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Abstract

Nonparametric goodness-of-fit testing in the white-noise-with-drift model under federated
differential privacy (FDP) constraints is studied. In this framework, data is distributed
across multiple locations, with each submitting a differentially private summary to a central
server—encompassing both local and central differential privacy.

We quantify the cost of privacy in the federated setting by establishing matching lower
and upper bounds, up to a logarithmic factor, on the minimax separation rate. This optimal
rate benchmarks the difficulty of the testing problem, factoring in model characteristics such
as the number of observations, noise level, and regularity of the signal class, along with the
strictness of the (e, §)-DP requirement and the degree to which the data is distributed.

Our results demonstrate interesting and novel phase transition phenomena: where the
cost of DP is minimal for testing in more centralized settings, it can significantly affect
distributed scenarios. Furthermore, it is revealed that distributed one-shot protocols with
access to shared randomness outperform those without access to shared randomness. We
also construct a data-driven testing procedure that can adapt to an unknown regularity
parameter over a large collection of function classes with minimal additional cost, while
adhering to the same set of DP constraints.

Keywords: Differential Privacy, Nonparametric Goodness-of-Fit Testing, Federated
Learning, Distributed Inference, Minimax Theory

1 Introduction

Differential privacy (DP), introduced by Dwork et al. (2006), provides a rigorous mathe-
matical guarantee that analyses can be made publicly available without revealing sensitive
information about individuals. Many differentially private statistical methods have since
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been developed. See, for example, Arachchige et al. (2019); Dwork and Smith (2010); Dwork
et al. (2017). While several other privacy frameworks exist, DP holds a prominent position
both theoretically and practically, finding application within industry giants like Google,
Microsoft, Apple, as well as governmental entities such as the US Census Bureau, see e.g.
Panavas et al. (2024) and references therein.

In parallel, the growing need to analyze data distributed across multiple entities has pro-
pelled the emergence of federated learning, a collaborative approach to distributed machine
learning. Instead of pooling raw data, federated learning enables organizations or devices to
train a shared model while keeping local data private. Applications span healthcare (where
patient records reside in multiple hospitals), finance (with customer data spread across
numerous branches), and modern technologies like smartphones and autonomous vehicles
Beaufays et al. (2019).

Federated learning naturally raises the question of how to incorporate differential privacy
in a distributed environment—Ileading to the notion of federated differential privacy (FDP).
Under FDP, each data holder produces a differentially private summary of its local dataset
for aggregation. A special case is local DP, in which privacy protection is applied at the
level of individual data entries. This is a stringent form of DP because each item of data is
independently given privacy protection. In the other extreme, central DP, only the inference
output needs to satisfy the DP constraint, meaning that if the output is a test, only the
final decision needs to satisfy a DP constraint. The FDP framework offers flexibility in
defining what constitutes private information (e.g., individual records versus institutional
datasets), thereby unifying the central and local DP paradigms.

In this paper, we investigate nonparametric goodness-of-fit testing under FDP con-
straints. Goodness-of-fit testing is a fundamental statistical problem, aiming to determine
whether observed data are consistent with a specified (null) distribution or should be re-
jected in favor of a composite alternative. Nonparametric goodness-of-fit testing has been
extensively studied without privacy considerations, see Ingster and Suslina (2003a) for an
overview. However, differential privacy introduces fundamental challenges: while the test
ultimately produces only a binary decision (reject or fail to reject), achieving optimal power
requires access to the complete dataset. When data are distributed across multiple servers,
FDP’s privacy requirements further restrict information sharing, making near-optimal per-
formance even more challenging.

We quantify the cost of privacy in the canonical nonparametric goodness-of-fit testing
setting, establishing the theoretical performance limits under FDP constraints and optimal
private testing procedures in an oracle scenario, assuming known regularity parameters.
Specifically, we derive the minimax separation rate, which serves as a benchmark for the
difficulty of the testing problem. Comparing these results with prior findings for federated
nonparametric estimation Cai et al. (2023a) reveals notable differences between testing and
estimation under differential privacy.

In addition to oracle rates — derived under regularity parameters that are rarely known
in practice — we ask: Without the knowledge of the regularity parameters, is it possible to
construct a test that is as good as when the parameters are known? This inquiry concerns
adaptation, a major goal in nonparametric statistics. To address it, we propose a data-
driven test that, while adhering the same FDP constraints, adapts to unknown regularity
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parameters with only minimal additional cost compared to the performance of the oracle
procedure.

1.1 Testing under federated differential privacy

We begin by formally introducing the general framework of federated inference under DP
constraints. Consider a family of probability measures {P}er on the measurable space
(X, Z), parameterized by f € F. We consider a setting where N = mn i.i.d. observations
are drawn from a distribution P; and distributed across m servers. Each server j = 1,...,m
holding an equal amount (n many) observations.

Let us denote by XU) = (X Z-(j ))?:1 the n realizations from Py on the j-th server. Based on
X ) each server outputs a (randomized) transcript YU) to the central server that satisfies
the privacy constraint. The central server, utilizing all transcripts Y := (Y(l), .. ,Y(m)),
decides between a null hypothesis and an alternative hypothesis, through means of a test
T =T(Y). Since we are concerned with testing between a null and alternative hypothesis,
we shall consider the decision space {0, 1}, where 0 corresponds to DO NOT REJECT and 1
with REJECT. A test is then simply to be understood as a statistic taking values in {0, 1}.
Figure 1 gives an illustration of a federated (e, d)-DP-constrained testing procedure.

Figure 1: Ilustration of the (e, §)-FDP-constrained testing.

The transcript Y'U) satisfies an (e,0)-DP constraint, which, loosely speaking, means that
the transcript Y') cannot differ too much depending on whether a specific individual is in
the data set or not. This is achieved through randomization, independent of the data.

We will consider two types of sources for randomization; independently among the
servers or through a shared source of randomness U (e.g., the same random seed). Formally,
a shared source of randomness means that the law of the transcript is given by a distribution
conditionally on XU) and U, A — P(Y¥) e A|XU) U), defined on a measurable space
(Y, /). The presence of shared randomness is a slight, but important extension of protocols
where Y'U) is allowed to be random only through locally generated randomness. To ensure
that the source of shared randomness does not erode the notion of privacy, only the local
source of randomness is used in the privacy mechanism, i.e. to guarantee privacy. We
formalize this as follows.
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Definition 1. The transcript YU) is (e, 8)-differentially private ((€,8)-DP) if for all A €
) wel and data sets z, 2’ € X" differing in at most one individual datum® it holds that

P (Y(j) e AIXY) = 2, U = u) <P (Y(j) e AIXV) = o/ U = u) + 4. (1)

If the transcripts YY) are (e,6)-DP for j = 1,...,m, we say that the testing protocol
(Y,T) is (¢,0)-FDP. If m = 1, the setting reduces to the central DP setting, where all data
is available on a single server. For n = 1, the setting corresponds to the local DP setting,
where each server holds a single observation. For n,m > 1, the setting encompasses sce-
narios where multiple parties hold sensitive data and each publishes a differentially private
summary without sharing raw data — for example, separate hospitals with samples from
the same population, where privacy concerns prevent direct data pooling.

We also note that in Definition 1, a shared source of randomness U does not compro-
mise privacy guarantees, even if it is publicly available. This is because U is not used in
the privacy mechanism itself; rather, it serves to ‘synchronize’ the transcripts. Such coor-
dination enables the transcripts to be more informative about the underlying signal while
each individual transcript reveals less about its local data.

1.2 Nonparametric goodness-of-fit testing

The white-noise-with-drift model serves as a benchmark model for nonparametric testing
and has been extensively studied in the non-private setting Ermakov (1990); Ingster (1993);
Lepskii (1992); Spokoiny (1996). Furthermore, the problem bares a close relationship with
“classical” nonparametric goodness-of-fit testing developed by Kolmogorov (1933); Smirnov
(1948) —- of which it can be viewed as the asymptotic limit and it also connects to broader
nonparametric testing problems through asymptotic equivalence (see Section 1.4 in Ingster
and Suslina (2003a) and references therein).

In the distributed version of the white-noise-with-drift model, the j = 1,...,m servers
each observe i = 1,...,n ii.d. XZ.(]) taking values in X < Lo[0, 1]; subject to the stochastic
differential equation

dxY) = f(t)dt + caw ) (2)

under Py, with ¢t — Wt(;), R Wt(,T) ii.d. Brownian motions, f € L2[0,1] and with
o > 0 the known noise level for each observation. When m = 1, we recover the classical
white-noise-with-drift model. We denote the total number of observations as N = mn
throughout the paper and will consider asymptotic regimes where N — co.

We consider the canonical signal detection problem, where the goal is to test for the
presence or absence of the “signal component” f. More formally, we consider testing the
null hypothesis Hy : f = 0 against the alternative hypothesis that

fe R = {feB;,: |flu. > pand |fls;, <R}. (3)

Here, the alternative hypothesis consists of s-smooth functions in a Besov space, with
| - |lBs, denoting the Besov-(s,p,g)-norm and B, , < L3[0,1] corresponds to the Besov

1. Local datasets =,z € X" differ in at most one individual datum are said to be neighboring; which
formally means that they are at most one apart in Hamming distance (see Section 1.6 for a definition).
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space, see Section D in the Appendix for the definitions. Besov spaces, where 2 < p < o0,
1 < g < o0, are a very rich class of function spaces. They offer a framework for functions
in (2) with specific smoothness characteristics. They include many traditional smoothness
spaces such as Holder and Sobolev spaces as special cases. We refer the reader to Triebel
(1992) for a detailed discussion on Besov spaces.

Using a wavelet transform, the above testing problem is equivalent the observations

under the Gaussian sequence model, where each of the j = 1,...,m machines observes
i =1,...,n observations Xi(]) (Xl(,z)l)lﬂ’k:l’m,?z
lkz = fik + 0y (4)

where the Zl(lg )'s are 1.i.d. standard Gaussian. The equivalent hypotheses (3) in the sequence
model simply follows by replacing the L5[0, 1]-norm with the ¢2(N)-norm and the Besov ball
B;f set to {f € £o(N) : | f|s; , < R}, where the Besov norm on the sequence space £2(N) is

defined as
<Z <2l(s+1/2 1/p) H flk H ) > for 1 < ¢ < o,
IfllBs, =4 \i=1 (5)

sup 2!(s+1/2=1/p) H fir) k:lH for ¢ =
=1 P

In other words, the results for testing under FDP derived for the sequence model of (4)
with hypothesis (3) apply to the model described by (2) also, with the same corresponding
hypothesis.

Given a {0,1} valued test T, where T(Y) = 1 corresponds to rejecting the null hy-
pothesis, we define the testing risk sum of the type I and worst case type II error over the
alternative class;

R(HE.T) =PeT(Y) + sup PyT(Y).
feHy "
For the range of values 2 < p < @, 1 < ¢ < o0, the minimaz separation rate in the
non-private case is known to be p = (02/N)ﬁ (see e.g. Ingster (1993)). This means
that, for p » (02/N )W7 there exists a sequence of consistent tests 7' = T such that

R(HZ,’R7 T) — 0, whilst no such sequence of tests exists whenever p « (02/N )W

The minimax separation rate captures how the testing problem becomes easier, or more
difficult, for different model characteristics. For (e,d)-FDP testing protocols .7 (€0)  the
minimax separation rate depends on the stringency of the privacy requirement, given by
€,6 > 0, as well as the model characteristics m,n, s and o. That is, we aim to find p as a

function of m,n, s, 0, €, 9, such that m(f 5)72( R T') converges to either 0 or 1 depending
TeT (€

on whether p’ « p or p’ » p.

1.3 Main results and our contribution

For a quick overview, the main contributions of the paper are as follows:

e We derive the minimax separation rates for nonparametric goodness-of-fit testing
under FDP constraints (Theorems 2 and 3), tight up to logarithmic factors.
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e We exhibit adaptive FDP testing methods that achieve the oracle rates derived in
Section 2 (Theorem 6).

o The theoretical lower bound derived (Theorem 12) involves several technical innova-
tions necessitated by the FDP setting, which we summarize in Section 5.

Our findings offer entirely new insights when applied to both the purely local or purely
central DP settings: By formulating our results in the more general FDP framework, we
are able to address both settings at once, on top of bridge the gap between the local and
central regimes.

Our analysis uncovers several intriguing findings, which we briefly highlight here. The
performance guarantees for the methods demonstrated in Section 3, along with the lower
bounds established in Section 5, indicate that the (e,0)-FDP testing problem for the hy-
potheses given in (3) is governed by the minimax separation rate (up to logarithmic factors)

2 2 2s
: ( s )MSW ’ o 2\ e
P = + A— P BT
mn mn3/2ev/1 A ne? /mnv1 A ne? mn2e?

The precise statement is deferred to Theorem 2.

The derived rate reveals multiple phase transitions in the distributed testing problem
under privacy constraints. These transitions create distinct regimes where privacy con-
straints affect the detection boundary differently. A smaller e (stronger privacy?) increases
the detection threshold, but its impact varies: while in some regimes a small € substantially
affects the rate, in others it has no effect on the detection boundary.

Which regime dominates depends on the degree of data distribution across servers. In
the central DP setting (m = 1), privacy only affects the rate polynomially when e < 1/4/n;
otherwise, we recover the non-private minimax rate p = (02/n)ﬁ. In contrast, in the
local DP setting (n = 1), privacy constraints substantially affect the rate whenever e < 1.

In the general federated setting (m > 1), we observe similar effects: m and n enter the
.o s . . _1 1 1/2—2s X
minimax rate with different powers whenever €2 < g2stimIstin 4571 . This demonstrates

that distributing N = mn observations across more servers makes the task more challenging
than concentrating them on fewer servers — aligning with the intuition that privacy is easier

to maintain with larger samples.

While the impact of data distribution across servers mirrors findings in nonparametric
regression estimation Cai et al. (2023a), the phase transitions we observe are unique to
testing. Notably, there are regimes where privacy constraints have a much smaller effect
on the testing rate compared to analogous estimation settings. This difference stems from
the nature of the problems: testing can leverage aggregated private test statistics, while
nonparametric estimation inherently concerns a high-dimensional inference goal, which re-
quires more extensive information sharing. We provide a detailed interpretation of these
phase transitions in Section 2.

2. For a § that decreases polynomially with NN, its impact on the detection boundary is limited to a
logarithmic factor, making its effect on the error rate minor compared to that of e.
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Our analysis also reveals that the minimax rate obtained in Theorem 2 becomes worse
without access to shared randomness. This is revealed by Theorem 2 in Section 2. For
certain values of ¢, we show that the performance is strictly worse for methods that use
only local randomness, and we exhibit optimal local and shared randomness methods for
these regimes, respectively, in Sections 3.2 and 3.3.

1.4 Related Work

In the context of hypothesis testing, several works have studied testing under local differen-
tial privacy (DP) for discrete distributions Gaboardi et al. (2016); Sheffet (2018); Acharya
et al. (2018b, 2019); Berrett and Butucea (2020); Acharya et al. (2020b, 2021). In this
setting, each server holds a single multinomial observation. This framework has been ex-
tended to a nonparametric setting where servers hold a single draw a from continuous
distribution on the unit interval. For such continuous settings, goodness-of-fit testing has
been studied in Dubois et al. (2023); Lam-Weil et al. (2022), with the latter work also
addressing adaptation. Related work by Butucea et al. (2023) examines the estimation of
quadratic functionals under local DP constraints in the same setting, which has connections
to goodness-of-fit testing. While there is some overlap in terms of rates, they do not capture
the full spectrum of goodness-of-fit testing. For a detailed comparison with our results, see
Remark 4.

For hypothesis testing under central differential privacy, where the complete dataset
resides on a single server, Canonne et al. (2019) investigates simple hypothesis testing, while
Acharya et al. (2018a) addresses uniformity and independence testing in the multinomial
model. Alabi and Vadhan (2022) explores hypothesis testing in linear regression. Perhaps
most relevant to our work in the central DP setting are Canonne et al. (2020) and Narayanan
(2022b), which study signal detection in the many-normal-means model. Our results recover
their rate as a special case, discussed in more detail in Remark .

Local DP estimation has been extensively studied across various settings: the many-
normal-means model, discrete distributions, and parametric models Duchi et al. (2013,
2018); Acharya et al. (2020a); Ye and Barg (2018). Density estimation under local DP
constraints has been examined by several authors Duchi et al. (2018); Sart (2023); Kroll
(2021); Butucea et al. (2020), with the latter three works addressing adaptation. Central DP
estimation has been investigated for various high-dimensional and nonparametric problems
Smith (2011); Dwork et al. (2014b); Bassily et al. (2014); Kamath et al. (2019, 2020); Cai
et al. (2021); Narayanan (2022a); Brown et al. (2023); Cai et al. (2024), while Lalanne et al.
(2023) focuses on nonparametric density estimation with known smoothness.

Research in the broader federated setting has been more limited. For estimation, works
include studies of discrete distributions Liu et al. (2020); Acharya et al. (2023), mean es-
timation Levy et al. (2021); Narayanan et al. (2022), nonparametric regression Cai et al.
(2023a), and sparse linear regression Li et al. (2024). In the context of testing, Canonne
and Sun (2023) examines discrete distribution testing in a two-server setting (m = 2) with
varying DP constraints.
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1.5 Organization of the paper

The rest of the paper is organized as follows. In Section 2, we present the main results of the
paper, for the known smoothness case and the adaptive setting. Next, Section 3 presents
the methods that achieve the optimal rates derived in Section 2. In Section 4, we extend
these methods to be adaptive in the case that the smoothness is unknown. In Section 5,
we present the lower bound theorems for the testing problem and give a sketch of its proof.
Further proofs are deferred to the Appendix of the article.

1.6 Notation, and notions

Throughout the paper, we shall write N := mn. For two positive sequences ay, bi we write
ap < by if the inequality ap < Cbg holds for some universal positive constant C'. Similarly,
we write ap = by if ap < b and by < ap hold simultaneously and let ap « by denote
that ay/br = o(1). We use the notations a v b and a A b for the maximum and minimum,
respectively, between a and b. For k € N, [k] shall denote the set {1,...,k}. We use ¢ and
C to denote universal constants whose value can differ from line to line. The Euclidean
norm of a vector v € R? is denoted by ||v]o. For a matrix M € R?*? the norm M — |M|
is the spectral norm and Tr(M) is its trace. Furthermore, we let I; denote the d x d
identity matrix. The Hamming distance on X" is defined as dg(x, &) := > | 1 {z; # &}
for v = ()i, 2 = (%;)j-; € A". Furthermore, for a vector space X and = = (z;)e[n) € X",
we shall write T for the average n™1 Y1 | ;.

Formally, shared randomness independent of the data means U is defined on a separate
probability space (U, % ,PY) and for the joint law with the data we shall take the product
space. No shared randomness corresponds to U being degenerate, i.e., % = {J,U}. We

denote by ﬂsgf}f) the class of (¢, )-FDP shared randomness testing protocols (7,Y, U), where
(,6)

the law of Y satisfies Definition 1. The local randomness subclass, is denoted 7

2 Minimax optimal testing rates under privacy constraints

In this section, we discuss the main results in detail. We start the discussion with results
for the oracle case where the regularity parameter is known in Section 2.1. Section 2.2
describes the main results for when the regularity is not known.

2.1 Description of the minimax separation rate
We first give a precise statement concerning the minimax separation rate shown in (6).

Theorem 2. Let s, R > 0 be given and consider any sequences of natural numbers m = my

and n := N/m such that N = mn — o, 1/N « 0 = on = O(1), e = ex in (N1, 1] and

§=0on < N~UH) for any constant w > 0. Let p > 0 a sequence of numbers satisfying (6).
Then,

inf R(HSE T

0 for any M% » loglog(N) log®?2(N) log(1/6),
s pMp> ) —
Te%(;é )

1 for any My — O.

