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We consider high dimensional M-estimation in settings where the
response Y is possibly missing at random and the covariates X € R?
can be high dimensional compared to the sample size n. The param-
eter of interest @y € R? is defined as the minimizer of the risk of a
convex loss, under a fully non-parametric model, and 6y itself is high
dimensional which is a key distinction from existing works. Standard
high dimensional regression and series estimation with possibly mis-
specified models and missing Y are included as special cases, as well
as their counterparts in causal inference using ‘potential outcomes’.

Assuming 6y is s-sparse (s < n), we propose an Li-regularized
debiased and doubly robust (DDR) estimator of 8y based on a high
dimensional adaptation of the traditional double robust (DR) estima-
tor’s construction. Under mild tail assumptions and arbitrarily chosen
(working) models for the propensity score (PS) and the outcome re-
gression (OR) estimators, satisfying only some high-level conditions,
we establish finite sample performance bounds for the DDR estima-
tor showing its (optimal) Lo error rate to be /s(logd)/n when both
models are correct, and its consistency and DR properties when only
one of them is correct. Further, when both the models are correct, we
propose a desparsified version of our DDR estimator that satisfies an
asymptotic linear erpansion and facilitates inference on low dimen-
sional components of 8y. Finally, we discuss various of choices of high
dimensional parametric/semi-parametric working models for the PS
and OR estimators. All results are validated via detailed simulations.

1. Introduction. Large and complex observational data are common-
place in the modern ‘big data’ era. Statistical analyses of such datasets often
poses unique challenges that has led to a plethora of recent work. In particu-
lar, two such frequently encountered challenges include: (a) high dimensional
settings, wherein the dimension of the observed covariates is often compara-
ble to or far exceeds the available sample size, and (b) potential incomplete-
ness in the data, especially in the outcome (or response) variable of interest.
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Both these issues arise naturally whenever observations are easily available
for several covariates but the corresponding response is difficult and/or ex-
pensive to obtain. The latter could be due to practical constraints (e.g. time,
cost, logistics etc.), or simply by ‘design’ (e.g. any treatment-response data
in causal inference, where the response is automatically unobserved for any
untreated individual). All these scenarios are routinely encountered in a va-
riety of modern studies involving large databases, including biomedical data
like electronic health records, or eQTL (i.e. expression quantitative trait loci)
mapping studies in integrative genomics involving gene expression data, as
well as in econometrics (e.g. in policy evaluation). Further, owing to the very
observational nature of the data, the underlying missingness (or ‘treatment’
assignment) mechanism is often informative (i.e. not randomized) and de-
pends on the covariates, which leads to further complexities of selection bias
and confounding issues. Appropriate accounting of such biases is essential
to ensure the validity of any subsequent statistical analyses and inference.
For issue (a) above, both estimation and inference under high dimensional
settings, but with complete data, are by now quite well studied and equipped
with a vast and growing literature centered around regularized methods and
sparsity; see Bithlmann and Van De Geer (2011) and Wainwright (2019) for
an overview. For issue (b) as well, under classical (low dimensional) settings,
there has been substantial work leading to a rich body of literature on semi-
parametric inference for incomplete response data. We refer to Tsiatis (2007)
and Bang and Robins (2005) for a review, as well as the fundamental works
of Robins, Rotnitzky and Zhao (1994) and Robins and Rotnitzky (1995).
Even under high dimensional settings, there has been a recent surge of work
aimed at an analogous treatment of these problems but mostly in cases where
the parameter of interest is still low dimensional (typically, the mean of the
response) (Farrell, 2015; Belloni et al., 2017; Chernozhukov et al., 2018a).
In this paper, we consider a more challenging, and unique, setting that
represents a confluence of all the issues highlighted above, combined with the
fact the parameter of interest itself is high dimensional, something that has
received relatively limited attention so far. We first formalize our basic setup
and the problem of interest, followed by an overview of our contributions.

1.1. Problem Setup, Available Data and the Basic Assumptions. LetY €
R and X € R? denote an outcome variable and a covariate vector of interest
respectively, with supports J C R and X C RP neither of which necessarily
need to be continuous. In practice, however, Y may not always be observed
and let T" € {0, 1} denotes the indicator of Y being observed. Z := (T,Y, X)
is assumed to be defined jointly under some probability measure P(-), while
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the observable random vector is: Z := (T,TY, X). The observed data D,, :=
{Z; = (T;,T;Y;,X;) : i =1,...,n} consists of n independent and identically
distributed (i.i.d.) realizations of Z with joint distribution defined via P(-).
We emphasize here that our focus is on high dimensional settings, where the
covariate dimension p is allowed to diverge with n (possibly, faster than n).

