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Kalman Filter
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Summary of Kalman filter

Simplifications To make the derivations more direct, assume that the
two noise processes are uncorrelated (S; = 0) with constant variance
matrices (Q¢ = @, Ry = R). In this setting, the natural way to express
the model is

State: Xt = FXt_l + V;g (1)
Observation: Y; =HX;+ W, (2)

The goal is to find a recursive expression for

tht = projection of X; onto {Y7}.

Least squares The optimal estimates associated with these recursions are
least squares projections. The least squares predictor of a random
variable Y given X1, Xo, ... is defined as the r.v. Y that satisfies the
orthogonality condition

Y-V L X1, Xo,..., X, <= Cov(Y —-Y,X;)=0

Note that the space being projected upon is finite dimensional in the
Kalman filter.

Solution It is common to express the solution as a two-step procedure.
Assume that we have observed Y7,...,Y; 1 and we have our best esti-
mate of the state given this information, Xt—1|t—1- We also know the
variance of this estimator, Var(X,_j;_1) = P,_1;—;. The two steps
then are



Statistics 910, #1 2

1. Extrapolate, obtaining Xt\t—l- This is easy.
2. Update once Y; is observed, obtaining Xt|t.

The first step is handled as

Xt\tfl = E[Xt‘yf_l]A: FXt71|t71
Py = Var(Xy — Xy_1) = FPF' +Q

and from these we obtain the updated filtered estimates

Xye = Xt|t—1 + Ki(Y: — HXt|t—1>
Py = Py — KeHPy

where the so-called gain of the filter is
Ky = Py H'(HPy,_1H' + R)™".

The term Y; — HXﬂt_l is known as the innovation at time ¢. It mea-
sures the amount of “new information” in the observation Y; that was
not known before observing Y;.

Smoothing Estimates Xt\n based on all of the data Y7,...,Y,, 1 <t <mn,

rather than the data up to ¢ are known as smoothed estimates of the
state. See S&S, Section 6.2.

Derivations

Summary. Key results come from exploiting orthogonal projection and
recursion using the Markov structure of state:
e Form orthogonal regressors.
e Simplify the orthogonal term.

e Compute the associated regression.

In general, most of the filtering works by thinking recursively and
continually “splitting” random variable into orthogonal components

Xi=Xi+ Xy, XiLlX,

by projecting X; onto a subspace. X, are the residuals of this projec-
tion.
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Benefits of orthogonality It works as in regression: adding an orthogo-
nal variable does not “interfere” with the projection on other variables.
In particular, if X, Y and Z are normal random variables and Y 1 Z
then
E(X|Y,Z)=E(X|Y)+E(X|2)-EX

proof Let W = {Y, Z}. Then the variance matrix is block diagonal so
that

E(X|W) = EX+ Cov(X,W) Var(W) 1(W —EW)
(EX + Cov(X,Y) Var(Y) "} (Y —EY))
+(EX 4 Cov(X,Z)Var(Z) " (Z -EZ)) —EX

Othogonalize regressors Develop a recursion for the estimate of the
state at time ¢ given Y = {Y3,...,Y;}. The idea is to split Y{ into two
orthogonal subspaces fft|t,1 and Ylt_l7 so that the projection is the sum
of two simpler projections. Without defining Yy;_;, we obtain (assume
as usual that the mean of Y; and X, is zero)

Xﬂt = E[Xt‘}ffv?Yl]
= E[thjfltfhyf_l]
E [Xo|Yi ] + E[X Y]

= KiYyo1+ X1 (3)
= KiYy1 +E [f Xi 1 4+ ViY{i Y
KiYyi—1 + FXi i1 (4)

The (as yet unknown) coefficient K is the gain of the filter at time
t. The term ﬁ‘t,l of Y; orthogonal to the past th_1 is known as the
innovation at time t.

Structure of innovation Using the linearity of conditional expectations
(or projections), write the innovation as

Yipor = Yi—EW[Y{™

Y, —E[H X, + W Y7

(HX¢ + W) — H)A(t\t—l

= HXt\t—l + W (5)
= H(X;— Xﬂtfl) + W
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= H(F~Xt—1 + Vi — F)?tflhtfl) + Wi
= HFX, 1+ HVi+W, (6)

The expression (5) leads to an important form of the recursion. Sub-
stituting (5) into (4) gives

)?t|t = F)?t—1|t—1 + Ki(Y: - HF)AQ—ut—l)
(I - KeH)FXy 11 + KiYy (7)

The form in the first line of (7) is generally preferred since it focuses
attention upon the innovation rather than the actual observation Y;.