The proof of the theorem is given in Section B.4 of the Appendix. It is based on a
combination of upper and lower bounds, where the lower bound is established in Section 5.
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The upper bound is given in Section 3, where we present an (e, 0)-DP testing protocol that
attains the rate in Theorem 2. These upper and lower bounds are in fact non-asymptotic,
meaning that they do not require the assumption that N — oo.

Theorem 2 shows multiple regime changes, where the distributed testing problem under
privacy constraints undergoes a change in the minimax separation rate. Later on in this
section, we highlight the different regimes and give an interpretation to each of them.

Theorem 2 considers t(hg)minimax rate for the class of distributed protocols with access

€

to shared randomness, gy, . Theorem 3 below considers the minimax rate for the (strictly

smaller) class of distributed protocols without access to shared randomness, ﬂg’é). Here,
transcripts depend only on their local data and possibly a local source of randomness.

Theorem 3. Let s, R > 0 be given and consider any sequences of natural numbers m = my
and n := N/m such that N = mn — 0, 1/N « 0 = on = O(1) and € = ey in (N"1,1]
and § = 6 < N~ for any constant w > 0. Let p = PN @ sequence of positive numbers
satisfying

2s
9 o2 zsisl/z o2 2&?733/2 o2 25+1/2 o2
pr=|— Tt == A e + 22 . (7)
mn mn“e \/m'm/l A Ne2 mn<e

) {O for any M3 > loglog(N)log®?(N)log(1/9),

inf  R(HHF | T)—
Te7(e® PN 1 for any My — 0.

The proof of Theorem 3 is given in Section B.4 of the Appendix. The theorem shows
that, depending on the value of €, the minimax rate for protocols that do not have access to
shared randomness is strictly worse than those for protocols that do have access to shared
randomness.

To facilitate comparison between these theorems, Table 1 organizes our results into
six distinct regimes, each representing a fundamentally different behavior of the minimax
separation rate. Each of the regimes correspond to the dominating term in the minimax
separation rates of Theorems 2 and 3. The dominant term in each regime is determined
by complex interplay between €, in comparison to n,m, o, s and the availability of shared
randomness.

The six regimes naturally partition into two groups based on their privacy budget re-
quirements and the role of shared randomness. Regimes 4, 5, and 6 — which we term the
“low privacy-budget” regimes — occur when e is relatively small. In these regimes, both
types of protocols achieve identical rates through the same testing procedure, indicating
that shared randomness offers no advantage when privacy constraints are stringent.

In contrast, Regimes 1, 2, and 3 — the “high privacy-budget” regimes — emerge when
€ is relatively large. Table 1 reveals that shared randomness protocols achieve strictly
better rates than local randomness protocols in Regimes 2 and 3, demonstrating how server
coordination through shared randomization can meaningfully improve performance under
moderate privacy constraints. This advantage disappears in the low privacy-budget case
(Regimes 4, 5, and 6), where both protocols achieve identical rates, though the privacy
thresholds € at which regime transitions occur still differ between the two types of protocols.
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Regime \ Rate p? Range for ¢
Using Shared Randomness
25
2 1 1/2-2s
1 < o >2S+1/2 €>=o0 4;+1 mEs+1ip 4s+1
mn
b2\ ToaT 2 2. 1/2-2s 1 122 12
2 37 O Fs+i Fs+ip 4t < e< o 4b+1 mis+in 4+1 e = n
mn
R 25
2s+1 1 1 1-2 _
3 (W) o 2sm 2N 4 Le<n 1/2
25
2 2 2 1/2—2s
4 ( g >25+1/2 n—1/2 <e< g T+1 m_4siln 4s+1
A/ mn
2s
2 T+1/2 1 Lts a1 —2s _
5 (7%1%) oTFIMTIN B <e<o BmoIn a o ,e<n V2
2 1 I+s
6 — €< og2ZsFim 2n 2s+1
mn<e
Using Only Local Randomness
25
2\ 2: 3 1 1/2—2s
1 (L) s+l ce=0 4s+1 mas+in 4s+1
mn
2s
. S _ ,
o2 35132 2 1/4—s 1/2—2s 1 1/2-2s —1/2
2 —Z— o Tstimiastin 4+l < e< 0o 4§+1 mas+1in 4s+1 JEZTN
mn<e
354372 4 1 5/2-2s
3 ( o ) e o TImTIn o1 <e<nY?
mn F
2s
2s5+1/2 _1/9 _ 2 1/4-s 1/2-2s
4 ( n / < e< g 4stlmastin 4s+1
vmn ==
-5
o2 Pres vl 1 1 _ lts __4 1 5/2=2s —1/2
5 NI o=HImT 2N TH Le< o B-ImTean BT e <n
3 1 _ 1fs
6 702 5 €< o'2>+1m 2n 2s+1
mn<e

Table 1: Minimax separation rates and their corresponding e ranges for both shared and

local randomness settings. The rates are given up to logarithmic factors.

A particular distinction between shared and local randomness protocols emerges when
examining the smoothness parameter regime s < 1/4. While shared randomness protocols
can still achieve the high privacy-budget rates for sufficiently large e, local randomness
protocols remain trapped in the low privacy-budget regime across our entire parameter

range (N"! <o <1and N7! <€ < 1). This limitation arises from the condition
2s 2s
o2 25+3/2 o2 25+1/2 25—1/2 1 5/4—s
_ P e €25132 = o 23+3/2m23+3/2n2$+3/2
mn?e? Vmn3/2e

which cannot be satisfied when s < 1/4, ¢ = (mn)~! and 0®> = O(1). As a result, the
minimax rate without shared randomness and s < 1/4 consolidates to Regimes 4, 5, and 6.
This means in particular that the minimax rates corresponding to the high privacy-budget
regimes cannot be attained for any value of € when s < 1/4 and shared randomness is not
available.

Within the low privacy-budget range, we observe three distinct regimes with remarkable

2s
properties. In Regime 4, the rate takes the form (\/‘%n )2s+1/2 While this rate is polynomially
worse in m than the unconstrained rate, it exhibits a surprising independence from privacy

comes ‘for free’ through the locally optimal test statistic.

10
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We achieve this rate through an (e, 0)-DP testing protocol detailed in Section 3.1. The
protocol operates in two steps: first computing locally optimal private test statistics from
each server’s data, then averaging these statistics to combine their power. Roughly speaking,
the strategy’s effectiveness under stringent privacy constraints stems from the idea that
sharing a single private real-valued test statistic can preserve privacy more effectively than
sharing private approximations of the full data.

The behavior changes dramatically when € < n~Y 2, where € begins to affect the rate
polynomially. Most striking is Regime 6, where the rate equals —7>—, which is indepen-

dent of the regularity parameter s. This independence arises because signals of size #252

dominate the local estimation rate of (%2)28‘%781/2 In this regime, the privacy constraint —
not the high-dimensional nature of the problem — becomes the sole bottleneck, as signals
can be estimated locally with high accuracy.

The mathematical techniques required to establish optimality differ between the local
and shared randomness protocol types. We construct explicit protocols achieving these
optimal rates in Sections 3.2 and 3.3, while the corresponding lower bounds — which also
require distinct proof techniques for local versus shared randomness — are developed in
Section 5.

Remark 4. Our results in Theorems £ and & invite comparison with recent work on lo-
cal differential privacy: Dubois et al. (2025); Lam-Weil et al. (202%2), who study non-
parametric goodness-of-fit testing, and Butucea et al. (2023), who examines the related
question quadratic functional estimation. These papers consider the setting where each
server holds a single observation (n = 1) from an s-smooth density f on [0,1]. In their
framework, the minimax rates take the form:

2s
( 12)423-#1 for interactive protocols

(m152)25i73/2 for non-interactive protocols
These rates correspond to Regime 2 in our Table 1. We observe a richer set of phenomena,
even when o =1 andn = 1. This is surprising, as the model (2) is asymptotically equivalent
to the density setting as observations tend to infinity (see e.g. Nussbaum (199¢)). We
conjecture that additional complexity would emerge if their framework is extended to each
server observing XU) = (X,gj))le with 1.1.d. X,gj) ~ f and XU as unit of privacy, or if
extended to the full FDP framework.

The distinction they observe between interactive and non-interactive protocols parallels
our findings about shared versus local randomness. Indeed, when sequential- or interactive
protocols are allowed, shared randomness can be employed in particular, suggesting that in
non-interactive applications, shared randomness should be employed whenever possible.

Remark 5. Within the central DP setting, another relevant comparison is with Canonne
et al. (2020) and Narayanan (2022L), who investigate the many-normal-means model. Al-
though their finite-dimensional framework does not require adaptation to unknown smooth-
ness, we can compare our oracle rates by setting m = 1 and truncating our model (4) at a
known threshold d. In this specialized scenario, our intermediate results recover the rates
from those works (see Section B.4), with a logarithmic-factor improvement.
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2.2 Adaptation

In the previous section, we derived the minimax separation rate for the nonparametric
distributed testing problem. However, the proposed tests constructed in Section 3 require
knowledge of the regularity parameter s of the underlying f. Typically, the regularity of
the function is unknown in practice, necessitating the use of data-driven methods to find
the best adaptive testing strategies.

Given that the regularity of the underlying signal class is unknown, it makes sense to
consider the minimax testing risk

sup ]R (HMT; SpS,T) ,

Se[sminasmax

for certain predetermined values 0 < sSpin < Smax < 0. Here, we consider separation
rates ps depending on the underlying smoothness. In the case that the true underlying
smoothness is s = sy, the separation rate is relatively larger than when (for example)
S$ = Smax- In the case that the true smoothness s is larger than spi,, we would like to attain
the smaller of the two rates ps.

In the non-privacy constraint setting, adaptation for the above risk can be achieved with
only a minor additional cost in the separation rate (a loglog N factor). See for example
Theorem 2.3 in Spokoiny (1996) or Section 7 in Ingster and Suslina (2003a). Theorem 6
below shows that also under privacy constraint, the optimal private rate can be attained
by a protocol that is adaptive to the regularity parameter s, with minimal additional cost;
at most a logarithmic factor.

Theorem 6. Let 0 < Spmin < Smax < 0, R > 0 be given and consider any sequences of
natural numbers m = my and n := N/m such that N = mn — 0, 1/N « 0 = oy = O(1),
e=ey in (N"1,1] and 6 = 6y < N~F9) for any constant w > 0.

If p a sequence of positive numbers satisfies (6), there exists a sequence of (€,0)-FDP
testing protocols T such that

0 for any M% » loglog(N) log®?(N)log(1/6)
1 for any My — O.

sup  R(Hyy,  Tn) =
Se[sminysmax]

Furthermore, whenever p satisfies (7), there exists a sequence of (¢,d)-FDP testing protocols
Ty using only local randomness such that the above display holds as well.

We construct such adaptive (¢, 0)-FDP testing protocols in Section 4 and their resulting
performance proofs the above theorem. The adaptive methods can be seen as extensions
of the methods exhibited in Section 3 for when the smoothness is known. The adaptive
methods can essentially be seen as a multiple testing extension of the known smoothness
methods, testing along a grid of smoothness levels between sy, and spax. The strain on
the privacy budget stemming from conducting multiple testing procedures is limited, due
to the fact that the cardinality of this grid is order log(/N). The Type I error control is
assured by a Bonferroni correction, which leverages the exponential bounds on the Type I
error of the individual “known smoothness tests”.

12
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3 Optimal differentially private testing procedures

In this section, we construct (e, d)-FDP testing procedures that attain the minimax separa-
tion rates derived in Section 2.

The testing procedures are constructed in three steps. First, in Section 3.1, we construct
a (€,0)-FDP testing procedure that uses only local randomness and that is optimal in the
low privacy-budget regime described in the previous section. We refer to this procedure
as T1. Second, we construct two (e,0)-FDP testing procedures that use local randomness
and shared randomness, respectively, and that are optimal in their respective high privacy-
budget regimes. We refer to these procedures as 111 and 7111 and describe them in Sections
3.2 and 3.3, respectively.

The testing procedures differ in terms of the testing strategy. In the low privacy-budget
case where 11 is optimal, the testing strategy can be seen to consist of first computing a
locally optimal private test statistic in each machine; that is, a test statistic that would
result in the optimal private test using just the local data. The locally optimal test statistic
is based on the squared Euclidean norm of the truncated observation. To deal with the
nonlinearity of the Euclidean norm, the strategy appropriately restricts the domain of the
clipped locally optimal test statistic, after which we employ a Lipschitz-extension to obtain
a test statistic that is well-defined on the sample space and more robust to outliers than
the Euclidean norm itself. The noisy version of this test statistic is locally optimal under
privacy constraints, in the sense that a corresponding (strict) p-value test attains the lower
bound rate (up to a logarithmic factor) as established by Theorem 3 for the case where
m = 1. When m > 1, the final test statistic is obtained by averaging the locally optimal
private test statistics.

In the large € regime, instead of computing a locally optimal test statistic, both 7}; and
Ty are based on truncated, clipped and noisy versions of the local observations. The key
difference between the two is that the latter uses the same random rotation of the local
observations, which is made possible by the availability of shared randomness.

Together, the methods prove Theorem 7 below, which forms the “upper bound” part of
the minimax separation rate described by Theorems 3 and 2. Unlike the formulation of the
latter theorems, we note that the result is not asymptotic.

Theorem 7. Let s, R > 0 be given. For all a € (0,1), there exists a constant Cy, > 0 such
that if

S s __2s
22 o o2 2si1/2 o2 25~2F3/2 o2 2s+1/2 o2 (8)
> — + | — A ———= + | —
P =%\ mn mn2e2 V1 A ne2 mn2e2 ) |’

there exists a (e,0)-FDP testing protocol T = Ty, 50 such that

s,R
R(H )y T) < o, (9)

for all natural numbers m, N andn = N/m, o € [1/N, omax], €€ (N71,1], § < N=(H9) for
any constantw > 0, omax > 0 and a nonnegative sequence M3 2 loglog(N)log*?(N)log(1/6).
Similarly, for any a € (0,1), there exists a constant Co > 0 such that if

) o2\ T o2 ey o2 \ T g
>Co | — 7). o
g “ <m”> " <mn3/26m> A <\/ﬁn> * <mn262> (10)
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we have that there exists a (¢,0)-FDP shared randomness testing protocol T = Ty, y 5.5 Such
that
R
R(HZMN,T) < a, (11)

for all natural numbers m, N and n = N/m, o € [1/N,omax], € € (N"1,1], § < N~(1H)
for any constant w > 0 and a nonnegative sequence M% = loglog(N) logS/Z(N) log(1/9).

The proof of the theorem follows directly from the guarantees proven for each of the three
testing protocols; we defer it to Section B in the supplement. Before giving the detailed
construction of the three tests, we introduce some common notation. Let II; denote the
projection of elements RY onto the first dy, := Zlel 2! coordinates, where the elements as
ordered and indexed as IIpz = (11,...,212, 221, -+, Z14y -« - s TL1y- -+, T192,0,0,0,...).

We shall also use the notation dj, := Zlel 2! and let ng denote vector in R% formed

by the first d; coordinates of HLXi(j ) and let Xg) = (ng)ie[n]. Furthermore, we recall
that for v = (vq,...,v,) € X" for a vector space X, © denotes the vector space average
not Y v

In order to obtain statistics with (uniformly) bounded sensitivity it is useful to bound
quantities between certain thresholds. Formally, for a,b,z € R with a < b, let [x]% denote
x clipped between a and b, that is [x]% = max(a, min(b, z)).

The distributed privacy protocols under consideration in this paper can be seen as noisy
versions of statistics of the data. Roughly put, the “amount” of noise added depends on the
sensitivity of the statistics. This brings us to the concept of sensitivity. Formally, consider a
metric d on a set ). Given n elements x = (1, ...,x,) in a sample space X, the d-sensitivity
at x of a map S : X" — YV is Ag() = SUPzexn.dy (o.5)<1d (S(x),5(Z)), where dy is the
Hamming distance on X™ (see Section 1.6 for a definition). The d-sensitivity of S is defined
as Ag := sup, Ag(x). In this paper, the main noise mechanism is the Gaussian mechanism.
The Gaussian mechanism yields (e, d)-differentially private transcripts for statistics that
have bounded Lo-sensitivity, with the noise variance scaling with the Ls-sensitivity. See
Dwork et al. (2014a) for a thorough treatment. We remark that for the rates in Regime 3
up until 6 in Table 1, (¢,0)-DP can be attained by employing a Laplace mechanism instead.
That is, for the values of € for which Regime 3 up until 6 in Table 1 are optimal, the test
statistics in the sections have matching Li- and Lo-sensitivity, so the Gaussian mechanism
can be replaced by the Laplace mechanism instead in these regimes.

3.1 Private testing procedure I: low privacy-budget strategy

In the classical setting without privacy constraints (and m = 1), a rate optimal test for the
1 {S(L]) > Ea}, where Sg) = < ailﬁXg)

hypotheses of (3) is given by
2
- dL ) (12)
VL 2 )

where dy, := Zlel 2! and the rate optimal choice of L is Ly = [m logQ(N/02)1. Under

the null hypothesis, S(L]: is Chi-square distributed degrees of freedom. Under the alternative
hypothesis, the test statistic picks up a positive “bias” as Ha‘l\/fﬁX&)\P ~ xi, (1ML, f[3)
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under Py, which could surpass the critical value k, if o~ 2?n|IlL, f|3 is large enough. Con-
sequently, the level of the test is controlled by setting «, appropriately large. For a proof
of its rate optimality, see e.g. Gine and Nickl (2016).

As is commonly the case for superlinear functions, the test statistic S(L])T has poor sensi-
tivity uniformly over the sample space, meaning that a change in just one datum can result
in a large change in the test statistic. This means that it forms a poor candidate to base a
privacy preserving transcript on. For example, one would need to add a substantial amount
of noise guarantee DP for the statistic. To remedy this, we follow a similar strategy as pro-
posed in Canonne et al. (2020) and improved upon by Narayanan (2022b). We construct
a clipped and symmetrized version of the test statistic above, which has small sensitivity
on a set Cr.r, in which X (4) takes values with high probability. We define the test statistic
explicitly on Cr.; only. By a version of the McShane-Whitney-Extension Theorem, we
obtain a test statistic with the same sensitivity that is defined on the entire sample space.

Consider for 7 > 0, L € N, dj, := Zlel 2! and VL(JT) ~ X?IL independent of X() the
random map from (R%)" to R defined by

T

(Jo vl —vi2) | 13)

-7

1
Vdr,
For any 7, this test statistic S’gl(Xg)) can be seen to have mean zero and bounded variance
under the null hypothesis, by similar reasoning as for the test statistic in (12) (see the proof
of Lemma 8 for details).

)

5w - |

Loosely speaking, the test statistic SI(LJ)T(Xg)) retains the signal as long as 7 > 0 is
chosen appropriately in comparison to the signal size (i.e. |[II; f||3) and has good sensitivity
for “likely” values of X () under P , but not uniformly over the sample space. We make the
latter statement precise as follows.

Let K, = [2rD-1] and consider the set Cr., = Ar.; N Br,r, where

Aue = {(@) e @)

ot Yieq Mpai|3 — kd| < tkDny/d, VT < [n],|T] =k < KT} ,
(14)

1
B, = {(@) e (R®)" : Ka*l]‘[Laﬁi’g*l Zk# Hka>’ < ngTn«/dL, Vi=1,... ,n}.

Lemma 26 in the supplement shows that X() concentrates on Cr.r when the underlying
signal is, roughly speaking, not too large compared to 7 (in particular under the null hy-
pothesis).