AsSUuMPTION 1.1 (Basic assumptions). We assume throughout two basic
conditions which are both fairly standard in the literature (Imbens, 2004).

(a) Ignorability: T 1L Y| X, so that the missingness mechanism may depend
on X, but is conditionally independent of Y given X. This is also referred
to often as the missing at random (MAR) assumption in the literature.

(b) Positivity/overlap: Let m(X) := P(T = 1|X) denote the propensity score
(Rosenbaum and Rubin, 1983), and let 7 := P(T" = 1). Then, we assume:

(1.1) m(x) > 6 >0 Vxe€ X, for some constant o, € (0,1].

Hence, the probability of observing Y given X is always strictly positive.

The MAR assumption in 1.1 (a) also includes the special case T' IL (Y, X),
commonly known as missing completely at random (MCAR). In such cases,
m(-) simply equals the constant 7 from part (b). In general, 7(-) is allowed to
depend on X and may be unknown in practice when it needs to be estimated.

The framework and notations above are in accordance with the standard
treatment in the missing data literature (Tsiatis, 2007). However, the setting
also encompasses problems in causal inference under the ‘potential outcome’
framework. These may be equivalently formulated as missing data problems,
a fact well known in the literature. We briefly discuss this equivalence below.

Causal inference under ‘potential outcomes’ framework. In this setting, the
observable vector is Z := (T, Y, X), where T € {0, 1} denotes a binary ‘treat-
ment’ assignment indicator (can be any kind of assignment or intervention)
and Y := TY D 4 (1-T)Y® denotes the observed outcome with (Y1), Y (0)
being the true ‘potential outcomes’ (Rubin, 1974; Imbens and Rubin, 2015)
for T'= 1 and T = 0 respectively. Thus, for each potential outcome, this cor-
responds to our setting if we set (Y, T) = (YD T) or (YV,T) = (YO, 1-1T).
It is also worth noting that in the causal inference (CI) literature, X is often
referred to as ‘confounders’ (in observational studies) or ‘adjustment’ vari-
ables (in randomized trials), while the MAR assumption is often known as
no unmeasured confounding (NUC) and MCAR as complete randomization.

1.2. High Dimensional M-FEstimation. We next introduce our main prob-
lem of interest under this setting. Let L(Y,X,8) : R x R? x R? — R be any
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‘loss’ function that is convex and differentiable in @, and we assume that
[E{L(Y,X,0)}?] < 0o ¥ 6 € RY. Then, the M-estimation problem considers
the estimation of the minimizer 8y € R? of the risk function defined by L(-).
Specifically, we aim to estimate the functional 8y = 8y(P) € R defined as:

(1.2) 69 = 6y(L,P) := arg min L(0), where L(0) := E{L(Y,X,0)}.
OcRd

Here, d is allowed to be high dimensional, i.e. d can diverge with n (possibly
faster). We assume without loss of generality (w.l.0.g.) that d > 2. The exis-
tence and uniqueness of 0 is implicitly assumed given the generality of the
framework considered. For most standard examples, this is fairly straight-
forward to establish with L(-) being convex and sufficiently smooth in 6. For
convenience of further discussion, let us define: Vy € ), x € X and 6 € R¢,

o(x,0) =E{L(Y,X,0) | X =x} and VL(y,x,0) := %L

REMARK 1.1. It is important to note that 6y in (1.2) is defined under a
fully non-parametric family of P without any restrictions (upto Assumption
1.1 and basic moment conditions). Hence, the framework is semi-parametric
and model free in this sense with 0y(P) well-defined for every P without any
model assumptions for Y| X (even though 6y may sometimes be ‘motivated’
by such ‘working’ models for Y| X, as in the case of regression problems).

The framework also highlights the necessity of accounting for the incom-
pleteness of Dy,. If one ignores it and simply chooses to estimate 8 via risk
minimization in the complete part of the data (i.e. observations with 7' = 1),
then this ‘complete case’ (CC) estimator will, in general, be inconsistent for
0y, since the target parameter for the CC estimator is simply the minimizer
of E{L(Y, X, 0)|T = 1} which bears no direct relation to the unconditional
minimizer @y in (1.2). The only cases when the CC estimator happens to be
consistent for @y is if either 7' I (Y, X), i.e. MCAR holds (no selection bias),
or if E{VL(Y,X,6y)|X} = 0 almost surely (a.s.) [Px]. The latter, in case
of regression problems, implies a parametric model holds for E(Y|X) with
‘true’ parameter being 6. Both these cases, however, impose further restric-
tions on P. For consistent estimation of 8y over the entire family of P where
it is defined, appropriate accounting of the missingness is thus necessary.

(y,x,0) € R%.

