Xn — GraTn1 —  — Ok Xn—k1)>

and also gives the MSE itself (denoted P in the text)
o = E (Xnt1 — dr1Xn — dratn1 — -+ — e Xn—ps1)” -

Algorithm Initialize ¢ = 0 and 03 = v(0) = Var(X;). Compute the
reflection coefficient (which gives the PACF) using (k =1,2,...)

p(k) — Zf;ll br—1,5p(k — j)
1= 32501 dre10()

The update to the prediction MSE is

Ork =

2 _ 2 2
o = 0j1(1 — dp)
and the remaining coefficients are

Orj = Pr—1, — PrkPr—1k—j -
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Derivation resembles the updating of a regression equation when a vari-
able is added to the fitted model. Write the k prediction equations
that determine ® = @1, ..., Pgr in correlation form as

Ri_1 pr—1 B\ _ [ e
Pr_y 1 Pk p(k)

where Ry, is the kxk correlation matrix of the process, p, = (p(1),. .., p(k)),
ok = (p(k), p(k —1),...,p(1))" (the elements in py in reversed order)

and the leading k—1 terms in @, are 5" = (Pk1, Pr2s - - - » P k—1). Write

this system of equations into a matrix and scalar equation,

Ry 1B+ pr—1Pkk = Pr—1
Pp1B + o = pk)

Noting that Ry_ is invertible (make sure you remember why), multi-
ply the first equation through by ﬁ;flR,;ll and combine the equations
to eliminate 3. Then solve for ¢y, obtaining the equation for the “re-
flection coefficient”

p(k) — ﬁ;gf1Rlzfllpk—l p(k) = pf_1Pr—1

bkl = ~ —— =
1 — Rt pra I — pr—1"®Pr1

since R,;ll pr—1 = Pr_1 (the coefficients obtained at the prior step)
and R,;_llﬁk,l = &y (in reverse order; think about this one... you
might want to consider the rotation matrix W for which p = Wp. W
has 1s along its opposite diagonal). Plugging this expression for ¢y
back in the first equation gives the formula for the leading k — 1 terms:

B=®p 1 — praPr1

Error variance To see this result, consider the usual regression model.
In the linear model y = 2/ + € in which z is a random vector that is
uncorrelated with e (3 is fixed), the variance of the error is given by

Var(y) = Var(2/B) + Var(e) = o2 = 05 — ' Var(z)8

This expression suggests the relationship among the sums of squares,
Total SS = Residual SS + Regression SS, or Y'Y = ¢'e + /(X' X) .



Statistics 910, #11 5

The unexplained variance after k steps of Levinson’s recursion is thus

op = 7(0) — TP = v(0)(1 — pj D)
= op1(1— %) -

Since ¢y, is the partial correlation between X; and X;_, given X;_1,.. .,
Xi—pt1, the last step follows from the usual R? statistic in regression
analysis.

Innovations algorithm alternatively solves recursively for the moving
average representation, increasing the number of terms in the mov-
ing average form of the model. See page 115.

Prediction errors

Another view of predictor Levinson’s algorithm (for AR models) and
the corresponding innovations algorithm (MA models) determine the
best linear predictor )A(THm and E (X, 4m — An+m)2 for a fixed lead m
beyond the observed data. It is also useful to have expressions that
summarize the effect of increasing m.

Prediction horizon The moving average representation (2) is useful be-
cause the orthogonality of the errors. Write the time series X; =
> tjw,—; in staggered form as

Xny1 = W41 +1wp, + Yowp—1 + - -
Xn+2 = Wn+2 +w1wn+1 +¢2wn + 1/}371}71—1 + -
Xny3 = Wn43 +1wngo  FYownpr  FU3wWy + Yawp—1 + -

Xnta = Wpys +P1wWpg3  +P2wppe HP3wpp1 FPswp + Pswp—1 + -

Since the white noise up to time n is “observable” given that we know
XTL

—0o0?

the best linear predictor of X4, is given by
[e.e]
Xntm = Z¢m+jwnfj
j=0

Notice that the predictions are mean-reverting: X, 4., tends to E X; =
[ as m increases.
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Infinite past? This description of predictors and their MSE assumes we
have the entire history of the process. This assumption is for con-
venience, and not unreasonable in practice. The convenience arises
because in this setting the information in X,, X,,_1,... is equivalent
to that in wy,wy_1, ... (the sigma fields agree). This equivalence al-
lows us to swap between X; and w;.

For instance, consider predicting an ARMA(1,1) process (Example
3.22, p 119). The process is Xy = ¢1X;—1 + wy + O1w—1. Clearly, the
best linear predictor of X, is then

Xnt1 = 01X, + 01wy, .

But if we only observe X7, how can we learn w,? We know from (3)
that w,, = Zj mj Xy—j, but this sum continues back in time past X;.
For a quick (and accurate so long as n is large relative to the strength
of dependence) approximation to w,, we can construct estimates of
the errors from the start of the series. (i.e., set w; = 0, then estimate
we = X9 — 91 X7 — 0171 and continue recursively).

MSE The mean squared prediction error is also evident in this expression,

m—1

E(Xnim — Xnym)> =0 > 07 .
j:

This prediction error approaches the variance of the process rapidly
because typically only the leading v; are large. For example, for an
AR(1) process with ¢; = 0.8 and 02 = 1, Var(X;) = 1/(1 — 0.8%) =
2.78. The prediction MSE is

Lead MSE
1 1
2 1408 =164
3 140.8%+0.64% =2.05
4 140.82+0.64%2+0.5122 = 2.31

Always plot the mean squared error 02(22?:1 111]2) versus k to see
how close the MSE has approached the series variance, Var(X;) =
o? Ej 1/132-. For moderate values of k, the MSE is typically very near
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Var(X;), implying that the time series model predicts only slightly
better than p at this degree of extrapolation. ARMA models are most
useful for short-term forecasts, particularly when you consider that
this calculation gives an “optimistic” estimate of the actual MSE:

1. We don’t know the infinite history;

2. We don’t know the parameters ¢, 8, u;

3. We don’t know the order of the process (p, q);
4. We don’t even know that the process is ARMA.

When these are taken into account, it’s likely that our MSE is larger
than suggested by these calculations, perhaps higher than the MSE of
simply predicting with X.

Discussion

Example 3.23 illustrates the use of an ARMA model for forecasting the
fish recruitment time series. Figure 3.6 shows the rapid growth of
the MSE of an AR(2) forecast based on estimates. The forecasts are
“interesting” for about six periods out and then settle down to the
mean of the process.

Estimates? Up to now, we have considered the properties of ARMA pro-
cesses. Now we have to see how well we can identify and then estimate
these from data.