It can be shown that, on the set Cr.;,  — S(j)(a:) is D, -Lipschitz with respect to the
Hamming distance, see Lemma 27 in the supplement. Lemma 28 in the supplement shows
that there exists a measurable function Sg)T : (RdL)" — R, D,-Lipschitz with respect to
the Hamming distance, such that SI(-J];)T(X?) = S(L];)T(Xg)) whenever X)) ¢ Cr.r. Lemma
28 is essentially the construction of McShane McShane (1934) for obtaining a Lipschitz

extension with respect to the Hamming distance, but our lemma verifies in addition the
Borel measurability of the resulting map.
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The Lipschitz constant upper bounds the sensitivity of a test statistic that is Lipschitz
continuous with respect to the Hamming distance. Specifically, we have that

Agy) = sup SW(z) — V(%) < D;.
x,8elo(N)":d g (z,8)<1

Using the Gaussian mechanism, the transcripts
YIE?) Vr 1(1)7( U )) + WU, where W) ~ N(0,1) independent for j € [m], (15)

vr = €/(Drr/2¢log(2/6)) and 7 > 0, are (e/4/¢, 0)-differentially private for any € > 0 (see
e.g. Dwork et al. (2014a)). These transcripts are mean zero and have bounded variance
under the null hypothesis, so a test of the form

{ 25 %vl)} (16)

has an arbitrarily small level for large enough x > 0 (see Lemma 29 in the supplement).
Furthermore, the lemma below shows that, if the signal size is large enough in the Zlel 2!
first coordinates, the above test enjoys a small Type II error probability as well.

Lemma 8. Consider the test ¢, as defined by (16). If

nlfrl3
/4 < log(N)+/2clog(2/8)02Vd <7/ an

and

N1 > o log(N)/<To(1/5) (02 mﬁiﬁm)\/(ﬂ;n&) a9

for Co > 0 large enough, it holds that Pr(1 — ) < «

A proof of the above lemma is given in Section B.1 of the supplement. The above test is
calibrated for the detection of signals size between 7/4 and 7/2. In order to detect signals
of any size larger than the right-hand side of (18), we follow what is essentially a multiple
testing procedure. For large signals, we need a larger clipping to detect them, as well as
a larger set Cr.r to assure that the data is in Cr., with high probability, as larger signals
increase the probability of “outliers” from the perspective of the sensitivity of the Lo-norm.

It turns out that a sufficient range of clipping thresholds to consider (for detecting the
signals f € Bﬁjff under consideration in Lemma 9) is given by

1-9 2—2/q 2
TeTLzz{Z_k”n( 02\/)27 1 :k:z1,...,[1+210g2(NR/a)]}. (19)

The (e, §)-differentially private testing procedure 77 is now constructed as follows. For each
7 € Tr, the machine transfers (15) with ¢ = |Ty|. By the independence of the Gaussian noise

added in (15) for each 7 € Ty, the transcript Y {Y(j : 7€ Tr} is (e, d)-differentially
private (see e.g. Theorem A.1 in Dwork et al. (20148))

16



FEDERATED NONPARAMETRIC PRIVATE TESTING

The test

T1:=1 {max

1 m () €
— Y] Z Ka 1
TeTy, \/mjzzl b (DT Q‘TL’ 10g(2/5) ' )

then satisfies Py77 < « via a union bound and sub-exponential tail bound, we defer the
reader to the proof of Lemma 9 for details. Furthermore, for f € B;;f, we have |IIz f2 <
[fle < R. If fin addition satisfies (18), there exists 7* € T, such that (17) is satisfied and
consequently Pr(1 —T1) < Py(1 — pr+) < a/2.

The optimal choice of L depends on the regularity level of the signal f, balancing the
approximation error ||f — Il f|3 and the right-hand side of (18), for which we defer the
details to Section B.1 in the supplement. To summarize, we have obtained the following
lemma.

Viog|Tg| } (20)

Lemma 9. For all R > 0, o € (0,1) there exists ko > 0 and Co, > 0 such that the test T
defined in (20) satisfies PoTr < . Furthermore, if f € BZZ(]; is such that for some L and
Mys, = log(N)y/loglog(N /o) log(N R /o) log(1/5),

V2l 1
IS5 > CaMygr <U2\/N\/ﬁ(\/ﬁe A 1)) \ <<72Nn62> ’

we have that P¢(1 —T7) < o

3.2 Private testing procedure II: high privacy-budget strategy

In the high-privacy budget regime, we construct a testing procedure that consists essentially
of two steps. In the first step, the data is truncated, clipped and averaged over the coor-
dinates, after which Gaussian noise is added to obtain a private summary of the original
data. Then, as a second step, the transcripts are averaged, and based on this average, a
test statistic that is reminiscent of a chi-square test is computed in the central server. This
is in contrast to the strategy of the previous section, where each server computes a (private
version of) a chi-square test statistic.

The approach taken here is to divide the servers equally over the first dj, coordinates (i.e.
as uniformly as possible), where we recall the notation d, := ZL:I 2!, That is to say, for
L, K}, € N, we partition the coordinates {1,...,dr} into approximately dy /K| sets of size
K7. The servers are then equally divided over each of these partitions and communicate

the sum of the clipped ng’s coefficients corresponding to their partition, were we also

recall that the notation ng denotes the vector in R% formed by the first dj, coordinates
of T, XY

More formally, take Ky, = [ne* A dr] and consider sets Jjx.r, © [m] for indexes (I, k) €
{l=1,...,L,k=1,...,2"%} =: I, such that |Jjx.z| = [mdsz] and each j € {1,...,m} is in
Jik:1, for at least Ky, different indexes k € {1,...,dr}. For (I,k) € I, j € Tk, generate
the transcripts according to

YL (X)) =3 Mo X7, + W) (21)

7
i=1

Vi |xV)
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with vz, = €/(24/2K 10g(2/6)7), T = Ra+/log(N /o) and (Wflscj))je[m“l,k)eh i.i.d. standard
Gaussian noise. ‘
Since  — Z?:l[a(x(J))lk]T_T has sensitivity bounded by 27, for k = 1,..., K, releasing

7

YL(J)(X(J)) (Y(Jl)lkl (X, ... 7Yl(/‘77l)KLk'KL (X))
satisfies (€, d)-DP, see Lemma 31 in the supplement for details.

If the privacy budget were of no concern, submitting the above transcripts with 2% =
N1/2s+1/2) would be sufficient to construct a test statistic that attains the unconstrained
rate of p? = N—28/(25%1/2) Under (more stringent) privacy constraints, however, the optimal
number of coordinates to be transmitted should depend on the privacy budget. Whenever
€ < 1/4/n, it turns out that submitting just one coordinate is in fact rate optimal. Sending
more than one coordinate leads to worse rates as the noise overpowers the benefit of having

a higher dimensional transcript. As e increases, the optimal number of coordinates to be
2 1 1/2—2s .
transmitted increases as well. Whenever € 2 ¢ 4s+Imds+in 41 | the optimal number of

coordinates to be transmitted is 2L = N1/(2s+1/2)
The test

2

= — — Z Kol 55—V
= N jlk 7 AK 72 “\4K 72

(l k)ely, VEN/I

(22)
satisfies Po711 < a by Lemma 32 in the supplement whenever k, > 0 and k., > 0 are chosen
large enough.

The power that the test attains depends on the signal size up until resolution level L,
i.e. |IILf|2. Specifically, the test Type II error P¢(1 — Ti1) < o whenever

log log(IN) log(IV) log(1/6)2(3/2) "

mn2e2

ITLfl5 = Ca

(23)

The optimal choice of L for is determined by the trade-off between the approximation error
If — L f[3 and the right-hand side of (23). The proof of the following lemma is given in
Section B.2 of the supplement.

Lemma 10. Take « € (0,1). Suppose f satisfies (23) and that € = % for some L € N.

Then, the (e,8)-FDP testing protocol Ty of level o has Type II error Py(1 —T) < « for a
large enough constant Cy, > 0 and ko > 0, depending only on a.

3.3 Private testing procedure III: high privacy-budget shared randomness
strategy

In this section, we construct a testing procedure that is based on the same principles as the
one in the previous section, but with the difference that the servers a source of randomness.
The transcripts are still based on the clipped and averaged coordinates of the truncated
data, but instead of dividing the servers across the coordinates, we apply the same random
rotation across the servers.
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Next, we describe the testing procedure in detail. Consider for L € N the quantities
dr, = ZZL:1 2! and K = [ne? A dr] and let Uy, denote a random rotation uniformly drawn
(i.e. from the Haar measure) on the group of random orthonormal d;, x dr-matrices.

For Iy := {(I,k) : 1 = 1,...,[logy(Kr)], k = 1,...,2"}, (I,k) e I and j = 1,...,m,
generate the transcripts according to

Vit l(X9,0) = 9 Y IOX Dl + Wy, (24)
i=1
with v = < T = Ran/log(N/o), ko > 0 and (VVl(j))j’l iid. cen-

2\/2KL log(2/6) log(N)7’
tered standard Gaussian noise. By an application of Lemma 33, the transcript Y]-E] ) =
(Ylg;)L)(l,k)eIL is (e, 0)-differentially private.

In the shared randomness strategy above, we essentially only send the first Zl[l:o?(KL Mol

coordinates. The random rotation Uy, ensures that, roughly speaking, a sufficient amount
of the signal is present in these first coordinates, with high probability.
We then construct the test

2
T =14 — —>y Vv —nyi —1| = ko (07 v 1)}, 25
111 T.L(Z < ﬁm; lk,L) YL ('VL ) (25)

l,kJ)EIL

which satisfies Py < /2 by Lemma 34 in the supplement, for k., > 0 large enough. The
lemma below is proven in Section B of the supplement, and yields that the Type II error
of the test satisfies ]P’f(l — Tii1) < a whenever the coordinates up to resolution level L are
of sufficient size. The optimal value for L depends on the truncation level s, and is chosen
by balancing the approximation error ||f — Iy, f||3 and the right-hand side of (26), we defer
the reader to Section B.3 of the supplement for details.

Lemma 11. The testing protocol Ty, with level o and has corresponding Type II error
probability P¢(1 — Trrr) < o whenever
2L log(1/6) log(N)

mnvne2 A 2Lv/ne2 A 1

ML f13 > Ca (26)

for constant Co, > 0 and ko > 0 depending only on «.

4 Adaptive tests under DP constraints

In the previous section we have derived methods that match (up to logarithmic factors) the
theoretical lower bound established in Section 2. The proposed tests, however, depend on
the regularity parameter s of the functional parameter of interest f.

In this section we derive an (e,d)-FDP testing protocol that adapts to the regularity
when it is unknown. This method attains the optimal rate of Theorem 6, and consequently
proves the aforementioned theorem.

The adaptive procedure builds on the tests constructed in Section 3 and combines them
using essentially a multiple testing strategy. Roughly speaking, the method consists of
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taking approximately a 1/log N-mesh-size grid in the regularity interval [Smin, Smax], con-
structing optimal tests for each of the grid points and combining them using a type of
Bonferroni’s correction. By design, the tests constructed in Section 3 are based on sub-
exponential private test statistics, which allows a combination of the test statistics with a
Bonferroni correction of the order of loglog V.

Combining log N many (€, §)-differentially private transcripts using Gaussian mecha-
nisms, results in a (¢, §)-differentially private protocol, with € = ¢//log N. This means that
the erosion of the privacy budget by conducting a test for each grid-point is limited to a
logarithmic factor, means the method greatly improves over the potentially polynomially
worse rate of a non-adaptive method.

The detailed adaptive testing procedures are given as follows. Let ps equal the right-
hand side of (7) in case there is access to local randomness only, or the right-hand side of (6)
in case shared randomness is available. Let Ly = |s7!logy(1/ps)] v 1 and define furthermore
S:={Ls, .-, Lsy..} such that Lg € S for all s € [Smin, Smax]. Furthermore, we note that
the resulting * collect10n of resolution levels” satisfies |S| < Cs,,., log N for some constant
Cspoax > 0 depending only on spax.

Consider the first the case without access to shared randomness. We partition the
collection of resolution levels S, depending on the model characteristics, as follows.

max

SLOW _ {Les oL < w/mn(1+\/ﬁ]l{\/ﬁe>1})}, SHIGH _ g\ GLOV. (27)

If the true regularity so is such that Lg, € S the low privacy-budget test of Section 3.1
(with L = Ly,) is a rate optimal strategy. If Ly, € ST the high privacy-budget test of
Section 3.2 is rate optimal.

For the case of shared randomness, the phase transitions occur for different values of
S € [Smin, Smax], Or their respective resolution levels Ls. So in this case, we partition the
collection of resolution levels as

Sq ={LeS: 2" <Pmn}, St =S\Ssm.- (28)

Consider some 8’ ¢ § and let T Upes: Tr,, where T, is as defined in (19). The “adaptive
version” of the low privacy-budget test defined in (20) takes the form

1 m
TS .= 1 max > 29
! {Les«feT Vm (v v 1) /log [T[|S'] E } (29)

where YL(j ) = {YL(JT) : 7€ Tp} is generated according to (15) for L € S with

€

T[S log(4/6)

T 5D

The above choice of € yields that (YL(J )) Les is (€/2,6/2)-DP due to the Gaussian mechanism.
The enlargement of the critical region, which is now effectively rescaled by +/log|T||S’|
instead of 4/log|T|, accounts for the potentially larger set of test statistics over which the
maximum is taken. In the case of having access only to local sources of randomness, we
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set ' = SEV. If SEV is empty, we set T} = 0 instead, which forms an (0, 0)-differentially
private protocol.

In the case of having access to local sources of randomness only; if is non-empty,
the adaptive version of the high privacy-budget test defined in (B.3) is given by

SHIGH

2

S v, | 1] > ra/fog 5

J€Tik:L

1
Ti=1{ max ——
LESLHRIGH «/dL (T’L \% 1) (lJéIL \/ |L7U€ L

(30)
where the transcripts are generated according to (95) for L € ST with v, = €/(4+/|SHIH| K, log(4/8)7),
nL = %, T = Ran/l0g(N /o). Due to the Gaussian mechanism, the transcripts satisfy
an (€/2,0/2)-DP constraint. As before, if S*% is empty, set 711 = 0 instead.
In the case of having access to local randomness only, the adaptive testing procedure
then consists of computing the tests TISLow and Ty, for which the released transcripts satisfy
(6,0)-DP. The final test is then given by

T=15" v T (31)

In Section B in the supplement, it is shown that this test is adaptive and rate optimal (up
to logarithmic factors), proving the first part of Theorem 6.

In case of shared randomness, the adaptive version of the high privacy-budget test
defined in (103) is given by

2
! L Sy ) 2
Tip = 14 max LSy 1| = mn/iog TSI b
k%wﬁmﬁwm£LQMEML i log[S]
(32)

where the transcripts are generated according to (102) for L € SEEH =

44/ K|S log (4/8) log(N)7’
T = far/log(N /o). By similar reasoning as earlier, the transcripts {YL(J : L € 8BS are
(€/2,8/2)-DP. If SEEH is empty, we set Tiyp = 0 instead.

The adaptive testing procedure in the case of shared randomness then consists of com-
puting the tests TISLOw and 71y, for which the released transcripts satisfy (e, d)-DP. The final
test is then given by

s
T =1y v T (33)

In the supplement’s Section B, we prove that this test is adaptive, attaining the optimal
rate for shared randomness protocols (up to logarithmic factors), giving us the second
statement Theorem 6.

5 The minimax private testing lower bound

In this section, we present a single theorem outlining the lower bound for the detection
threshold for testing protocols that adhere to DP constraints, with and without the use of
shared randomness. The theorem directly yields the “lower bound part” of Theorems 3 and
2 presented in Section 2. In conjunction with Theorem 7, the theorem shows that the tests
constructed in Section 3 are rate optimal up to logarlthmlc factors.
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Theorem 12. Let s, R > 0 be given. For all a € (0,1), there exists a constant cq > 0 such
that if

s s _2s
9 o2 25i1/2 o2 25173/2 o2 2s+1/2 o2
<o | — +— Al —2 (2 34
P\ m mn2e2 Vmn1 A ne? mn2e2 ) |’ (34)

it holds that
inf  R(HSH,T)>1- 35
ety RUEGST)> 100 2
for all natural numbers m, N andn = N/m, 0 >0, ee (N~1,1] and § < N-O+9) for any
constant w > 0.
Similarly, for any a € (0,1), there exists a constant co > 0 such that if

) o2 \ T2 o2 5T o2 \ T o2
<cq | — + A = + | — 36
P “\mn mn3/2ev1 A ne? vmn mmn2e2 » (36)

we have that there exists a (¢,0)-FDP shared randomness testing protocol T = Ty, y, 5.5 Such
that

inf  R(HSET)>1-q, (37)
Teﬂsgj,ﬂé)
for all natural numbers m,N and n = N/m, ¢ >0, e€ (N~1,1] and § < N~0+%) for any
constant w > 0.

The theorem states that, whenever the signal-to-noise ratio p is below a certain threshold
times the minimax separation rate, no testing protocol can achieve a combined Type I and
Type II error rate below «a. Its proof is lengthy and involves a combination of various
techniques. We defer the full details of the proof to Section A of the supplement, but
provide an overview of the main steps below.

For Steps 1, 2 and 3, there is no distinction between local and shared randomness. We
use the same notation for distributed protocols in these steps, but simply assume U is
degenerate in the case of local randomness.

Step 1: The first step is standard in minimax testing analysis: we lower bound the testing
risk by a Bayes risk,

it RO, T) > juf sup (Fo(T() = 1)+ [BAT(V) = 0)an() - w2) ) - (39)

where 7 denotes either the class of local randomness or shared randomness (e, §)-DP
protocols. This inequality allows the prior 7 to be chosen adversarially to the distribu-
tion of the transcripts. This turns out to be crucial in the context of local randomness
protocols, as is further highlighted in Step 4. The specific prior distribution is chosen
to be a centered Gaussian distribution, with a finite rank covariance, where the rank
is of the order 2, for some L € N. This covariance is constructed in a way that it
puts most of its mass in the dimensions in which the privacy protocol is the least
informative, whilst at the same time it assures that the probability mass outside of
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the alternative hypothesis w(H ;) is small. The particular choice for a Gaussian prior
(instead of e.g. the two point prior in Ingster and Suslina (2003b)) is motivated by
Step 3.

In this step, we approximate the distribution of the transcripts with another distri-
bution that results in approximately the same testing risk, but has two particular
favorable properties for our purposes.

o Whenever the distribution of a transcript satisfies an (e,)-DP constraint with
0 > 0, the transcript’s density can be unbounded on a set of small probability
mass (proportional to §). Consequently, the local likelihood of the transcript can
have erratic behavior in the tails. To remedy this, we consider approximations
to the transcript with a bounded likelihood. These approximating transcripts
satisfy a (e,29)-DP privacy constraint. These bounded likelihoods enable the
argument of Step 5.

e Similarly, whenever § > 0, the distribution of the data conditionally on the
transcript no longer has a bounded density. For the argument employed in Step
3, we require a uniform abound on the density of the distribution of X|Y. We
mitigate this by approximating the transcript with another one such that the
data has a bounded density conditionally on the approximating transcript. The
approximating transcript satisfies a (¢, 3d)-DP constraint.

Furthermore, we show that both approximations can be done in a way that the ap-
proximating transcript distribution is (e, 6J)-DP.