Finally, it is worth mentioning that a special low dimensional case of (1.2)
is the mean estimation problem where 8y = E(Y) with L(Y, X, 0) = (Y —0)?
and d = 1. In causal inference under the ‘potential outcome’ framework, this
also corresponds to the average treatment effect (ATE) estimation problem.
Both versions of this problem have by now been extensively studied in classi-
cal as well as high dimensional settings, especially the latter in recent times.
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We defer a detailed literature review to Section 1.4 and only point out here
that the key distinction between this literature and our setting is that our
parameter of interest 6y in (1.2) is itself high dimensional (apart from X).

1.3. Some Applications. The framework (1.2) encompasses a broad range
of important problems. We enlist below a few useful examples for illustration.

1. High dimensional regression with possibly misspecified models and missing
outcomes. (1.2) includes all standard high dimensional regression problems,
where we further allow for: (i) potentially misspecified (working) models and
(ii) Y to be partly unobserved. For instance, set @ = (a,b) and L(Y, X, 0) :=
1(Y,a+b'X) in (1.2), with a € R, b € R? and I(u,v) : RxR — R being some
loss function convex and differentiable in v. Typical choices of I(-,-) include
the ‘canonical’ losses leading to standard regression problems as follows.

(a) The squared loss: 1(u,v) = l,(u,v) := (u—v)? (for linear regression).

(b) The logistic loss: l(u,v) = liog(u,v) := —uv+log{l+exp(v)} (for logistic
regression) and exponential loss: l(u, v) = lexp(u, v) := —uv+exp(v) (for
Poisson regression), used often for binary or count valued Y respectively.

In all examples, 8 is model free and is well defined regardless of the validity
of any motivating parametric (working) model for Y| X. In general, it simply
corresponds to the ‘projection’ of E(Y|X) onto that working model space.
As an extension, one may also consider any (model free) series estimation
problem by replacing X above with ¥(X) := {v; (X)}?Zl, a vector (possibly
high dimensional) of d basis functions comprising transformations (possibly
non-linear) of X. We may analogously set L(Y,X,0) := I[{Y, ¥(X)'0} with
the same choices of I(-, -) as above. A frequently used choice of ¥(+) includes
the polynomial bases: ¥(X) := {1,x§? 11 <5 <p,1<k<dy}, for any fixed
degree dy > 1 whereby d = pdy+ 1. The special case of dg = 1 (linear bases)
leads to all the earlier examples, while dy = 3 leads to the cubic spline bases.

2. High dimensional single index models (SIMs) with elliptically symmetric
designs. Another interesting application of (1.2) lies in signal recovery in
SIMs with elliptically symmetric designs that satisfy a certain ‘linearity con-
dition’. To this end, consider the SIM Y = f(8;X,€), where f(-) : R? — Y is
an unknown link function, e 1 X is a random noise (so that Y 1L X|3;X)
and By denotes the unknown index parameter (identifiable only upto scalar
multiples). Now, consider any of the regression problems introduced in Ex-
ample 1 and assume further that X has an elliptically symmetric distribution
(e.g. Gaussian). Then, 6y = (ag, bg) defined therein satisfies: by o< By. This
result, first noted by Li and Duan (1989), provides an ‘easy’ route to signal
recovery in SIMs, especially in high dimensional settings and with missing
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outcomes. This also serves as a classic example where the parameter 8y is
defined based on a misspecified parametric model, and yet, it has direct inter-
pretability relating it to a parameter characterizing a larger semi-parametric
model and allows one to still simply use (1.2) for signal recovery in a SIM.

3. Applications in causal inference (heterogeneous treatment effects). All the
problems in Examples 1 and 2 also have equivalent counterparts in causal
inference under the ‘potential outcome’ framework discussed in Section 1.1.
In this setting, these problems have important applications in the estimation
of heterogeneous treatment effects which is of great interest in personalized
medicine. Fundamentally, this problem relates to estimation of the average
conditional treatment effect (ACTE): A(X) := E{Y(1) —Y(0)|X}. In classical
settings, estimation of A(X) via non-parametric machine learning methods
has received considerable attention in recent times, including use of random
forests or neural networks (Wager and Athey, 2018; Farrell, Liang and Misra,
2018). However, in a ‘truly’ high dimensional setting, wherein p diverges with
n (possibly, at a comparable or faster rate), fully non-parametric approaches
may not be feasible and/or efficient. In such cases, it is often more reasonable
to focus on (model free) projections of A(X) on finite (but high) dimensional
function spaces. For the space of linear functions of X, this leads to the
linear heterogeneous treatment effects estimation problem. Such ideas and
problems have indeed been advocated and considered in the recent works of
Chernozhukov et al. (2017a) and Chernozhukov and Semenova (2017).