Compute the gain K; This part is easy if we remember the fundamen-
tals of regression. We need to regress X; on the innovation f/t‘t,l. The
orthogonality condition

0= Cov(X; — th/ﬂph Yt\t—l) = E[(X: — thft\tfl)ﬁ/ltfl]

implies

Cov(Xt, ﬁ\tfl) = K; Var(f/ﬂt,l).

Splitting X; into orthogonal parts and using (5), we find the gain

matrix via regression:

Ky = COV()Etaﬁ\t—l)Var(f/%u—l)_l

Cov(Xyjp—1 + Xt\ph Hth\tfl + Wt) Var(HXﬂtq + Wyt
Cov(Xyjy—1, HXyy—1)(HPy_1H' + R)™!
Pyy_1H'(HPy,_1H' + R)™" (8)

Variance matrices The matrices P; and Fy;_; which are both variance
matrices of the error in estimating the state.

P, = Py, = Var(Xy,) = (I — K.H) Py (9)

The matrix P;_; also has nice interpretation, namely as the condi-
tional variance of the one-step-ahead prediction error,

Pt‘tfl = F.Pt_lF/ + Q = Var(Xﬂt,l) .
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ARMA likelihood

Akaike representation The canonical representation (minimal dimen-
sion state) requires correlated errors, so use the larger formulation
with uncorrelated errors and dimension d = max(p,q + 1) and state

P < 0d—1~/ld—1 )
¢

with the reversed coefficients in the last row. Then

coefficients arranged as

1
P1
X =FXi1+w .

Ya
v = (1,91,9,...,1%4-1) are the weights from the infinite moving

average representation. The observation equation picks off the first
element of the state,

The state vector is

Xy = (Xt\t = ytaXt+1\ta cee 7Xt+d—1|t),'

Gaussian likelihood Let y,...,y, denote a partial realization from a
Gaussian ARMA process. Then the log likelihood has the form

0,0) = log f(yelye—1,---,41) -
t

Since each conditional density is normal (assumed to have mean zero),
the likelihood may be evaluated by knowing the sequence of conditional

means and variances,

E(y1) =1, Var(y1), El[yz|y1], Var(yely1), E[ysly2, 1], Var(yslye, v1),
oy Elynlyn—1, .. 0, Var(yn|yn—1,---,91) -
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Kalman recursions give both of these. The first element in )?t‘t,l is
E [y¢|yt—1,-..,y1] and the associated conditional variance is the lead-
ing diagonal element of Fy;_;. The only messy issue is initializing the
variance of the state at time 0 before observations. (R cites Jones,
1980, Technometrics)

Recursions for the variance

Notation Let P,X denote the projection of X onto {Y;,Y;—1,...,Y1} (not
probability), (X, ) denote Cov(X,Y), and ||z||* = Var(X).

Filtering equations The Kalman filter defines the one-step-ahead esti-

mates

X1 = PaXe= fiXt—ut—l
Py = Var(Xy— Xypq) = FPt|tF/ +Q.

The updated filtered estimates are

Xye = Xy + Ke(Ve — HX 1)
Py = Py1— KeHPBPy

where the gain (the regression coefficient) is

K;= Py H'(HPy_H' + R)™".
Recursions 1. Expression for P;_; is immediate. For Py,

~ 2
Pt|t = ||Xt - Xt|t”
- - 2
= || Xt — Xypo1 — K (Ve — HX )|
- 2
= |- KWy + (I — KeH) Xy ||
= KRK] + (I — K;H)Pyy (I — K,H)

While correct (and avoiding any matrix inversions), this expression for
Py, conceals the evolution of the recursion... After all, shouldn’t P,
be “smaller” than Py;_;?
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Regression analogy Notice the form for the residual SS in a regression

equation,

Y —XB)(Y-XB) = YY-FXY-YXB+3FXX3
Y'Y - BX'Y

Recursions 2. For P,

Pt\t = H(Xt - )A(t\t—l) - Kti/ﬂt—le
= HXt|t71H2 - (Xf\tfh Ktﬁ\tjﬁ — (K¢Yyy-1, Xt\t:1> + HNKtY/ZuleQ )
= Py1 — Cov(Xypy, KeH Xy 1) — Cov(KiH Xy, Xyp1) + K VargY}‘t,l)NKé
= BPy1- COV(Xt|t—17Xt|t—1)H/Kt/ - KH COV(Xt\t—hXﬂt—l) + COV(Xt\t—l’Y;t\t—l)Ké
= Pyy_1— KiHPy
(I - KiH)Pyy_q

where the terms cancel as in regression. Clearly, the gain controls the
rate at which the information accumulates with new observations.