By standard arguments, on can further lower bound the testing risk in (38) for a

]P>Y|X,U _ ®m . [P)Y(j)|X(j>,U
J:

particular transcript distribution and prior distribution 7

by a quantity depending on the chi-square divergence between PY V=" and IP%/lU:“;

2

Y U=u\ 2
- arm [ (jﬁm) 1) @ e | 69
0

The likelihood ratio of the transcripts depends on the privacy protocol, and is diffi-
cult to analyze directly. We employ the technique developed in Szabé et al. (2023).
Specifically, Lemma 10.1 in Szabé et al. (2023), which states, roughly speaking, that
the inequality

2
» d]P)T):|U:u m
2 (1) <

D U=u\ 2
YO |U=u dpY " U=u
S ) (s (40
AP}

1 YD |U=u

dP,
holds for a finite constant 0 < G < o0 and equality with the smallest possible G
is attained whenever the conditional distribution of the data given the transcripts
is Gaussian in an appropriate sense (we defer the details here to Section A.3 in the
supplement). This result is a type of Brascamp-Lieb inequality of Lieb (1990). That
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(40) has a “Gaussian maximizer” allows tractable analysis of the chi-square divergence
n (39), yielding that the latter display is further lower bounded by

— \/(1/2) J (ATBT — 1) dPY (u) + Tr(HZ), (41)
where

" STy S T
Aj = | el = Td(m x m)(f,g), By = HE Y Ol=u | (42)
0

where ZJ, denotes the covariance of (a subset of) the data Xg ) (defined as in (43))
conditionally on the transcript YU) and U = u;

= . y(J)|U uR

[
g

.
J>U—u] . (43)

ZO'_IX Dy u ] [Za—lx

Whilst the quantities A, and B are still not fully tractable, sharp bounds for both
are possible and form the content of Steps 4 and 5, respectively.

As remarked earlier, class of local randomness protocols is a strictly smaller class. To
attain the sharper (i.e. larger) lower bound for local randomness protocols, we exploit
the fact that Step 2 allows us to choose the prior adversarially to the distribution of the
transcripts. In particular, since U is degenerate in the case of local randomness only,
this means that the covariance of m to be more diffuse in the directions in which =7,
is the smallest. When considering shared randomness protocols, U is not degenerate,
and the lower bound follows by taking the covariance of m to be an order 2X-rank
approximation of the identity map on ¢2(N). The bounds for A7 are

4 4
i p — iy p — —
A7 = exp <Cca23LTr (:u)2> and A <exp (CCQ22L|:u‘T1“ (:u)> (44)

for local randomness protocols and shared randomness protocols, respectively.

So far, Steps 1-4 have not used the fact that the transcripts are necessarily less infor-
mative than the original data, as a consequence of the transcripts being (e, d)-DP. In
this step, we exploit the privacy constraint to argue that A7 and B] are small at the
detection boundary for p.

In order to capture the information loss due to privacy in A, it suffices to bound
the trace and operator norm of =,. The quantity =, can be seen as the Fisher
information of the finite dimensional submodel spanned by the covariance of w. This
quantity, loosely speaking, captures how much information the transcript contains
on the original data. In order to analyze =,, we rely on a “score attack” type of
technique, as employed in Cai et al. (2023b,a).
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The quantity B] corresponds to the (product of) the local likelihoods of the tran-
scripts. Whenever € > 1/4/n, it suffices to consider the trivial bound

_ Y )| U=u _ X ()
Eéf(a)w:u (dPW ) < ES((J)|U=u <dIP7r ) ’ (45)

Y |U= X (7)
apy 1= dP?

and further bounding the right-hand side without privacy specific arguments. When-
ever € < 1/4/n, more sophisticated methods are need to capture the effect of privacy.
Our argument uses a coupling method, which, combined with the fact that the likeli-
hoods of the transcripts are bounded in our construction, allows us to obtain a sharp
bound for BF. After obtaining the bounds in terms of the rank 2 and p, the proof
is finished by choosing L such that the second and third term in (39) are balanced
(minimizing their sum).

6 Discussion

The findings in this paper highlight the trade-off between statistical accuracy and privacy
in federated goodness-of-fit testing under federated differential privacy (FDP) constraints.
We characterize the problem in terms of the minimax separation rate, which quantifies
the difficulty of the testing problem based on the regularity of the underlying function,
the sample size, the degree of data distribution, and the stringency of the DP constraint.
The minimax separation rate varies depending on whether the testing protocol has access
to local or shared randommness. Furthermore, we construct data-driven adaptive testing
procedures that achieve the same optimal performance, up to logarithmic factors, even
when the regularity of the functional parameter is unknown.

One possible extension of this work is to consider a more general distribution of the
privacy budget across the servers. Our current analysis supports differing budgets to the
extent that €; = €, §; = i, and n; = ny. However, one could explore more heterogeneous
settings where severs differ significantly in their differential privacy constraints and number
of observations. Although this would complicate the presentation of results, the techniques
developed in this paper could, in principle, be extended to such settings.

Another interesting direction is to consider multiple testing problems, where the goal
is to test multiple hypotheses simultaneously. We anticipate that the framework, insights,
and theoretical results provided in the current paper will serve as valuable resources for
future studies in this domain.

Regarding adaptation, not much is known about the cost of fundamental privacy. Inter-
estingly, the cost of adaptation is minimal in the privacy setting considered in this paper.
It remains an open question whether this minimal cost is a general phenomenon, whether
it can be characterized exactly, or whether the cost of adaptation is more severe in other
settings. We leave these questions for future research.
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Appendix A. Proof of the lower bound Theorem 12

In this section, we provide a proof for Theorem 12. The proof is divided into several steps,
following the outline provided in Section 5.
It is convenient to introduce the following notation. Given an (e, §)-DP protocol triplet

X0 =g U=y m
(T, {(]PY NIXGD =g, U ) }j:D (u7 %’]P’U))’

zeX™ ueld

we shall use the notation Py = P?w . For the Markov kernel (A, (z,u)) — pY P 1(XD.0)= (@) (A),

we shall use the shorthand (A, (z,u)) — K7(A|(x,u)). If the transcript Y1) is (e, §)-DP,
the Markov kernel satisfies

KI(Alzy, ...,z .. xp,u) < KV (Alzy, ... 2, ... 2p,u) + 6

forall Ae %, xf,x1,...,24...,2n € X, i€ {l,...,n}.

For local randomness protocols, the probability space (U, % ,PY) has the trivial sigma-
algebra; % = {J,U}. This allows streamlining the argument for both lower bounds of
Theorem 12.

When the parameter underlying the true distribution of the data F' is drawn from a
prior distribution on ¢2(N), we obtain that the distributed testing protocol satisfies the

Markov chain F — (X,U) — Y — T, with P} V=" = PyK3(-[X0), u) for all j € [m]. Let

Ky = @)~ K7(-|-,u) denote the product conditional distribution with U = u, such that
Y| U=u _
Py

distribution of the collection of transcripts conditionally on U = wu then satisfies
PPEK().

A.1 Step 1: Lower bounding the testing risk by the Bayes risk

As a first step, we lower bound the testing risk by the Bayes risk. Following the nota-
tion introduced above, let T = (T, { K7 s U, % ,PY)) be an (e, d)-DP distributed testing
protocol and let K, = @', K (-]-,u). The testing risk for 7' can be written as

R(HSE T) = JPS”KquIP’U (u) + sup fP}”Ku(l — T)dPY (u). (46)
feH‘;’R

Consider L € N, d, = Zlel 2! and consider 7 = N(0, c&l/depof‘) for a symmetric idem-
potent matrix T' € R%*92_ Consider also the linear operator ¥y, : R — £5(N) defined by
U f = ffor fiy, = flk - 1{l < L}, f= (fll, e 7fL2L) e R Since ¥y, is measurable, any
probability distribution 7y on ]RQL, T, O \Ilzl defines a probability measure on the Borel
sigma algebra of f2(N).

Using that 0 < T < 1, the above testing risk is lower bounded by the Bayes risk

f (PomKuT + JP}”Ku(l —T)dr o \pgl(f)> dPY (u) —wo Wt ((HPT)) . (47)
We highlight here that T' can depend on {K7 i
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To lower bound the testing risk further, it suffices to show that the prior 7 has little mass
outside of H, =8 This follows by a standard Gaussian concentration argument, provided
in Lemma 13 below, from which it follows that, for ¢, > 0 small enough, it holds that
7o U H((HS™)¢) < /4. This yields that (47) is lower bounded by

J <P5"KuT + jP}“Ku(l —Tdr o \Ile(f)) dPY (u) — a/4. (48)

Lemma 13. Suppose p < c,2 %%, Then, for any co > 0 small enough, it holds that
o U H(HYM)) < /4.

Proof Let f € £5(N). It holds that f e Hy™ if and only if | f|2 = p* and I fllss, < R. For
the first of these events, we have that

ToWLMSIFB = %) = Pr(Z2TTZ > Veads). (49)

where Z ~ N (0,14, ). Using that I is idempotent, the right-hand side of the above display
can be made arbitrarily small for small enough choice of ¢, > 0, by a concentration argument
for Chi-square random variables, see e.g. Lemma A.13 in Szabé et al. (2023).
To assure that f ~ o \Ilzl concentrates on a Besov ball, we recall the definition of the
Besov norm as given in (5). We have that
)

where Z ~ N(0,I,z) and C > 0 a constant. The right-hand side of the above display can be
made arbitrarily small for small enough choice of ¢, > 0, following from the fact that Z is a

A

rOW I ey, < ) = wo vy (2 it

— Pr (2—L/p 12|, < CR/ci/‘*)

standard normal vector E| Z|} < 2L, where the constant depends on p (see e.g. Proposition
2.5.2 in Vershynin (2018)) and Markov’s inequality. [ ]

The larger L, the larger the effective dimension of the signal under the alternative
hypothesis. Setting L such that 2& = p~1/* means that the requirement of the above lemma
are satisfied and consequently the Gaussian prior most of it its mass in the alternative
hypothesis. Recalling that d; = 2%, the condition (34) in the case of local randomness
protocols can be written as

a2 NG 1
2 < 2 L L
po S a0 (mn(n62 Adr) /\ (ﬁn /me A 1 \/ mn2e2 ) (50)

and in the case of shared randomness protocols, (36) can be written as

p? < cuo? dL /\ d \/ 12 5 . (51)
mnvne? A 1y/ne? A dr, vmnyvne2 A1 Y mnZe
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A.2 Step 2: Approximating the distribution of the transcripts

In Step 3, we aim to use the Brascamp-Lieb type inequality Lemma 10.1 of Szabd et al.
(2023), which we restate as Lemma 20 below. However, the forward-backward channel
corresponding to Ky, (z1,x2) — qu(z1,z2), defined as

dK (|x1,u), dK(-|ze,u)
qu(21,22) = J —(y) —
apy 7= apy1v=

(y)dBy "= (y), (52)

is possibly unbounded when ¢ > 0. To overcome this, we use Lemma 14 below to construct
(€,36)-DP Markov kernels {K7}7"; such that the corresponding forward-backward channel
Gu(z1, z2) is bounded. The construction of { K7
between K7 and K7 is small.

Lemma 14. For any o € (0,1) and (e,8)-DP collection of Markov kernels {K’ 7Ly, there

exists a collection of (€,30)-DP kernels {f(j}’]”:l such that for some fized constant C' > 0,

m

7.4 is such that the total variation distance

dK (-|z) g .
sup ————2__(y) < C, PyK?(-|X9)-almost surely, 53
sup dPOKJHX(]))(y) o K7 (-] X) y (53)

whilst ' ' N ' N
PR (X D) = BRI, X))y < o
m
Proof For any z € X" and set A € # ), we have that
. dKj(-]:r)
K'(Alz) = | —————2—

where we note that the density of the integrand exists. So, by Markov’s inequality, there
exists a set AM € #U) such that

dK(|z)
dPy K (-| X ()

(y)dPy K7 (y| X)) < 1,

(y) <M on AY,
whilst .

K7 ((AMe)z) < 1/M. (54)
Define for all z € X,

Ki(B n AM|z)
KI(A} )

K9 (Blz) := K’ (B n AY|2) + K7 ((A))°|2) (55)

Then, K is (€¢,38)-DP whenever M > 45~1; for any x,2’ € X™ that are Hamming distance
l-apart and B e &),
KJ (B n AY|z)

K7 (A}Y]x)

KI(Blr) < K7 (Blo) + K7 ((A})]x)

K7 (B n AY|z)
KT (A3l |z)

= K’ (B n AY|z) + K7 (B n (AM)|2) + K7 ((AM)“|x)

N

K7 (B n AM|2') + e K7 (B n (AY)°|2') + 26 + %

< e K7 (Bl2') + (1 + e )M + 24,
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where the second to last inequality follows by (54) and the last inequality follows by simply
adding the nonnegative second term in (55). Furthermore, its Radon-Nikodym derivative
satisfies

dK (-|z)
dPOK’j(.|X(j))
PyK7(-| X U))-almost surely. Moreover, it holds for any f € £5(N) that

dKI ()

() A APy KT (| X @)

(y) <2M

| PP (K7 ([ XD)) = KI(-, X))oy < J\Kj(-!w) — K7 () |rvdP} (x)
< 2f K7 ((AY)|@) [P} (x) < %

Since a choice M > §~1 v 2m/a yields the bound uniformly in z € X™, the result follows. B

By standard arguments (see also Lemma 17), the first term in (48) can be lower bounded
as follows;

P'K,T = Py'K,T + Py K, T — P K, T
m
> Py KLT = ) |PKI ([ XY)) = PoKI ([ X)) py.
j=1

The same argument on the second term yields that, we obtain that (48) is lower bounded

by

J <Pg"f(uT + JP}”KU(I —T)dr o \Ile(f)> dPY (u) — 3a/8, (56)
for an (e, 36)-DP distributed testing protocol T' = (T, { K7 U, PY)).

Another issue suffered by (e, §)-DP Markov kernels with 6 > 0, is that one has very poor
control over the higher moments of the local likelihoods

i (4) = dpﬂf(]’(.’)((j)’u)
muly) = dPyKI(-| XU, )

(¥),

where P (A) := §Py(A)dr o U '(f), which are required to sufficiently bound the corre-
sponding quantity B, defined in (70) in Step 5. Using similar ideas as in the proof of
Lemma 14, we can construct approximating kernels {K J 7 such that the likelihoods [jw
are bounded. This is the content of the following lemma.

Lemma 15. Let a € (0,1), m = N (0, c;1/2d21/2p2f’) for an arbitrary positive semidefinite
I and let {K’ Ly correspond to a (€,6)-DP distributed protocol T' (i.e. K7 satisfies (77)).
Furthermore, assume that € < 1/y/n and define for j = 1,...,m the events

Aj,y = {y : \E{Tu(y) -1 < 4m1/2a*1}

and . ,
PyKI(B A Aj | X D) )

PyKI(Aju| X0, u)

K’ (Blz,u) == K (B n Aju|z,u) + Kj(Aju z,u)

Suppose in addition that § < co/m. Then,
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(a) The collection {KJ "Ly are (€,26)-DP Markov kernels.

i i ~J dK (y|z,u n .
(b) It holds PyK7(-| X9, u)-a.s. that L} .(y) := SW%MDW (x) satisfies

5m1/2

(07

L] u(y) — 1] < (57)

(¢) If p satisfies (34) or (36) with cq > 0 small enough, it holds that
PI'KT + JP}”K(l ~T)dr oV (f) = PI'KT + fp}”fm ~T)dr o U (f) — a,

where K is the product kernel corresponding to {K]}gnzl

(d) If K7 satisfies (53), then K7 satisfies the same bound for some constant C > 0.

We prove this lemma at the end of this section. The lemma above, in combination with
the same argument as before (e.g. Lemma 17) allows us to replace the (¢, 3d)-DP Markov
kernel K7 of (56) with an (e,60)-DP Markov kernel K7, whose transcripts have bounded
likelihoods in the sense of (57). Furthermore, by part (¢) of the lemma, the Bayes risk of
(56) is further lower bounded by

J <P5”f(uT + jP}”f(u(l —T)dr o \Ile(f)) dPY (u) — /2, (58)

where the K7’s satisfy (53).

A.2.1 PrROOF OF LEMMA 15

Proof The first statement follows by Lemma 16 below. For the second statement, we first
note that by Lemma 25 proven in Section A.5, it holds that

1/4
Ca Ca j j ]
SOt s > (P )Y ({6, — 1] 2 4m'?/a)| X0 u)
= PR (L4 = DUICE, — 1] > 4m"2/a}| X9, u)
1/2 o .
> 4" R (165, — 1] = 4m!2/a] X0, u),
a b

where the second inequality follows from the fact that m'/ 2/a > 1 and £§w > 0. Using
that § < ¢q/m, we obtain that

PoK(AS )XY u) < (4m) a(c/* + ca(l +m™h)) i= 1a. (59)

Since K’(Blz,u) < K’(B|z,u) for all measurable B < A;, and PyK’(-[ X u) has no
support outside of A;,, it holds that
APy K3 (| X 1), u)

() < dKI(-|z, u)

S ARKI(1X0), ) W

35



CAl, CHAKRABORTY AND VUURSTEEN

for all y € A;,, (and hence PyK7(-|X") u)-a.s.). Similarly, we have for Py-a.s. all 2’s that

KI(AS o u)  dRKI(- 0 Aj XD w) o KA Jow) 1
PoKi(Aju X0 ) dREKi([X0,a) 0 RKI (Al X0 ,u) = 1= na

using that K7 < 1 and Pon(Aj,u|X(j), u) = 1 —1n,. By standard arguments and the above
two statements, it follows that

J dK7 (y|z,u) n 1

1 —nq

APy K (y| X0, ) ™
= La,, (L5 (y) + (1 —10) 7"

= - Pl(x)<1a,,
R Ry X0, ) = T )

Applying the definition of the event A;, and using that a < 1, we obtain that for ¢, > 0
small enough /j%u —1<a M4m2+(1—ny) ' —1<5m!2a~". Using that Eﬁru —1= -1,
we obtain (57), proving statement (b).

For the third statement, we will aim to apply Lemma 17. By the construction of K7
and the triangle inequality,

IPE (1XD ) = BRI (XD, ) o < 2| ROB (- A5, [ X0 )|

The latter is bounded by «/(2m) (see (59)). Similarly,
PRI (X0, w) — PRI (X D) ry < 2P (45, |X0), ).
By Lemma 25,
PoKI (A, | X)) < (1 + c;/‘*m*l/?) PoKI(AS|X ) u) + 6 +m ™3¢,

Again using (59) and the fact that 0 < ¢o/m yield that the latter is also bounded by «/4m
for c¢q > 0 small enough. The condition and small enough choice of ¢, > 0 yields that the
conditions of Lemma 17 and the conclusion of (c) follows. Finally, if K7 satisfies (53), the
last statement follows directly by the construction of K7. |

We finish the section by providing the two technical lemmas mentioned in the earlier
proofs above. We omit the presence of the shared randomness U in the statement of the
lemmas, as it is of no consequence to the arguments below.

Lemma 16. Let K be a Markov kernel from (X, Z)" to (¥,%) satisfying an (e,0)-DP
constraint (i.e. (?7)) and define for a A€ % and a probability measure p on %

K(B|z) := K(B n Alz) + K(A®|z)u(B), forze X, Be ¥.
Then, K is a Markov kernel (X, Z) to (¥, %) satisfying an (e,25)-DP constraint.

Proof First, K can be seen to be a Markov kernel, as the necessary measurability assump-
tions hold by construction and K(Y|z) = K(Y n Alz) + K(A¢x) = 1, where it is used
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that p is a probability measure. Furthermore, for arbitrary B and z,2’ € X™ such that
dp(xz,2") < 1, it holds that

K(Blz) < e K(B n Alz') + 6 + ‘K (A|2")u(B) + p(B)d << ‘K (B|z') + 20.

