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• Practical estimates for the approximation formulas are de-
rived and demonstrated through simulations and applica-
tion to a microarray study (Sections 3 and 4).

• Delta-method arguments are used to extend the cdf results
to more general summary statistics (Sections 3 and 4).

• Under reasonable assumptions, it is shown that z scores
tend to have nearly normal distributions, even in nonnull
situations (Section 5), justifying application of the theory
to studies in which the individual variates are z-values.

Our main conclusion is that by dealing with normal variates,
a practical assessment of large-scale correlation effects on sta-
tistical estimates is possible.

[Received March 2009. Revised June 2009.]
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Comment
T. Tony CAI

Professor Efron has given us an interesting article on the ef-
fects of correlation which is an important issue in multiple test-
ing. He is to be congratulated for his significant contributions
to large-scale multiple testing.

Much of the research on multiple testing has been focused
on the independent case and many practical testing procedures
have been developed under the independence assumption. How-
ever, in many interesting applications observations are corre-
lated. It is known that correlation has significant effects on a
multiple testing procedure. For example, both the expectation
and variance of the number of Type I errors can be seriously
affected by the correlation among the test statistics (see Finner
and Roters 2002 and Owen 2005). Correlation can also sub-
stantially deteriorate the performance of many FDR procedures.
Previous research on the effects of correlation in large-scale
multiple testing has been mostly focused on the validity of var-
ious testing procedures under dependency. For example, Ben-
jamini and Yekutieli (2001), Farcomeni (2007), and Wu (2009)
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show that the FDR is controlled at the nominal level by the BH
step-up and adaptive p-value procedures under different depen-
dence assumptions.

Among various aspects of the correlation effects on an FDR
procedure, the validity issue is often overemphasized. FDR pro-
cedures developed under the independence assumption, even
valid, may suffer from substantial efficiency loss when the de-
pendence structure is ignored. These situations include the geo-
graphical disease mapping studies, multiple-stage clinical trials,
functional Magnetic Resonance Imaging analyses and compar-
ative microarray experiments, where the nonnull cases are of-
ten structured in some way, for example, correlated temporally,
spatially, or functionally.

A critical step in the implementation of many FDR proce-
dures is the estimation of several important quantities such as
the proportion of the nonnull hypotheses, the empirical null dis-
tribution, and the true FDR level. Developing good estimators
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for these quantities is a challenging task, even in the indepen-
dent case.

The present paper continues a prolific line of research of Pro-
fessor Efron on multiple testing, but with a different focus from
his previous papers. Efron (2007) considered the correlation ef-
fects on the null distribution of the z-values and suggested that
an adjusted FDR estimate should be combined with the use of
an Lfdr procedure to remove the bias caused by the correlation.
The present paper focuses on the effects of correlation on cer-
tain summary statistics used in large-scale multiple testing pro-
cedures. It is demonstrated that when the test statistics are corre-
lated, the distribution of the z-values and its functionals can be
conveniently estimated with adjustments for correlation with-
out the need of knowing the whole covariance matrix, which
itself is very difficult, if not impossible, to estimate in the cur-
rent setting. A key step of the proposed estimation procedure
is the use of a clever approximation based on Mehler’s identity
and the root mean square correlation. The approximation can
be efficiently carried out, which makes the method practical for
applications.

The convenient correlation adjustments proposed in the pa-
per are obtained through a sequence of approximations. It is
illustrated in the paper that the method works well in several
examples. It is of great interest to further study the precision
of these estimators and to understand how well the targeted
quantities can be optimally estimated under reasonable assump-
tions. Perhaps even more important questions are how to best
use these estimators to construct more efficient multiple test-
ing procedures under dependency and how the performance of
these estimators affects the performance of the subsequent test-
ing procedures.

As mentioned earlier, the estimation step plays an important
role in a multiple testing procedure. Several alternative estima-
tion methods have been developed in the literature. For exam-
ple, in the independent case, Cai and Jin (2010) developed a
frequency domain approach based on the empirical characteris-
tic function and Fourier analysis for the estimation of both the
parameters associated with the null distribution f0 and the pro-
portion of the nonnull effects p0. These estimators were shown
to attain the optimal rates of convergence under regularity con-
ditions. In the correlated case, the estimators were shown to be
uniformly consistent over a wide class of parameters when the
dependency is short ranged or strongly mixing (see Jin and Cai
2007). Numerical results also showed that the estimators per-
form favorably in comparison to other existing methods.

It is true that, as pointed out in the paper, “correlation usu-
ally degrades statistical accuracy, an important question for the
data analyst being the severity of its effects on the estimates
and tests at hand.” However, in many settings correlation ef-
fects can also be positive on the outcomes of a testing proce-
dure. Intuitively it is clear that the dependency structure among
hypotheses is highly informative in simultaneous inference and
can be exploited to construct more efficient tests. For example,
in comparative microarray experiments, it is found that changes
in expression for genes can be the consequence of regional du-
plications or deletions, and significant genes tend to appear in

clusters. Therefore, when deciding the significance level of a
particular gene, the observations from its neighborhood should
also be taken into account.

It is possible to construct significantly better multiple testing
procedures in the correlated settings by modeling the depen-
dency structure. Sun and Cai (2009) considered multiple test-
ing under a particular dependency structure, the hidden Markov
model (HMM). The HMM is an effective tool for modeling the
dependency structure and has been widely used in areas such
as speech recognition, signal processing as well as analysis bi-
ological sequences and processes. Using a compound decision
theoretical framework, an oracle testing procedure is developed
in an ideal setting where the HMM parameters are assumed
to be known. Under mild conditions, the oracle procedure is
shown to be optimal in the sense that it minimizes the false
nondiscovery rate (FNR) subject to a constraint on the FDR.
This approach is distinguished from the conventional methods
in that the proposed procedure is built on a new test statistic (lo-
cal index of significance, LIS) instead of the p-values. Unlike
p-values, the LIS takes into account the observations in adja-
cent locations by exploiting the local dependency structure in
the HMM. The precision of individual tests is hence improved
by utilizing the dependency information.

A data-driven procedure is then constructed to mimics the
oracle procedure by plugging in consistent estimates of the un-
known HMM parameters. The data-driven procedure is shown
to be asymptotically optimal in the sense that it attains both the
FDR and FNR levels of the oracle procedure asymptotically.
Numerical studies indicate the favorable performance of the
LIS procedure. These findings show that the correlation among
hypotheses can be highly informative in large-scale simultane-
ous inference and can be exploited to construct more efficient
testing procedures.

Much research is still needed in order to fully understand the
correlation effects on the accuracy of estimators used in multi-
ple testing procedures as well as the testing procedures them-
selves under general dependency structures. The present paper
raises important questions and will definitely stimulate new re-
search in the future.
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