Lemma 17. Let a € (0,1) be given. Let (T,{K’ 1) be a distributed testing protocol and
suppose that there exist kernels {f(j};”:l such that for j =1,...,m,

. . ~ . . o
1Pp(K7 () X9 w) — K7 (| X9 w))|pv < 5 PU-qa.s,

where p € {6o,m}. Then,
PYPIK(T(Y)|X,U) +PY f PPK(1—T(Y)|X,U))dr(f) >
PUPK(T(Y)|X,U) +PY fp}nfm —T(YV)|X,U))dr(f) — a,

for the same collection of distributions.

Proof We omit the dependence of u in the proof, as it is of no consequence to the arguments
below. We have that

P'K(T(Y)=1|X) + JP}”K(T(Y) =0|X)dn(f) =

P K(T(Y) =11X) + fP}”ff(T(Y) = 01X)dr (f) [P (K (-|X) = K(-|X))|rv
— I (K (1X) = K(1X)) v

Standard arguments (see e.g. Lemma 13 in Vuursteen (2024)) yield

m

| PP (K (] X) = K(1X)) v < Z (K7 (| XD) — KI(|XD)) |y

By applying the same lemma to | P§*(K (-|X)— K (-|X))| v, combined with what is assumed
in this lemma, we obtain the result. |

A.3 Step 3: Bounding the Chi-square divergence using the Brascamp-Lieb
inequality

We proceed with lower bounding (58), where in a slight abuse of notation, we shall denote
K7 by K7 for the remainder of the section.
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To lower bound the Bayes risk, in light of the Neyman-Pearson lemma, it should suffice

to show that EYlU “(Y) is close to 1 with high probability. This is made precise below by
showing that the right-hand side of (5&) is further bounded from below by

1 <\/(1/2) JE})“U:“ (/;T’C'U”(Y) - 1)2 dPU (u) — a/2> . (60)

To see this, note that any 7' : Y™ — {0, 1}, we can write Ap = T~!({0}) and note that

PME,T(Y) + PP"R,(1-T(Y)) =1— (Pgn o (Y € Ap) — PPE, (Y € AT)) .
We obtain that

f (PMUT T fPf R.(1—T)dro \If‘l(f)> 4 (u) > 1= sup| f By Ku(A) - PR (A)dBY ().

We find by Jensen’s inequality that [Py —PY |ty < S||]P%/‘U:u—IP’X'U:uHTVdPU(u). Combin-
ing the above with Pinsker’s second inequality a standard bound for the Kullback-Leibler
divergence (see Lemma 2.7 of Tsybakov (2009)), we obtain (60).

This brings us to a crucial part of the proof; the application of Lemma 10.1 in Szabd
et al. (2023), which we restate as Lemma 18 below. We first introduce some notation.

We note that for f € R it holds that

Py
Py

g dN (f, O'QIdL)

_. i x
dN (0,0214,) L5 (X7,

(x7)

where the equality in distribution is true under ]P’é( .

Denote the “local” and “global” likelihoods of the data as .i”j (X( N =TI lgfi(Xi(j)),
LX) = H;”zlgf(X(j)), and the mixture likelihoods as .ZZ(X) = {.Z;(XU))dr(f) and
Lr(X) =  Zp(X)dn(f).

In view of the Markov chain structure, the probability measure dP,(x, u, y) disintegrates
as dIF’YKX’U):(I’“)dIP’ff(x)dPU(u)dﬂ(f). Using this, EY‘U “ ( 7):\U=u(Y))2 can be seen to
equal

2
By B [ 2:00) Y,U:u] -| (f 2 dKY\‘ff Wy >dPé<<x)) aBy "), (o)

where it is used that K(-|z,u) « IP’YlU “(), P;X’U)—almost surely. Using Fubini’s theorem

(“decoupling” in X), we can write the above display as

J.ﬁ 1) Ly (22) qu (1, 22)d(PE x PE) (21, 22), (62)

where

dK (|z1,u) y dK (-|z2,u)
apy 1= apy U=

dulwr, v2) = f (y)dPY "= (y). (63)
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Since K (-|z,u) and ]P’0Y|U:u

H;”zlqﬁ(xl, x9) where

are product measures on Y = Y, we can write q,(z1,22) =

~ Kj(yj]:):j,u)Kj(yj]xj,u) YD |y=
Ao = e ) (64)
By 0= ()

The map (x1, x2) — qu(x1,z2) can be seen as capturing the dependence between the original
data X and a random variable X’ with conditional distribution

X/|X — 7~ JdIP)gﬂ(Y,U):(y,u)dIP)Y(X,U)—(:L‘,u)7 (65)

which is sometimes referred to as the “forward-backward channel”, stemming from the fact
that X — Y — X'’ forms a Markov chain. An easy computation using the law of total
expectation shows that the covariance of q,(x1,x2)d(Py x Py)(z1, z2),

J <§1> ($1T 332T) qu(1, 22)d(Py X Py)(x1,x2) € RandLXandL’ (66)
2
is equal to X, := Diag (Z%Ll, ey E}Ln’ e Eum17 o ,Zum") € R2mndy x2mndy, g

=Ji
E_]l 2 IdL —U
= dr,

with 25 = By V=B | o1 x|y D), U = u] Eo [alxgg

)

-
YW U= u] . Define also

n T

YO U= u] Ko [g*ZXg}

=1

YWD U =u

(67)

[ n
==Ky VT Ey [0ty XY
i=1

We are now ready to state the lemma that forms the crux of our distributed testing lower
bound proof.

Lemma 18. Suppose that (z1,z2) — qu(z1,22) is bounded and that 7 is a centered Gaussian
distribution on R®. Then,

§ Zr(21) L (22) qu(21, 22)d(P % P) (1, 72)
1_11Sgﬂ(x{)zﬂ(xg)qi(x{,xg)d(ngm x P& (2], )

(68)

1s bounded above by
S.Zﬂ(xl).,%r(xg)dN(O, E)(xl, 33‘2)

11 §.2 (o] 22 ()N (0, 7) (o], ) '
]:

The lemma has the following interpretation: the ratio of the second moment of the Bayes
factor of the “global Bayesian hypothesis test” that of the product of second moments of
the “local Bayes factors”, is maximized over the class of forward-backward channel with
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covariance ¥ when the forward-backward channel is Gaussian. For a proof, we refer to
Lemma 10.1 in Szabd et al. (2023), which uses that the prior 7 is Gaussian, exploiting the
conjugacy between the prior and the model which enables the use of techniques from Lieb
(1990).

The main consequence of the above lemma is analytic expressions, which can be used
to upper bound the chi-square divergence in (60) which is the content of Lemma 19 below.

Lemma 19. Define
Ap= [ S st <) £.0) (69)

and

m j ) . 2
BZ _ ‘HIEB/(JHUZUEO [gﬂ_ (X(J)) ‘Y(J% U = u] . (70)
Jj=

If (x1,72) — qu(x1,22) is bounded and if @ is a centered Gaussian distribution on RIL, it
holds that

_ 2
By V7 (1Y) < A7 B

The above lemma describes how the variance of the Bayes factor given U is bounded
by two factors. One factor depends on the Fisher information of the transcript’s likelihood
at f =0 given U = u; 5, := Z;"Zl ZJ. In this sense, A7 captures how well the transcript
allows for “estimation” of f. The second factor can be seen as the m-fold product of the
local Bayes factors, capturing essentially the power of combining the locally most powerful
test statistics; the likelihood ratios.

Proof [Proof of Lemma 19] We start by noting that B is equal to the denominator of (68).

By Lemma 18,
Sgﬂ(‘rl)gw(x2)dN(0, E)(]}l, xQ)
L §L ) L) AN (0,5 (], a3

- 2
By (L) B,

By the block diagonal matrix structure of X, the denominator in the first factor of the
right-hand side equals

1 jeé(llx/ﬁ(f,g)g—l(f,g)3)615(7T x ) (f, g) = ﬁ JefTEf;gd(W x 7)(f,g)

j=1 7j=1

> 11 &8/ Ehgdmxm)(f9) _ 1.
j=1

Through the expression for the moment generating function of the Gaussian, the numerator
of AT is equal to SefT 255 Eg‘gd(w x ) (f,9g)- [ |

A.4 Step 4: Adversarially choosing the prior based on shared or local
randomness

Suppose that for some constant ¢ > 0,
— T —
AIVT 2T < e (71)
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If T' € R4*4L is symmetric, idempotent with rank proportional to dr, and m = N(0, 0°T),
standard results for the Gaussian chaos, e.g. Lemma 6.2.2 in Vershynin (2018) combined
with (71) and the fact that |[VT| < 1, yield that

AT < exp (00_294Tr <(\/fTEu\/f)2>> ,

for a constant C' > 0 depending only on c¢. As a final step of the testing risk lower bound
technique, we use essentially a geometric argument to sharpen this bound in case the dis-
tributed protocol does not enjoy shared randomness. The dj, x dy, matrix =, := >,7" | =,
geometrically captures how well Y allows to “reconstruct” the compressed sample X. When
U is degenerate, =, is “known” to the prior, and I' can be chosen to exploit “direction” in
which =, contains the least information. The lemma below makes this notion precise. For

a proof, we refer to Szabé et al. (2023), Section 9.

Lemma 20. Let a € (0,1) and suppose that the map (x1,22) — qu(z1,22) defined in (63)
is bounded for all distributed testing protocols in 7. Let = = N(0, ¢*T), with ¢ := 1/+dl/2
co dy

and T' € RLXL js symmetric, idempotent with rank proportional to dy. Assume that p is
such that 0*|Z,| < ¢ PY-a.s. for some constant ¢ > 0. Then, (44) holds for shared and
local randommness protocols respectively.

A.5 Step 5: Capturing the cost of privacy in trace of =, and the local Bayes
factors

The cost of privacy is captured through bounds on A7 and B]. These bounds specifically
use the fact that the Markov kernels that underlie these quantities are (e, 66)-differentially
private.

We start with the bound on A7, for which we proceed by a data processing argument
for the matrix Z, under the (¢,69)-DP constraint. This comes in the guise of Lemma 21
below. Its proof is deferred to the end of the section.

Lemma 21. Let 0 < € < 1 and let YY) be a transcript generated by an (e, 8)-DP constraint
distributed protocol, with 0 < ¢ <1 and 0 < § < <<ndL*1 A nl/QdL*1/2> e2>1+w for some
w > 0. The matriz =, as defined in (67) satisfies Tr <E{L) < (Cn2%€%) A (ndy) for a fived
constant C > 0. Furthermore, it holds that =) < nlg, .

The lemma implies in particular that |Z7| < (Cn%€%) A n, as =i, is symmetric and

positive definite. Combining this with (51) and the triangle inequality, we obtain

m ((Cn2€?) A n) p?
o2\/cadr,

< C/ea. (72)

m .
NN EA RS
j=1

Similarly, (50) yields

2p? (=) < ™ ((Cn?€?) A (ndp)) p
Vel NG
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The last two displays together finish the verification of the conditions of Lemma 20. The
above data processing inequalities for =7, and bounds on p? also yield a bound on AT as
defined in Lemma 20. In case of shared randomness protocols, using (?7), (72), Lemma 21
and (51), we obtain AT < exp (C?%c,).

In case of local randomness protocols, combining (??) with (73) and (50) yields the
above bound on A7.

Next, we turn to B]. The first bound, given in Lemma 22, does not use privacy at
all. This bound is only tight whenever ¢ 2 1/4/n (as a bound on BI), in which case it
corresponds to the regime where majority voting bares no privacy cost. The proof can be
found in Section 9 Step 2 of Szabé et al. (2023).

Lemma 22. Consider B} as in (70) with m = N(o,chgl/delf) with T' idempotent. It
holds that
mn?2 pt )

CQUQdL

By <exp (C
Whenever € < n~ 2, a much more involved data processing argument is needed than
the one above. In the argument that follows, we will use the bound on E?r,u obtained
through Lemma 15 in Step 2. The data processing argument leads to the bound of Lemma
23 below. Its proof is based on coupling arguments, where the two different couplings
constructed result in the different rates observed in the condition of the theorem.

Lemma 23. Let m = N(0, d;poF), with T € R4L*IL ¢ symmetric idempotent matriz,

p? < Peald)/(Vmnie) v 1/(mn?e?))

and {Kj}j:1 correspond to a (e,8)-DP distributed protocol with transcripts Y9 such that

0<e<1,0<calm™ A€ and |Lhu(y) —1] < 5";1/2 PyK7(-| X9, u)-a.s..

Then, there exists a universal constant C > 0 such that BT < e“Vea,

mn2p
o2dy,
Lemma 22), we obtain that BT < ¢“V% whenever p satisfies (50) or (51). Combining this
with the bounds on A7 derived earlier and considering (60) lower bounds the testing risk,
we obtain that R(H, ;’Tﬁ,T) > 1 — « for ¢, > 0 small enough, from which the result of
Theorem 12 follows. To complete the proof, we provide the proofs of Lemmas 21 and 23 in

the following subsection.

Combining the lemma above with the bound B] < exp(C ) (which follows from

A.5.1 PrROOF OF LEMMA 23

Before providing the proof of Lemma 23, we first develop additional tools.

First off is the following general coupling lemma that will be used in the proof of Lemma
23. The lemma is in essence Lemma 6.1 in Karwa and Vadhan (2017), but its proof might
be easier to verify and is provided for completeness in Section C.3.

Lemma 24. Consider random variables X1, ..., X, i d. P and Xl, .. ,f(n i d. Py defined
on the same space. Write X = (X1,...,Xn), X = (Xl, e Xn) and let K be a Markov ker-
nel between the sample space of X (equivalently f() and an arbitrary target space, satisfying
an (€,0)-DP constraint with € < 1.
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Suppose that there exists a coupling P of (X, X) such that pX = PP, PX = P} and
D;:=1 {XZ # XZ-} ~ Ber(p), i.i.d. fori=1,...,n, pe[0,1]
under P. Then, it holds that
PI'K (A|X) < 4P PR (A|X) + 20¢tPe (74)

Next, we construct the coupling that will be used in the proof of Lemma 23, in con-
junction with Lemma 24 above. The couplings use similar ideas to the one constructed in
Narayanan (2022a). A proof is provided in Section C.2.

Lemma 25. Let K7 satisfy an (e,8)-DP constraint for 0 < e < 1.

Consider m = N(O,ci/2dzlp2f‘), with p? satisfying (50) or (51), with € < 1/\/n and
§<ca(m™t Ae).

For all measurable sets A it holds that

P K (A|X<J'),u) < (1 + cg/4m*1/2) Py (A|X<J'), u) 20+ % (75)
" P K (A\XU),U) > (1 - cg/‘*m—l/?) PyK? (A]X(j), u) — 25— 5;2 (76)

for all co, > 0 small enough.

With the above two lemmas in hand, we are ready to prove Lemma 23.
Proof of Lemma 23: Write ﬁ%,u(Y(j)) = L2 and let V; = V! := £, — 1. Using that
Fo.%: (X)) = 1 and that by the law of total probability

By B L2 (XD) | YO, U = u] - 1,

it follows that E} V="V, = 0 and

N y= . G177 — . . —
By V(o) =1+ By VT (o] — 1) = 1+ BY VU=

Define V. := 0v V; and let V.7 = —(0 A V), which are both nonnegative random variables,
with V; = V. — V.". We have

) T ) o0 ]
EY Y IU=uy+ J PYVlU=u (v > 1) at + f PYVIU=u (VF > ) dt. (77)
0 T
Taking T' = #, the second term is equal to zero as V;' < |£4.(y) — 1] < 5m'2a™ 1,
PyK7(-| XY, u)-a.s. and P, ~ Py (which in turn implies IP’X(]”U:H ~ IP)OY(J)|U:U). The
integrand of the first term equals P K7({V; > t}|XU) ). By Lemma 25, it holds that
PoKI (Ve 2 X9 0) < (1 e Am V) PKT ((Ve = 11X D)) + 6 4+ 2
m
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It follows that (77) is bounded from above by

T .
(1 + c}l/‘*m*l/Q) f PY IV (Vi > ) dt+ 76+ T
0

3/2 <
(1 + c})/‘*m*l/z) oLl Va4 S 3/2‘
Similarly, we have
o T * yo)
EY O U=uy - _ f PYVU= (V> 6) di + f P (Ve = 1)t (78)
0 T

Choosing T' = 1 here results in the second term being zero, as Li > o. Applying Lemma
25, the right-hand side of the above display is further bounded from below by

(1 1/4 —1/2) T YO U=u (o,
—c/'m P, (Vi =t)dt —T6 - T—
0

3/2 =
@)
(1 ctm=2)mg TV T - T 3/2,
where the inequality uses V,© <1
)

Combining the above bounds with the fact that V;* + V- = [Vy| and B}~ V="V, = 0

yields that
_ . _ 1/4Ey<f>|U u

EY O WU=uy — gYOU=uy+ _gYOU=uy— o 2 R0 Val | o764 o1

T s T ™ ™ ™ \/m 3/2
Plugging in the choice of T' = 5m'/? /o and using that § < c,m %2, we obtain

77— Ny= _
IE}:(J)'U_“V7T < m_l/anMEéf el “IVa| + 20cq (ma) L

(9 (9
I EYJ U= “IV.| < m~Y/2, we obtain gy IU=vy < m—l(ca/ + cq/). Assume next that
EOY(J>|U u|V | > m —1/2. Then IEy(ﬂ)|U uV < m_1/2 1/4 Y(J)|U U‘V|
(€] €] @D U=
By the fact that Ey - U= uV = IEY = “V2 and using that by Cauchy-Schwarz, Eéf o A

7) N|U= .
is bounded above by \/EY PNU= “V2. Hence, \/EOY ? V2 < C’cé/4m*1/2, for a universal

constant C’ > 0 depending only on «. In both cases, we obtain that

m ( +Ey(j)|U uvz) < OVea

By = I (1+EVI0v) < 1T
A

u =1

for universal constant C' > 0, finishing the proof of the lemma.

Appendix B. Proofs related to the optimal testing strategies

The proofs concerning the three Sections 3.1, 3.2 and 3.3 are given in this section, divided
across the subsections B.1, B.2 and B.3 respectively.

We recall the notations dj, = Z{;l 2l for L e N, fr, = I f for f € £3(N) and Xg) =
n 13 X forj=1,...,m
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B.1 Procedure I
We briefly recall the testing procedure outlined in Section 3.1. Let 7 > 0, L € N, df, :=
N 2band VLQ )~ X?lL independent of X) the random map from (R*)™ to R defined by

500 = |z (Jo vl - vi2) | (79)

Define furthermore

D, = (nn/dp) 'iq log(N) (\/n\/@T % M) (80)

Set K. = [2rD; ] and consider the set Cr., = AL, N Br.r, where

;= {(azl) e (R™)"™: |H0_1 Zie] HL%’H% — k:dL| < %k:DTn\/dL VT < [n],|T| =k < KT},
(81)

1
BL;Tz{( i) e (R®)": Ko™ Mgz, 0 _1Zk¢iHka>|<§kDTm/dL, Vizl,...,n}.

Lemma 26 below shows that X () concentrates on C 1.7 under the null hypothesis. We defer
its proof to Section C.1.

Lemma 26. Whenever o~ nHHLfH%d_l/z

enough, it holds that

< 7/2, T < nR?/\/dy and R, is taken large

«

£y (xs0ur) <

In Lemma 27, it is shown that z — SU )(x) is D, -Lipschitz with respect to the Hamming
distance on Cr,.,, with D, as defined in (80).

Lemma 27. The map = — Sg)(x) defined in (13) is D,-Lipschitz with respect to (R%)"-
Hamming distance on Cr.r.

Proof Consider x = (7;)ie[n], ¥ = (T)ie[n] € CrL;r With k 1= dy(x, 7). If k > [2rD; 1,
we have |S.£j)(:1:) - ng)(:“c)| < 27 < D;k. If k < [2rD1], let J < [n] denote the indexes
of columns in which x and % differ. Define the sum of the elements thz}lt x and & have in
common as v = o ! Dlie[n]\7 Ti> such that o1 =v+wand o7 Y # = v+ W We

i=1 i=1
have

SU)(z) — SW(z) =

T

% <Hn_1(v +w)|* - n_lV(j)> - \/LCTL (”n_l(v +w)[* - n_lV(j)>
- = (20 2.0 + [l - Jal3)

The last two terms are bounded by kD;/4 since z,Z € Ar.,. The first two terms equal

“ . ~ 2 2
(<, v+ wy = Gy v+ )+ []3 — fwl3)

2
na/dy,
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where the last two terms are bounded by kD /2. It holds that

(w, v+ wy = W, v+ Yy =072 Koy, D, wiy— (i D Ey+ a3 — [2]3),

€T ie[n]\J ie[n]\J

which is bounded by kD./4 for x € Ar.r n Br.;. Putting it all together and by symmetry

of the argument, we obtain that T‘)(x) s ()| < D;k. [ |

Lemma 28 below shows that there exists a measurable function S ( ) :R% - R, D,-

Lipschitz with respect to the Hamming distance, such that Sg)T(X G )) S’g)T(Xg)) when-

ever XU) e Cr:r. That is, letting ¥y : R® — R? be the coordinate projection for the
first d, coordinates, the lemma. allows a Lipschitz extension of the test statistic defined in
(79) on U;Cr.r to all of R, The proof follows essentially the construction of McShane
McShane (1934) for obtaining a Lipschitz extension with respect to the Hamming distance,
but our lemma verifies in addition the Borel-measurability of the resulting map.

We follow a construction that is in essence that of McShane McShane (1934), whilst
also verifying that such an extension is Borel measurable. A proof is given in Section C.5.

Lemma 28. Let C = (R%)" and S : C — R be a (Borel) measurable D-Lipschitz map with
respect to the Hamming distance on (R)". Then, there exists a map S : (R%)" — R
measurable with respect to the Borel sigma algebra such that it is D-Lipschitz with respect
to the Hamming distance on (R%)"™ and S = S on C.

B.1.1 PrROOF OF LEMMA 8

Consider the transcript of Section 3.1, which we recall here as

@) _ W) (x () (4) i — €
Y = .89 (x4 W), with 4, = , 82
Lir = 7 LT( ) S 2clog(2/6) (82)

¢ >0, WT( 2 N(0,1) independent for j = 1,...,m and 7 > 0. These transcripts are
(€/c,9)- 1fferentlally private for any € > 0 (see e.g. Dwork et al. (2014a)). Define the test

{ ZYL“T %vl)} (83)

We will prove the following more general version of Lemma 8.

Lemma 29. Consider the test @, as defined by (16). Whenever 7/4 < Z!% < 7/2 and

172l > Cana®/eTog(/0)ox() W@MI))\/(N;J (34)

for Co > 0 large enough, it holds that Pr(1 — ;) < «
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Proof On the event that X @) € C; for all j € [m], we have that
My = 2 (38X ) + W) = 2 (98- (X9 + W), (85)
i=1 i=1 i=1

Consequently, P(1 — ¢;) is bounded above by

Py (WZ<% (XU + WY >) 2(%\/1)n> +Pf(3j:X(j)¢CT>. (86)

By Lemma 26 and a union bound, the second term is bounded above by «/2.
Under Py, it holds that

—2 6 ~2) £, 12 2 _ ()
n |t VYN aneEflz v 1 |1Z|5 -V
— (ot x| — 4 +2 Zotpyp 22— 7 87
T (H 2 ) i ﬁdL< £ N (87)

where Z ~ N(0, Iy, ). By assumption, :L/HdLLLJé < 7/2, Var(%<Z,a_lfL>) =no2||fr]3/dL, <

7/2 and (| Z||3 — V1)) /\/dL tends to a Gaussian with variance 4 for large d. The second
and third term in (87) are symmetric in distribution about 0, have uniformly bounded den-
sities (since the Chi-square and normal densities are bounded, and the third term tends

1/2

weakly to a Gaussian in dr) and o~2d; "“n|fL[3 < 7/2, which means that the conditions

of Lemma 36 are satisfied. Applying said lemma (with p = J_del/QanLH%), we get that
there exists a uniform constant ¢ > 0 such that

1 & : anfLH Yr
Frp— S (X ) W adidad |PEA PRk
fﬁ;(Vs( )+ W) = -

Under P, by independence of the data and the Gaussian noise,

Varf< i (X)) +WT(J'>> — 1+ Varg <%ST(X(1))>.

Since

n — 2 VO no 2| frll3
B | [o71X0), | — = 2 <7/2
N <HU LHQ n ) vy, /%

the fact that clipping reduces the variance yields

Vary (178, (X 1)) < 92Var, ( (( o LX) H - ”)) < A2 <4Z’|2“’;LL|% +4> .

Assume now that for all Cy, > 0 large enough,

1 _
(e v 1) 1 < e vmna 2| f1 /v dr, (59)
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which is a claim we shall prove later on. Then, the first term in (86) is bounded above by

( 2(% )+ WD — By (5,(X0) + W) <~V 2””2%), (59)

2v/d,

which, by Chebyshev’s inequality is bounded by

Vo2 13\ P NI e 7 A
( N > + (mno || fL]|3) +<\/@> :

For f satisfying (18), the last two terms are easily seen to be smaller than a/6 for a
large enough to choice for C,. To see that this is also true for the first term, recall that

with D. = Fa IOg(N)(\/ n\/ETV\/ndL)

I _ . .
V= oo NPT - o , which yields that the square root
of the first term equals

Vvmno~?|frlze Vmnto?| fr3e

VAL Den/2¢10g(2/8)  Figlog(N)(v/n/dpr v v/ndp)/2clog(2/5)

When the maximum is taken in v/ndy, (84) leads to the latter being larger than C,. When
the maximum is taken in \/n\/dy 7, using that 40~2n|f||3/4/d;, = T yields that the above
display is bounded from below by

Vmo~tn| fi]ze N
f@a\/log V/2¢log(2/6)

In either case, it follows that the Type II error (i.e. (89)) can be made arbitrarily small per
large enough choice of Cy, > 0.

We return to the claim of (88). When v; > 1, the claim is satisfied whenever x <
log(N)4/clog(1/6) for Cy, > 0 large enough. When v, < 1, it is required that

Vmo?ny. | fulze Vmo~?n?|fr |3 -
Vdr, Fio log(N)A/2¢10g(2/8) (v/nv/dpT v +/ndr) T
which is satisfied whenever (84) holds. [ |

B.1.2 PROOF OF LEMMA 9

We start by recalling the notation, before proving a slightly more general result. Consider
for a set S < N the test

Ti:= max 1{1ZYL(Q>/%¢< < vl)«/log\TL|]S|}, (90)

LeS, €Ty, mj:1 DT\/QITLHS’ 10g(2/5)
where )
R
T, = {2—“2\/%:1@: 1,...,[1+2log2(NR/a)]}, (91)
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€
. B
DA/2TL S log(2/0) Y
the same reasoning as in the proof of Lemma 29, the test 77 is (¢, d)-differentially private.
We will prove the following more general version of Lemma 9.

and Y {Y : 7€ Tp} is generated according to (82) with ~, =

Lemma 30. For all M > 0, a € (0,1) there exists ko > 0 and Co > 0 such that the test
defined by (90) satisfies PoTr < . Furthermore, for any f € Bf;qu such that for some L* € C

it holds that
| fr+? = CoM 2 \/ 1 (92)
Ll = 2eEN A min (Ve A 1) mn2e? )’

where My 2 log(N)+/2loglog(NR/o)log(NR/o)|S|log(2/6), we also have that Pr(1-T;) <
a,where Cy, > 0 depends only on a.

Proof We start by proving that the level of the test is controlled. Using a union bound
and writing v = (v, v 1)4/log |T||S]|, we have that

- L S, 80) (x0) )
PoTy = Py (mfsn?}én " f;l[’ms F(XV) W = kg (93)
L ¥ 59) (X6) () . —_—
<Py (LeSTeTL r\ﬁg[ LSP (XY + WY = ko | + Py (El(],L,T) .6 ¢CL;T)

where it is used that the Lipschitz extension S(] ) of Sy (] ) - equals the latter function on Cp.;.
By Lemma 26 and a union bound, the second probablhty on the right-hand side is bounded
above by am/|S||TL|/(2N), for a large enough choice of &k, > 0.

Considering the first probability on the right-hand side of the inequality éisplayed above,

Vnxy Vé?l)] is 1/(4v/dp)-
2 —T

sub-exponential, where the sub-exponentiality parameter follows from a straightforward
calculation (see e.g. Lemma Szabd et al. (2022)). Since WL(]Z is independent N (0, 1), it
follows by Bernstein’s inequality (see e.g. Theorem 2.8.1 in Vershynin (2018)) and a union
bound (e.g. Lemma 37) that the first probability in (93) is bounded as follows

we first note that by Lemma 35, Sg)T(X(j)) = [\/}17 <

1
(ITL||S])xar2"

@)y ()
Po (LES TETL tfz VLS (X + W] > ﬂo‘) <

LeS, €Ty,

which is less than «/2 for a large enough choice of k, > 0. For f € B;:QR, Lemma 42 yields
that

Ifzlz < 1fl2 < (1 =27) Y071 fllspq < R(L—27%)107, (94)

Consequently, when f satisfies (18), it holds in particular that |f7[3 > N~!. Thus, there
exists 7* € Trx such that the condition of Lemma 29 is satisfied, which now yields that
]P’f(l—TI) <]P’f(1—<,07*) < /2. |
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B.2 Procedure I1

Let ¢,6 > 0 and S = N be given. Consider for L € S, K; = [ne? A dr] and take sets
Jik:r, © [m] such that |J.r| = [msz] and each j € {1,...,m} is in Jy,, for K different
indexes k € {1,...,dr}. For (I,k)e {{=1,...,L,k=1,...,2"} = I, j € T, generate
the transcripts according to

YL(fz)k|X(j) =y Yo" [ éji)ug] ot ng)k (95)
i=1
with v, = < T = Rar/log(N) and (WI(,]l)k)Jk i.i.d. standard Gaussian noise.

24/|S|K 1, log(2/8)7’
Define YL(]) = (Y[(/'Jl)k‘)(lvk)EILZ_jE\YZk;L and consider the transcripts V) := (YL(j))Leg, for
j=1,...,m. The lemma below shows that Y'() satisfies DP.

Lemma 31. The transcript defined Y9 is (e, 8)-differentially private.

Proof The rescaled and clipped sums have at most Ls-sensitivity less than or equal to one:

n n

sup Yl Qo @wl Ty = Do @) w)Z ) wmer, Lesl2 < (96)

Ze(RN):dpy (z,2)<1 i=1 i=1

DI sup o (w)w]Zr — o H(@)w]Z,)? < 1.

LeS (Lk)elr Fe(RN):dy (z,2)<1

Consequently, the addition of the Gaussian noise assures that the transcript Y@ is (€,0)-
differentially private (see e.g. Appendix A in Dwork et al. (2014a)). |

Consider the test given by

2

Tn:=1 max; Z

—v
LeS +/df, (n’y% v 1) Lkl \/m]e%% e,L

with ve 1, := Eo(| Tz Lo, Yoo

Lemma 32. For all M > 0, a € (0,1) there exists ko > 0 and Cy > 0 such that the test
defined by (97) satisfies PoTr < oo. Furthermore, for any f € BZ:? such that

> ria loglog(e v [S]) ¢,

(97)

G
122 = Caloglog(e v |S]) log(V)|S|log(1/5) ( 26% ) \/ <1> (98)

vmn(ne2 A dpx) mn2e?
for some L* € S and Cy, > 0 large enough depending only on o, it holds that Pr(1—-Tq) < «

Proof Under the null hypothesis, (ng)lk are independent standard Gaussian for (I, k) €

Ir,, j € [m]. Hence, by Lemma 35, the random variables Yé?l)k are sub-gaussian, mean
zero and i.i.d. for k € [dr], j € [m] under the null hypothesis. More specifically, we have
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> YIE l)k is ( v/ne + 1)-sub-gaussian, which in turn implies that the

\/\ Ik; L|Je\7lk . 24/1S| K, log(2/6)T

random variables

that

1
\/@ (n'y% ) llé] vV |u7lk L Z VQL]

J€Tk;L

are C-sub-exponential for L € S, for some constant C' > 0 (see e.g. Section 2.7 in Vershynin
(2018)). It now follows from Lemma 37 that, for ko > 0 large enough, PoTi < /2.

We now turn our attention to the Type II error. Assume now that, for L € S, f satisfies
(98). We have that

2

— Ve r | < kaloglog(e v S| p),

1
1-Tin <1 ———5——~
Vdg, (n’y% Vv 1) (l,gelIL A/ ’jlk :L Z

JETik;L

so it suffices to bound the Es-expectation of the right-hand side.
Under Py, (X(j))lk 4 Jue + Glel(g,)i with i.i.d. Zl(lg_)i ~ N(0,1) and is independent of the

)

centered i.i.d. VVl(k]) Hence, the quantity

2

()

Vik = ik + VVlk

T B [t
ks L JET kL
is in distribution equal to

2

- (4)
YA/ | T no ™ fie + ypv/nn + ——— w,
\ |u7lk L Z lk

JeTik;L,
under Py, with n ~ N(0,1) independent. Therefore, a straightforward calculation shows
that Vi has mean o~ 'v2n?| k.| [ + nvi + E(Wfl(]g))Q under P;. Since E(Zl(,g)z) = 3 and
IE(VVI(kj))4 = 1, its variance equals

n?~ Var (n?) + Var(( Z W) + vE| Tk InPo 2 (99)

v\ wiLl s,
+92 1Tk 20 2 FREW)? + nd B(W) 2 En?,
which is of the order

(Vi | TispnPo 2 f5) v (Vi TwsrIn®o 2 fi) v yin® v 1. (100)

Since (94) holds, we have that for &, large enough, ((lrg)m} | fi] < 7/2/Consequently, an
L

application of the triangle inequality and a standard result for the maximum of Gaussian

vectors (see e.g. Lemma 16 in Vuursteen (2024)) yield that, for &, > 0 large enough,

we have with probability at least 1 — 2Ndje™™ /4 > 1 — (1 + N)27%a/4 > 1 — /4 that
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max |(X,L»(j ))lk| < 7. Consequently, under the null hypothesis (f = 0), using that
i€[n],je[m],(l,k)ely,

|Tike:r.| = |TJ1], Pog is bounded above by

1 - G (@) y)2 2 a
Po| ——=—— D, [( D] (o XDy + Wy"))* —EoVi] = k(hin v 1) | + 7,
dL’jldL;L’ (L,k)elr, Jj€Tik;L 4

where we write kK = k4 loglog(e v |S]). Chebyshev’s inequality yields that the first term on

the left-hand side is bounded «/4 for ko > 0 large enough. In the case that lril)ax )| fie] <
) eIL

7/2, we also have that P(1 — Ti1) is bounded above by

; (9) 2 2 g
\/@jldL;Ll(“; [( Z (yo(nfie +V/nZ) + W;;"))* —EgVi] < k(ygn v 1) |+ T

el;, JeJik;L

Pr

Subtracting dzl/Q > Yin?|Jur|o ™t fA on both sides, the first term is bounded above by
(l,k’)G[L

1 i c
Pr( DUICDY) (ulno™ fu +vnZ) + WYN)2 — RV < —>
M‘jldL;L’ (Lk)elr, Jj€Jik;L 2

-2 7%”2‘\7[76;11'

with c = o NCTS IfL]3, whenever

20%kq loglog(e v [S])(vin v 1)dp/dp <1
yin*mEr| fo]3

¢>2k(yinv1) <

This follows from the assumed inequality (98) in the lemma’s statement.

An application of Chebyshev’s inequality, the variance bound computed in (100) and
plugging in |Jik.r| = mKyp/dr, vr = NG and 7 = Fqq/log(N) now yields that
the probability in the second last display is of the order

( me4

2
16K1d A2

3_—2 2 me? 2 _—2 2 et 2
— %0 1l8) v (et MelB) v (e ) v

2.2 2 2)2 = (101)
acme’n*4Kdr Ay 5|51V dLo 2| fL3)

with Ay g5s) = |S]log(2/8)k21og(N). For 1/y/n < € and ne* < dy, this expression is of the
A2 d3
order —w28L L which is bounded by 1/C2 when f satisfies (98). This can be seen to be

m2nied| fL[3

arbitrarily small whenever f is such that (98) by taking C, > 0 large enough. Lastly, when

2
ne? = dy, (107) is of the order m%, which also holds for C, > 0 large enough for f
2

satisfying (98). Consequently, we obtain that Py(1 — TIEI’J) < a/2 for C, large enough, as
desired.
|
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B.3 Procedure II1

Let S ¢ N and consider for L € N, dj, := Zlel ol Ky := [ne® A28, I = {(LLk) : 1 =
. [loga(K)], k=1,...,2"} and j = 1,...,m the transcripts

D)(x9, Uy —vLZ [(ULXI D], + W, (102)
=1

with v =

2\/KL|$|610g(2/5)T, Rar/log(N), Ur a dp-by-d;, random rotation drawn

uniformly (i.e. from the Haar measure on the special orthogonal group in R *9L) and

(VVl(kj))j,l,k i.i.d. centered standard Gaussian noise. By the same proof as Lemma 31, the
transcript is (e, ¢)-differentially private.

Lemma 33. The transcript defined in (102) is (e, 0)-differentially private.
Based on these transcripts, one can compute

1 m
Tin=1{ max ———5—— e —vp]| = kqloglog(e v IS]) ¢, (103)
Lel VEL(mii v 1) l;IL ; i

where vy, = n’y% + 1. The following lemma establishes the Type I and Type II error
probability guarantees for the above test.

Lemma 34. For all s, R > 0, o € (0,1) there exists ko, ko > 0 and Cy > 0 such that the
test Trrr defined by (103) satisfies PoTrr < a. Furthermore, for any f € Bf,jf“ such that

1

mmn2e2

) . (104)

L*
Ifrx]5 = Cyaloglog(e v |S|)log(N)|S|log(1/6) (Wn(i/ﬁe A 1)) \/ <

for some L* € § and C, > 0 large enough depending only on o, it holds that ]P’f(l—TIeI"S) <o

Proof Under Py, (UrX{ )i £ (Usf)w + (ULZY ), where Z§) ~ N(0, 1, ) independent
of Uy, and the centered i.i.d. I/Vl(,g) Furthermore, ULZg 4 Zgz, (ULZgz)lk ~ N(0,1),

still independent of (I/Vl(,g))l,k,j. We obtain that vz, >’ (ULXg.g)lk- + Wl(kj) is in law equal to
i=1 ’
(UL fr)ie + yo/nn + VVZ(,g), with n ~ N(0,1) and all three terms independent.
A first consequence of the relationship above is that under the null hypothesis, the

()

random variables Y/, are sub-gaussian, mean zero and ii.d. for (I,k) € Iy, j € [m]
m .
under the null hypothesis (see Lemma 35). More specifically, we have that ﬁ .ZIYZECJ)
j=
s
24/IS|K 1 log(2/6)7

m .
F > [(ﬁ > YL(]Iz)2 — v ] are C-sub-exponential for L € S, for some constant C' > 0

(L,k)ely, j=1 "
(see e.g. Section 2.7 in Vershynin (2018)). It now follows from Lemma 37 that, for ko > 0
large enough, P71 < a/2.

1)-sub-gaussian, which in turn implies that the random variables
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Next, we turn to the Type II error probability. Assume now that, for L € S, f satisfies
(98). We have that

2
1 GG
1-Tmm <1 Z (\/mZYZ,(f)> —vp | < Kq(nvi v 1)loglog(e v |S]) ¢,
=1

z (Lk)elL,

so it suffices to bound the E-expectation of the right-hand side. Since (94) holds, we have

that for K, large enough, ((lrggl)ax | fix| < 7/2. By a similar computation as earlier, it suffices
) EIL

to show that

2
I GG
Z (mEYZgO —vp | < Ka (n’y% v 1) loglog(e v |S|) | < /4, (105)
i=1

(l k‘)EIL
m n 2

for C, > 0 large enough. Define Vj, := <\/% >, [ Z (ULX(] ik + W(J)]> . Under PV,
j=1 i=1

we have that (Up fr)ix = ||fL|\2HZZlﬁf2 for Z = (Z11, .-, Z1ay) ~ N(0,Ia,). As Y pyer, BZ5/1Z 15 =

1, EZ% /| Z|3 = 1/d, by symmetry. Hence,
. mn2 /'K fr )

EfVik = vimn®BY (UL f1)fi, + ni + E(Wl(k]))Z L dr il H2 + i+ E(Wz(kj))Q-

Subtracting d~*y2mn2+/KL| fL|3 on both sides, the first term in (105) is bounded above
by

_in*myKL|fLl3

1
Pr{——— > [Vie—EsVi <

VEL (Lk)elr, 2dy,
whenever
vEmn® /K| fol3d;" = 26a(vin v 1). (106)

The latter is indeed satisfied whenever (104). Under the alternative hypothesis, a straight-
forward calculation shows that V; has expectation conditionally on Uy, equal to 'y%mn2(U Lf )%k—i-
ny: + E(I/Vl(kj))2 Since E(Zp;)}, = 3 and IE(VVl(k]))4 = 1, its variance conditionally on Up,
equals

m

n®yi Var (n* | |UL) + Var(( Z lk, )? [ |UL) + 2vin*m(UL f) 7 En?
J:

+ 203 mn? (UL f)ZEW)? + 23 nE(W,))2Erp?,

which is of the order (yimn3(ULf)2) v (v2mn2(ULf)?,) v vin? v 1. Consequently, by
applying Chebyshev’s inequality, the probability on the left-hand side of (105) is of the
order

< dr, ) ( dLAN,s sR2 ) < Ko d] ) rakaA s sdl (107)
v V|—saat—— | v ,
mny/Kp | fLll3 mn2e2| fr|3 m2n? K| fol3 771271464KL\|fL||§1
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where Ay s 5 := log(IV)|S|log(1/6)log, and we have plugged in vy, = 2\/KL\S|€10g(2/6)T’ T =

Rar/log(N). The latter can be made arbitrarily small per choice of C, > 0 in (104).

To see this, first consider the case where ¢ < n~/2, such that K; = 1 and the above
display is of the order of the second and fourth term in the above display. Whenever f
satisfies (104), the first term is of the order 1/Cy. For 1/\/n < e < dp, K =ne? adp = 1
and (104), (107) is bounded by 1/C2. Lastly, when ne? = dj, it holds that K; = dy, so
(107) is of the order x2dr/(m?n?|fL||3). When (104) holds, the above display is bounded
by 1/C2. We conclude that Ps(1 — Tirr) < /4 for C, large enough, as desired. [ ]

B.4 Proofs of the theorems in Section 2 and Theorem 7

The proofs of Theorems 3 and 2 in Section 2 are direct consequences of Theorem 7 and 12.
To see this, note that for any sequences my =m, ny = N/m, oxy =0, ey = € and Iy = 0,
Theorem 12 and Theorem 7 can be applied with an arbitrarily slow decreasing sequence
ay — 0 or ay — 1 in order to obtain the desired convergence of the minimax risk.

Theorem 7 and Theorem 6 are consequences the lemmas proven earlier in the section.
Below, we tie together the results of these lemmas to obtain both theorems.

Proof of Theorem 7: Consider S = {L}, for a given L € N which is to be determined.
In the case of local randomness only protocols, let T' = 11 v 111, where 11 and 111 are the
tests defined in (90) and (97), respectively, with their critical regions such that PoTt < /4
and PyTy; < a/4 (see the first statements of Lemma 30 and Lemma 32). If, for some L € N,
f satisfies

5 ) 2(3/2)L VoL 1
IfLlly = CaMno (mn(n62 A 2L) /\ Jmnvne A 1 \/ mn2e2 ) (108)

where My 2 log(NN)4/2loglog(N)log(NN)|S|log(2/d), Lemma 30 and Lemma 32 yield that

Pr(1—T)<Pp(1—T}) +Psp(l = Th1) < /2. (109)

In view of (a + b)?/2 — b < a2, |fL|3 = % —|If = fu|% Since f e By, we have that
| f = frl3 < 2725R? (see e.g. Lemma 45). Consequently, taking L = 1 v [—11log,(p)],

IfLl = p*MNCE/2 — R?2725° > pMR(C7 /2 — R).
We note here that the latter bound could be sharper by choosing L =1 v [—% logs(p)], but

we choose the simpler bound for the sake of clarity. Given the above display, this choice of
L means that (108) is satisfied for

1v —1/s\3/2 /1 v p—1/s 1
P>z o? <mn(7(”b€2 /\P(l V)p—l/s)) /\ (mn /77562 N \/ mn262>> : (110)

Solving this for p, we obtain the rate in Theorem 7, (8).
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In case of shared randomness, the same argument applies, with the only difference that
the test T = T1 v T1p1 is used. Lemmas 30 and 34 yield that this test satisfies PyT' < «/2
and also Pf(1 —T) < «/2 whenever

1vp /s 1 v
0?2 o2 P _ /\ P \/ =
mnvne2 A 1y/nez A (1 v p=1/9) vmnvne? A mn

and My satisfying the condition of the theorem. Solving the above display for p, we obtain
the rate in Theorem 7, (10).

Proof of Theorem 6: The proof is similar to that of Theorem 7 in the sense that it
follows from the lemmas proven earlier in the section.

In the case of local randomness, consider T as defined in (31), with 77 and 71 as defined

n (29) and (30), respectively. Applying Lemma 30 with S = S and Lemma 32 with
S SHICH vields that PoT < /4 and PyTi; < a/4, so T has the correct level.

If fe B;f, with s € [Smin, Smax], We have that L is either in SOV or SHICH By applying
Lemma 30 and Lemma 32, a similar argument as given in the proof of Theorem 7 above
yields that P¢(1 —T') < «/2. The shared randomness case is analogous, with 7" defined as
n (33).

Appendix C. Auxiliary lemmas and proofs
C.1 Proof of Lemma 26

Since Cr,r = Ar.7 N Bp.7, it suffices to show that Ag.. and Bf  as defined in (81) are small
in Py-probability for a large enough choice of £, > 0.
> |J IUT)

Define 7, := D;n+/d/8. For both sets, we proceed via a union bound:
Ko /o
<> <k>Pr<’0_1\/EfL—Z|§—dL‘ > ) (111)

k=1

DS GHE RN

Pr (X0 ¢ Ayr) =P (M Sl 1T < KIS

where we recall that fr, is the projection of f onto its first dy, coordinates and Z ~ N(0, I, ).
We have
lo™ VkfL = Z|3 = 072kl frl3 — 20 VEFL Z + | Z]5.

Recalling that K, = [2rD; '], we obtain that

K. < 2Tn\/dL < \/dL < Nr
! /Nia log \/ dLT \ \/ndL /foz IOg( ) - '%a log(N)
By the assumptions of the lemma (0~ 2n| f1|3 < 74/d1/2 and 7 < nR?/4/d1), we obtain that

o7 2k| fL|3 < K,R? Consequently, we have that for %, > 0 large enough o 2K.|fL]3 <
nT/ 2, so it holds that

(112)

Pr (||a—1\/Ef —Z|3—dy > nT) < Pr (uzug —dp — 20" Wkf] Z > nT/2) .
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Using that Pr(A n B) 4+ Pr(A n B¢) < Pr(A’) + Pr(A n B€) for An B c A, it follows that
the latter display is bounded above by

Pr (| 2|5 — dr > n,/4) + Pr <*20_1\/%ng > 777-/4) :

By a standard concentration argument for Chi-square random variables, e.g. Lemma A.13 in
Szabé et al. (2023), the first probability is bounded by e=%/8. Again using K, || f1|3 < 1./2,
the second term is bounded by e~ 7/32_where we note that the second term equals zero in
the case that f = 0. The bound

br (H(jil\/%fL —Z|3—dy < —T)T) < e e/t g e /8
follows by similar reasoning. Combining the above with the elementary bound ZkK:TI (Z) <
ef7108(m) and (112) means that

Py (X(j) ¢ AL;T> < 2exp <K log(N) — Wéfﬂ)”) < a/(4mn).

Turning our attention to By,,, we find that P (X(j) ¢ BL;T) is equal to

P; | maxo > Z <Xi(j),Xlgj)> >y | < nPr( Ko™t f+Z,(n—1)o ' f +/n—12")| >777-),
ke[n]\{i}

where Z and Z’ are independent N (0, I;) random vectors. Using another union bound, the
above is further bounded by

Pr(vn = 1Z,2") > n/2 = (n = Do fL|3) + Pr((n — 1)(o™ £, Z) + vV — Lo f, (Z> >)n7/2)-
113

Using that n|o~1fy|3 < 74/dL/2 and 7 < nR?/y/d;, by assumption of the lemma, we see

that
_ R
o™ fulf < m/du2 < Vi G < (114)

1’L

For ko > 0, the latter can be seen to be larger than n,/4. Consequently, the first term in
(113) can be seen to be bounded by

P/
Pr(vn — 1(Z,Z"y > n,/4) < e WniL < emralosN)
where the inequality follows from Proposition 2.7.1 in Vershynin (2018). Since Z and Z’
are independent standard Gaussian vectors, the second term in (113) is bounded above by
2
n

Pr(vV2(n— 1)o7 f, Z) > n,/2) < e‘W

Since n|otfL|3 < 7A/dp/2, n?|o7 fL|3 < nTv/dL/2 <
that Py (XU) ¢ Br.;) <

_a
= 4mn?
lemma.

< log . Hence, we have obtained

for ko > 0 large enough. Thls concludes the proof of the
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C.2 Proof of Lemma 25

We suppress the dependence of the Markov kernels on the draw of the shared randomness u,

as it is of no relevance to the proof. Consider X@) ~ P and X ~ P,. Since Xg,;c 4 Xg,?c
for all L' > L, it suffices to construct couplings for (X ~£j ) , XT G )) We construct two couplings,

one for each of the different regimes of e. That is, for each of the regimes, we der1ve a joint
distribution of (X g), X(J)) called P, o such that X(]) ~ IP’7r 6 = Prand X(]) ~ IP’7r o =ho.

The specific couplings that we construct aim at assuring dg (X £), Xg)) is small with high
probability. When constructing the coupling below, it suffices to consider ¢ = 1 without
loss of generality (i.e. by rescaling X @) and X (j)). After the construction of both the
couplings, the lemma follows by an application of Lemma 24.

Case 1: Consider 1/4/n > € > 1/v/mnd;. The construction we follow is similar to
that used in Theorem D.6 of Narayanan (2022b), whose dependencies are favorable for our
purpose.

If n = 1, Pinsker’s inequality followed by bounding the KL-divergence by the Chi-
square-divergence (e.g. Lemma 2.7 of Tsybakov (2009)) and Lemma 22 applied with m =1
yields that

1 VCap?
Py — Pyllrv <A/ =D.2(Po; Py) < C
H 0 HTV 2 X( 0 ) \/@

for a universal constant C' > 0 contingent only on |T'|. By Lemma 39, there exists a coupling

v (4) ()
P, such that X0 ~ PXL" — P and XU) ~ P}L = Py and

p—IP’(X(j);éX])) (C@) 1.

Applying Lemma 24, it follows that
PrEI(AIXD) = BroK9(AXD) < 2P PRI (A X)) + 26npec

By applying condition (50) or (51) and the bound on p, we obtain that exp(C ‘/ci‘ffzp ) <

1 4+ Cy/ca/+/m. Similarly, using that 6 < €¢/4/m, we get dpe” < 6 + C'c o/m?2. The first
identity we wish to show, i.e. (75), now follows for n = 1 and a sufficiently small enough
choice of ¢, > 0.

For what follows, take n > 1. Consider V a uniform draw from the unit sphere in R?z
and Z ~ N(0, 14, ), both independent of the other random variables considered. We have

) 122y,
X(J — X i H
121 L’L \/ﬁ

. ()
for Xg) ~ }P’S(L (see e.g. Vershynin (2018) Exercise 3.3.7). Similarly,

~£j) 4 V_lu(de + n_1/2nca/2p2de)1/2ZH2.
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Next, we note that for n1,...,n, ~ N(0,1, ) independent of X6 = (Xy),...,Xr(Lj)), we

have
x4 (X(J) + 0 — Zn) : (115)
1=1 1<i<n

To see this, note that both the left- and right-hand side are mean zero Gaussian and

n T
E( + i — Zm) (X“ + 1 — Zm) = 1i_rly, (116)
z':l

which means that the covariances of the left-hand side and right-hand side of (115) are equal
too. Noting that X £ (F + XY)),cp and Xi £ F + ng), where F ~ N(0, /cad; ' p°T)

is independent of X g ), it follows that X é) (X X +m— - Z 7i)1<i<n Dy similar reasoning.

z—l
Since the matrix (I — V'V 1) is idempotent, we have that 7; = VV 'n; + (I — VV T )n;; where
V'V Ty; is independent from (I — V'V T)n; and V T7; is standard normally distributed, both

conditionally and unconditionally on V. We can write

mi— iZn vV g — vava + G,
=1 =1

where G; = G;(n;) :== (I —VV )i, Z (I — VVT)n; and G; independent of VV Ty —

_ 1
n

n

%ZIVVTm. Let 7; be identically distributed to n;, for ¢ = 1,...,n. Combining the above,
1=

we have that

, Z
Xg) g Vv m + V ZV ni | + G =: (Cz')ie[n]a (117)
\/ﬁ z 1 i€[n]
X 2 {V ( 21y 4 2 T 2 + VT = ST ) e } = (et
=1 1€[n]

(118)
n
As further notations, we introduce ¢; := | Z|2/v/n +V 'n; — %Z V'n; and
i=1

_ R B
G i= |(Tay +ned?p*d ' T)? Z|o/v/n+ Vi — EZVT ;-
i=1

We have that (;|Z ~ N( = ) and

Glz

nYV2|(1y, + d tnck2p?T) Y2 2], (1—n—1)).
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By e.g. Lemma 40, we find that their respective push forward measures PSlZ and PGilZ
satisfy

1

HIP)Q'Z - IPKVL“Z”TV < 2(1 — l/n)\/ﬁ’HZHQ - ”(IdL + nc(lx/2p2dzlf)1/2ZH2’
1/2 o TT 1/2 9
ned “p Z'TZ _ v/ncd“p
< < T|-——1Z]-,

d 1/2 o _
L 7714, 7 + \/ZT(IdL + e 1) Z

where the second inequality follows from n > 1 in addition to the identity (v/a — Vb)(Va +
ﬁ) = a—b and the final inequality follows from the fact that I' is positive semidefinite and
I' < |I'||Z4,. By Lemma 39, there exists a coupling of (;|Z and ¢;|Z such that

P (G # GlZ) < (Vnel?pIT1|Z]2(2dr) ™) A L. (119)

Take PSiilZ satisfying (119), G; = G; and set (Xg),)zg)) = (C,C) under P, o. We obtain
that (C’Z, C;) is independent of (ék, Cy) for k # i and ¢; = (; implies C; = C;. Consequently,
S U{Ci # Ci} | [v ~ Bin(n, p,), with v = (Z,n~' 3 mi,n~' 30, 7). By (119), T = 1
i=1

and the fact that |Z|, is v/d-sub-exponential (using e.g. Proposition 2.7.1 in Vershynin
(2018)), we obtain that

pi=P(Ci#Ci) =E7P (G # GilZ) < (Cn(cl/*p)d; ) A 1,
for a universal constant C' > 0. Since [¢; = {;] implies [C; = C;], we have that
p = P(C; # C;) < EZP (Q # &IZ) < Cn'R2cl/Ap2d; 2.

To summarize, we have now obtained that there exists a joint distribution P, o of (X @), XU ))
such that <X @), X0 )) satisfy

noo o W 70 o Cn'2(ep)?
Sui= ZURY 2 XY |y~ BinGup,), with p = P (X 2 X) < =
i=1 dL

Let E; o denote its corresponding expectation. Consequently, by applying Lemma 24, we
have for any measurable A that

P'EKI(AIXW) = Er o K7 (A|XU)) = Ef,g)’x(j)l(j(mf((j))
< El/64enpu P()Kj (A|X(])) + 25nE”pl,62€”p'/,

It follows that EVetenrr < 147 6”3/21”/22 :
Vead

a®L

follows from the fact that under the assumptions on p? (i.e. condition (50) or (51)) that

d;l/ 2en3/ 20(11/ 2,02 < 4/Ca/+/m and a sufficiently small enough choice of ¢, > 0. Similarly,
using that § < e/y/m, we have E”dnp, ™ < § + C'co/m>/2.

for a universal constant C’ > 0, where the inequality
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Case 2: Consider € < 1/v/mndr. We will make use of the total variation coupling
between Xi(]) ~ N(f,14q,) and Xi(]) ~ N(0,14, ), as given by Lemma 39. Since

IN(O, Ia,) = N(f; L, )|mv < *Hsz A2

(see e.g. Lemma 40), we can couple the two data sets observation wise independently

(simply taking the product space) such that ZIL{X # X }| f ~ Bin(n,ps), where

pr = (| fl2/4) A 1. Given k € N, ||f]2 < —1/2 1/4pHN(O L))o and [ N(0,14,)|2 is v/dL-
sub-exponential we obtain (using e.g. Proposmon 2.7.1 in Vershynin (2018))

j phr(f) < f (1Flo/4) dr(f) < CFR* ()",

for a universal constant C' > 0. The assumed condition on p yields encé/ 4p < c,ll/ 4/\/m,
which by similar arguments as before implies

P <14 O m and  Gnpe® P < 5+ Ol mP?,

for a universal constant C’ > 0. By applying the claim at the start of the lemma and using
the assumptions on p, we obtain that

PPRIAIXD) = Bk (1K) = [[Bpak?(AIXD)dn(f)
< (14 Cc/*/m)P K/ (A X)) + 6 + Cc/?/m??
as desired. Again, (76) follows by similar steps.

C.3 Proof of Lemma 24

Let E denote expectation with respect to P and write D = (D;)ien), S = 2i; Di- We
start by noting that

E [K(A\X)|S - o] — E[K(A|X)|S = 0]. (120)
Next, we show that for all k € [n],
e—E [K(A|X)\S — k- 1] —§<E [K(A|X)|s - k:] <eE [K(A|X)|S — k- 1] +4.
(121)

Write v(_j) = (Vi) for a vector v € R™. Let k € [n] be given and let V;, denote the
set of v € {0,1}"’s such that > ; v; = k. Using the definition of DP, the integrand in the
conditional expectation satisfies

e K(AIXy,... ., Xi,..., X)) =0 < K(AIX) <eK(A|X1,..., X, ..., X)) +6,  (122)

for any random variable X; taking values in the sample space of X;. In particular, if v; = 1
it holds that

E [K(A\l“l, o Xy )| Dy =i, X iy = (i, Dy = U(fi)] <

‘E [K(A|l'1, ce 7X2'7 s axn)‘Dl = O’X(_Z) = x(_i)’D(_i) - U(_i)] + 5’
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for all  in the sample space of X. It follows by the law of total probability that
E [K(A[X’)|D - v] <eE [K(A|X)\DZ- — 0, Dy, = vy, for ke [n]\{z’}] +6

for all i € [n]. The event {D = v} equals the event {D = v, S = k}, and similarly it holds
that

{Dy = vy, for k € [n]\{i}, D; =0} = {Dy, = v, for k € [n]\{¢}, D; =0, S =k —1}.
Consider now the sets

Vi_1(v) := {v’ € Vk_1 : vx = v}, except for one i € [n]} for v e V4,

Vi(v') := {v e Vi : v = v}, except for one i € [n]} for v € Vj_;.
By what we have derived so far, it holds that any v € V; and v' € V_1(v),
E [K(A\X)|D —v, S = k] <eE [K(A|X)\D v, S=k— 1] +3.

Consider {I(v) : v € V4 } independent random variables (on a possibly enlarged probability
space) taking values in [n] such that P(Ix(v) = i) = 1/k whenever v; = 1. Combining the
above with the total law of probability we find that

E [K(A|X)|s - k] -

%ZE[K(A\XHD _ 0, S = k] <
(k‘)vevk
1 % -
€ 2 E [K(A’X)\DI(U) =0,D () =V sy, S=k—1| +6=
(k’)ye]}k |
O %Z > E|K@X)ID =, s =k—1]+6-

VEVR V'€V _1(v)

il SN E[K@AX) D=, S=k—1]+5=
uevk 1veVE (V) .

k‘

N E|KAX)D=v,S=k-1|+5=
(k—l) veVy_1 -

E[K(AX)S=k—1]+6,
where it is used that V| = (}),
P(Dy =v1,...,Dp = va|S = k) =P(Dy =1,..., Dy = 0p|S = k)

for all v = (vi)ie[n]; ¥ = (Vi)ie[n] € Vi and for any v’ € Vi1 there are n — k + 1 ways to
obtain v € Vj, such that v, = v, except for one i € [n].
By applying the privacy lower bound of (122) and repeating the same steps, we also
find that
eE [K(A\X)|S — k- 1] _§<E [K(A|X)|S - k] .
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This proves (121), which, applying iteratively, results in the bound
e tE [K(A|X)|s - o] — 6k <E [K(A|X)|s - k] < B [K(A|X)|s - o] + Sket,
(123)

for k=0,1,...,n. By symmetry of the argument, the same inequalities hold for X in place
of X. Using the above inequalities, we can bound

PIK(A|X) = EK(A]X) = ESE [K(A|X)|S] ,

by ESeSE [K(A|)~()|S = 0] + 0ESeS.. Similarly, applying (121) with X in place of X, we
find

PK(A|X) = EE[K(A|X)|S] = E¥e™*E[K (A|X)|S = 0] — E&S.

Combining the two inequalities with (120), we obtain that

ES Se

PIK(AIX) < F5. 5 (

PK(A|X) + E%$S) + SESe”*. (124)

In view of the moment generating function of the binomial distribution,

S .S
E”e~€ _ 1 +p(€€ — 1) " < e4npe’
ESe—5¢ 1+pe—c—1)

where the inequality follows from 0 < ¢,p < 1, the inequality e* —e ™ <3z for 0 <z < 1
and Taylor expanding log(1 + z) = x — 22/2 + .... By Chebyshev’s association inequality
(e.g. Theorem 2.14 in Boucheron et al. (2013)), ESSESe%¢ < ESSe¢. Consequently, using
the nonnegativity of S,

ESeSe
5 (ES —E°S + ESeSE) < 20ESe”*.

Lemma 41 (a straightforward calculation) now finishes the proof.

C.4 Proof of Lemma 21

Proof Consider without loss of generality o = 1 (the general result follows by the o1

rescaling). The bound Tr(Z)) < ndy follows by the fact that conditional expectation
contracts the Lo-norm; let v € R, then

’UT EY Y\U u ZX(J HY ]

Since the conditional expectation contracts the Ls-norm, we obtain that the latter is
bounded by

n n

Eow" (Y. X x)Tw = njjwf3,

i=1 i=1
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which completes the proof of the statement “=d < nlg, 7 and “Tr(E%) < ndp”

and

For second other bound on the trace, we start introducing the notations Xg) =n 30X 1(4]2
Gi = (Eo[nXU)p, | YD U = u], X0,

For the remainder of the proof, consider versions of Xg) and Y defined on the same
probability given U = u, and we shall write as a shorthand

PI = [P’(()X(j)’y(j))w:u and B/ = E(()

Consider random variables V, W defined on the same probability space. It holds that
EWE[W|V] = EE[W|V]E[W]|V], since W — E[W|V] is orthogonal to E[W|V]. Combining
this fact with the linearity of the inner product and conditional expectation, we see that

X(j)7y(j))|U:u

1]

: Dy=
Te(zl) — B VU=

—u

, 2 & .

mmﬂmwQU:mk:Zwa. (125)
i=1

Define also G; = <E0 [nXOD|Y W U =], )v(z(] )>, where X'Z-(j ) is an independent copy of X i(j )

(defined on the same, possibly enlarged probability space) and note that E/ G; = 0. Write
Gl :=0v G;and G; = —(0 A G;). We have

0

T 0
éeGJ P/ (Gj>t>dt+T5+f P (G} > t)
0 T

< LTIPJ' (G =1) dt+2eJT]P’j (GF =t) dt+T5+J

e T 0
EjGj—f Pj(Gj>t)dt—f Pj(Gj>t)+J P/ (G = t)
0 T

0 -

P (G =t)
0 T
0 . o © . o 0 .
gf ]P{)(Gj>t>dt+26J IPJ(Gj>t)dt+T5+J P (G =),
0 0 T

where in the second to last inequality follows by Taylor expansion and the fact that e < 1
Similarly, we obtain

. T . T . i)
BIG; >f PI (G >t) = eGJ PGy = t)dt—Ts
0 0
Q0 Q0 Q0
> PG =t dt—QGJ P (G >t dt—T&—f P (G >t) dt.
J, (e = o) ar—ze [ e () RACES)
Putting these together with G; = Gj -G, we get

. v . [V w . w . “
E'G; < E'G; + 266 |G| + 216 + f P7 (G = t) dt + J P (G; > t) dt. (126)
T

T
The first term in the last display equals 0. For the second term, observe that

v

G

[(QXWU:4~N@WW§EWWUZM@7
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so by Cauchy-Schwarz, E/|G;| = E[E[nXD|YD U = u]|s < \/Tr(E{'L). To bound the
last two terms in (126) we shall employ tail bounds, which follow after showing that G; is
v/drn-sub-exponential. To see this, note that by Jensen’s inequality followed by the law of
total probability,

; _ O v () gy [ DY) =y U= N y=
FietlGil — ffewzo[nx; \y(n_y,U_u],@\dPgﬂ Y=y, U “(a:)d]P’g] |U u(y)

< JJEO |:et<nXg)’x>||Y(j) U= u] dpég(j)|y(j>:y,U:u(x)dPéf(j>|U:u(y)_

Since conditional expectation contracts the Li-norm and using that U is independent of

) i ) (4) i (@) (@)
X0 latter is further bounded by Eg((])etK”X(”L’XL];D\_ Next, we bound Eff(])etKnXLj Xpal
By the triangle inequality and independence,

EXY H@XE XEDI ¢ X s XEpXEDIE X

) . .
XL XED!

The random variable <X§j:3, Xg)> is X?lL—distributed, so by standard computations (see e.g.
Lemma 12 in Szabé et al. (2022)) we obtain that

@) (4) x(@) dr
B+ XL X0l - (Eetzv(o,l)?») < ettty
whenever ¢t < 1/4. A straightforward computation shows that

o dr,
) no () x@) ?(n-1) 2 L(2(n— 4(p_1)2
Eé( J et|<2k;&zXL;k7XL;z>‘ = [ Re—zNOI) < e3 (" (n=1)dp +t%(n—1) dL),

where the inequality follows again by e.g. Lemma 12 in Szabé et al. (2022) if t3(n — 1) <
1/2. By the fact that G;" < |G;| and Markov’s inequality,

P (GH > T) <PI(|Gi| > T) < e TR for all T,¢ > 0.

Combined with the above bounds for the moment generating function means that for § = 0,
the result follows from letting 7" — co. If § > 0, take T' = 8(d + L v v/ndp)log(1/d) to
obtain that {' P/ (G >t)dt < e log(1/0)

It is easy to see that the same bound applies to S;O JP% (é; > t) dt. We obtain that

n

Y B G < 2ne\/ Te(E) + 165(dr, v v/ndy) log(1/6) + 2nd.
i=1

If \/Tr(Z]) < ne, the lemma holds (there is nothing to prove). So assume instead that
Tr(Z)) = ne. Combining the above display with (125), we get

- dr v v/nd 2
Tr(Z) < 2ne + 165% log(1/6) + 6.
€ €

1+
Since 2P log(1/x) tends to 0 as x — 0 for any p > 0, the result follows for § < ((% A %) 62) .

for some p > 0 as this implies that the last two terms are O(ne). |
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C.5 Proof of Lemma 28

The case where C is empty is trivial, so we shall assume C to be nonempty. Consider the
map S : (R%)" — [~o0, 00) given by

$(x) S(z) ifzeC,
€T =
inf {S(c) + Ddg(c,x) : ceC} otherwise.

Fix any ¢’ € C. Since S is D-Lipschitz with respect to the Hamming distance, we have for
all ¢ € C that

S(c) + Ddy(c,x) = S(c') — DAy (', c) + Ddg(c,z) = S(¢') — Ddy(d,x) > —0

where the last step follows from the triangle inequality. So, S is real valued. For all
x € (R4)™ and v > 0, there exists ¢, € C such that S(z) > S(c,) + Ddy(cy,z) — 7. So for
x, 2’ € lo(N)™

S(z') — S(z) < S(ey) + Ddp(cy,2') — S(cy) — Ddp(cy, ) + v < Ddg(x,2) + 7.

By symmetry of the argument and since v > 0 is given arbitrarily, we conclude that S is
D-Lipschitz with respect to the Hamming distance. Note however, that this construction
does not guarantee that S is measurable.

For any map H : (R%)" — [—o0,0], let H* denote its minimal Borel-measurable
majorant. That is, a measurable map H* : (R%)" — [—o0, 0] such that

1. H < H* and
2. H* < T Pg-a.s. for every measurable T : (R)" — [—00,00] with T > H.

Such a map exists by e.g. Lemma 1.2.1 in Van Der Vaart and Wellner (1996). The map
S: (R)™ — R defined by

S’(l‘) = 5*($)1x¢c + S(SU)ﬂmec

is measurable and can be seen to be a Borel-measurable majorant of S; following from
the fact that sums and products of measurable functions are measurable, S < §* and
S(z) = S(z) for z € C.

Furthermore, by combining the fact that S is measurable with e.g. Lemma 1.2.2 in Van
Der Vaart and Wellner (1996), we get

|5(x) = S(a")| = [(S(2) — S(2))*| < |S(2) — ()|, (127)

where (z,2') — |S(z) — S(2)]* is minimal Borel-measurable majorant of (z,z’) — |S(z) —
S(z')|. Since S is D-Lipschitz with respect to the Hamming distance (1) — dg(z,2’),
which is a measurable map, |S(z) — S(z/)|* < Ddy(z,2’). From (127) it follows that for all
z, 2 € (R¥%)",|S(z) — S(2')| < Ddp(x,2'). We have obtained a map S that is D-Lipschitz
with respect to the Hamming distance, measurable and S=SonC, concluding the proof.

66



FEDERATED NONPARAMETRIC PRIVATE TESTING

C.6 General privacy related lemmas

A random variable V' is called v-sub-gaussian if P(|V] > t) < 2e=/V* for all t > 0. It is
well known (see e.g. Vershynin (2018)) that if EV = 0, the above inequality holds if and
only if EetV < e “ for all t > 0 and a fixed constant C' > 0. A random variable V is called
v-sub-exponential if P(|V| > t) < 2%, for all t > 0. If EV = 0, the above inequality holds
if and only if Ee!V < eC*** for all 0 < t < 1/(cv), with constants ¢, C' > 0.

The following lemma shows that clipping symmetric, mean zero random variables pre-
serves sub-gaussianity and sub-exponentiality.

Lemma 35. Let Vi, ..., V,, denote independent random variables, each symmetrically dis-
tributed around zero. If Z;n=1 Vj are sub-gaussian (resp. sub-exponential) with parameter
v, then so are the random variables 37" | [V;]7,, for any T > 0.

Proof For any symmetric about 0 function g : R — R such that x — g(x) is increasing on
[0, 00), it holds that
g([«]”,) <g(z), forall7>0. (128)

-7

Since Vj is symmetric about zero, so is [V;]” .. For an independent Rademacher random

variable R;, we have by the afformentioned symmetry about zero that [V;]7 . 4 R;[V;]T.
and consequently
EelVil%r = BetlVil™ — Ecosh (1[V;]7,) .

Using the fact that Vi, ..., V,, are independent, we obtain that

tSy; m m
Ee i =t = HE cosh (¢{[V;]7,) < HECOSh Vi),
=1 j=1

where the inequality follows from (128). The conclusion can now be drawn from the mo-
ment generating function characterization of sub-gaussianity (resp. sub-exponentiality). W
The next lemma gives a lower bound on the expectation of a clipped random variable

that is symmetric around a real number g > 0.

Lemma 36. Let 7, > 0 satisfy 7/4 < p < 7/2, let V' be a random variable symmetric about

zero (V A —V) with Lebesque density bounded by M > 0 and Pr(|V| < 1357 v (7/2)) = ¢
for some constant ¢ > 0. It then holds that

Elp+ V], = (cAl/2)p. (129)
Proof By definition of clipping, E [u+V]" =E[V]T* + p. The first term equals

E [V]ZEI—L_M) + Eﬂ{Ve[f‘rf,u,f‘rJru]} ([V]:::ﬁ + (T - :U’)> =

EVI L, —(+wPr(—r—p<V<—7+p)=

—(T+wPr(—1—p<V<-1+p),

67



CAl, CHAKRABORTY AND VUURSTEEN

where the last equality follows from the symmetry of V. By the condition on the Lebesgue
density of V, the second term in the above display can be further bounded from below
by —2M (7 + p)pu. When 3M7 < 1/2, we obtain (129) with the constant 1/2. Assume
3MT > 1/2. Then, since p > 0 and V' is symmetric about zero,

Elp+ V],

Eu+V){|jpu+V|<7}+7Pr(p+V>7)—Pr(p+V <r1))
SE(p+V)I{|VI<7T—p}=2E(@p+V)L{|{V]<1/2},

where the last inequality follows from p < 7/2. From the symmetry of V' about zero, the
right-hand side equals pPr (|V| < (1/12M) v (7/2)). |

C.7 General auxiliary lemmas

The following lemmas are well known but included for completeness.

The following lemma is a standard tail bound for the maximum of sub-gaussian (resp.
sub-exponential) random variables that is used to control the type I error of the adaptive
tests. For a proof, see Vershynin (2018).

Lemma 37. Consider a sequence of subsets S, < N and let S,(L) be v-sub-Gaussian.

Then,
2

t
Pr(rLré%ifISn(L)] > tn) < 2[S,) exp(—ﬁ).

If, instead, Sy, (L) is v-sub-exponential (with sub-exponentiality parameter v), then for all
t, >0,

] t?L tn
Pr(rLré%;:\Sn(L)] > tn) < 2|8, - exp(—mln{ﬁ, Z})

Consider the following formal definition of coupling.

Definition 38. Consider probability measures P and QQ on a measurable space (X, Z). A
coupling of P and Q is any probability measure P on (X x X, 2" ® Z) such that P has
marginals P and Q; P =P o 771_17 Q=Po 7r2_1, where m; : X x X — X is the projection
onto the i-th coordinate (i.e. w;i(x1,x2) = x; fori=1,2).

Lemma 39 below is a well known result showing that, for random variables X and X
defined on a Polish space, small total variation distance between their corresponding laws
guarantees the existence of a coupling such that they are equal with high probability.

Lemma 39. For any two probability measures P and () on a measurable space (fY’ Z) with

X a Polish space and 2" its Borel sigma-algebra. There exists a coupling PXX such that
|P = Qlrv = 2PF* (X # X).

For a proof, see e.g. Section 8.3 in Thorisson (2000).
The following lemma is well known and included for completeness, it follows from
Pinsker’s inequality and a straightforward calculation.
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Lemma 40. Let Py denote the distribution of a N(f,oly) distributed random vector for
feR? and let P} denote the distribution of n i.i.d. draws (i.e. P} = @;_; Py).
It holds that

n
Hp}l_P;HTvggch_gHT

The following lemma bounds the maximum of a possibly correlated Gaussian random
vector.

Lemma 41. Let S ~ Bin(p,n) and 0 < € < 1. It holds that ESe®S < P,

Proof Write S =3%" | B;, with By,..., B, . Ber(p). Then, ESe can be written as

n n
ZEBiBGS = ZpeeEeEZk#B’“ = npe° (EeeBl)n_l — npeS (1 + p(e€ — 1))" 1 < etrpe,
i=1 i=1

where the inequality follows from the fact that e — 1 < 2x for 0 < z < 1. |

Appendix D. Appendix on Besov norms in sequence space

In this section we briefly introduce Besov spaces as subspaces of /5(N) and collect some
properties used in the paper.

The definition of the Besov norm given in (5) is equivalent to the Besov norm as typi-
cally defined on a function space when considering the wavelet transform of a function in
Lo0,1], f = 357 Sns’ Firtbe, where {Gjom, e = m € {0,...,20 =1}, j>jo, ke
{0,...,27 —1}}, are the orthogonal wavelet basis functions, for father ¢(.) and mother ¥/(.)
wavelets with IV vanishing moments and bounded support on [0,2N — 1] and [-N + 1, N],
respectively, following e.g. the construction of Cohen, Daubechies and Vial Cohen et al.
(1993); Daubechies (1992), with N > s. The Besov norm on the function space is then
equivalent to the one defined above for the wavelet coefficients (fjk);>j; kefo,...2i-1}- See
e.g. Chapter 4 in Gine and Nickl (2016) for details.

Let B, ,(R) < ¢2(N) denote the Besov ball of radius R. The following lemmas are
standard results, see e.g. Chapter 9 in Johnstone (2019) for proofs.

Lemma 42. There exists a constant Csq > 0 such that ||f|2 < CsqR for all f € B, (R)
with 1 < g < and 2 < p < 0.

Lemma 43. Let fi are the wavelet coefficients of the function f € By (R). For any
1<g<mw,2<p<ow, L>0, wehave };,_; Zilz_ol ffk < o272 2R2 where co > 0 s a

universal constant depending only on .

Lemma 44. There exists a constant Co g > 0 such that | fo < Car for all f € By (R)
with o —1/2—-1/p>0,1<g< o and 2 <p<w.

Lemma 45. Let fi, are the wavelet coefficients of the function f € B, (R). For any
1<g<® 2<p<w, L>0, wehave Y., Zilz_ol fA < Csq2725R2, where Cyy > 0 ds a

universal constant depending only on s and q.
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