In our framework, this simply corresponds to the linear regression problem
in Example 1 (adapted to the CI setup). Further, under our setting, one can
consider more general problems involving non-linear function spaces (e.g.
series estimation) and/or other loss functions (e.g. logistic regression). These
problems correspond to the other illustrations in Example 1. On the other
hand, using Example 2, one may also consider ACTE estimation via SIMs
which provide a clear generalization over standard parametric models and
yet, to the best of our knowledge, has received very limited attention so far.

1.4. Owverview of Related Literature and Summary of Our Contributions.
Our work contributes to two distinct lines of literature: (i) high dimensional
M-estimation and inference, and (ii) semi-parametric ‘doubly robust’ infer-
ence for incomplete (and high dimensional) data. As regards the first line of
work, for a complete data, M-estimation problems are quite well studied in
both classical and high dimensional settings; see Van der Vaart (2000) for
an overview of the vast classical literature, and Negahban et al. (2012); Loh
and Wainwright (2012, 2015) and Loh (2017) for some of the more recent
advances in high dimensional settings. Relatively little work, however, has
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been done for the case of incomplete (in the response) data, especially in high
dimensional settings. In classical low dimensional settings, inference with in-
complete data has a rich literature on semi-parametric methods and so called
doubly robust inference; see Bang and Robins (2005); Tsiatis (2007); Kang
and Schafer (2007) and Graham (2011) for a review. Some of the pioneering
work in this area were by Robins, Rotnitzky and Zhao (1994); Robins and
Rotnitzky (1995) and their several ensuing papers on related problems.

In recent times, there has also been substantial interest in the extension of
these approaches to high dimensional settings, leading to a flurry of papers,
including Belloni, Chernozhukov and Hansen (2014), Farrell (2015), Belloni
et al. (2017), Chernozhukov et al. (2018a) and Athey, Imbens and Wager
(2018), among many other notable ones which we don’t attempt to enlist
here. However, their focus has still mostly been on simple low dimensional
parameters, like the mean (or the ATE), and less on cases where the pa-
rameter itself is high dimensional. This is one of the key distinctions of our
framework. To the best of our knowledge, only Chernozhukov and Semenova
(2017) and Chernozhukov et al. (2018b) have recently considered settings of
a similar sort. While the former considers only the special case of linear re-
gression and that too under a moderate dimensional setting (with d < 1/n),
the latter certainly allows for a more general framework, but their approach
is also somewhat abstract. Our approach is comparatively more detailed and
targeted specifically towards the missing data setting, where we provide a
complete hands-on solution to the problem (1.2). Further, another key con-
tribution of our work is to provide inferential tools for our estimator which
hasn’t been considered therein or any other existing work for that matter.

Main contributions. Our contributions can be summarized in two different
facets: (i) estimation and (i) high dimensional inference for 6y. Adopting
a semi-perspective (as in Remark 1.1) and assuming 6 is s-sparse (s < n),
we propose to estimate Oy via an Li-reqularized debiased and doubly robust
(DDR) estimator based on a high dimensional adaptation of the traditional
double robust (DR) estimator’s construction, along with careful use of debi-
asing and sample splitting techniques. The DDR estimator serves as the ap-
propriate generalization of standard (low dimensional) DR estimators (Bang
and Robins, 2005; Chernozhukov et al., 2018a) for high dimensional param-
eters. We also present a simple user friendly implementation algorithm for
these estimators which can be achieved with standard software packages.
The ambient high dimensionality (of both X and 6y) coupled with the miss-
ingness of Y and the unavoidable presence of other nuisance function esti-
mators (possibly also high dimensional) makes the analyses challenging and
substantially nuanced compared to the low dimensional case. Under mild
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tail assumptions and arbitrarily chosen (working) models for estimating the
two nuisance functions, the propensity score (PS) and the outcome regres-
sion (OR) function, satisfying only some high-level (pointwise) consistency
conditions, we establish finite sample performance bounds for the DDR esti-
mator showing its (optimal) Ly error rate to be y/s(logd)/n whenever both
working models are correct, and its consistency and DR properties when only
one of the models is correct. Further, the estimators are first order insensi-
tive to any estimation errors or knowledge of construction of the PS and OR
estimators, thereby allowing the use of non-smooth high dimensional and/or
adhoc non/semi-parametric estimators with unclear first order properties.
Further, when both models are correct, we propose a desparsified version
of our DDR estimator that satisfies an asymptotic linear expansion (ALE)
and facilitates inference on low dimensional components of 8y. The despar-
sified DDR estimator is similar (in spirit) to a Debiased Lasso type approach
(van de Geer et al., 2014; Javanmard and Montanari, 2014) and serves as
its appropriate generalization in the missing data setting. Furthermore, the
ALE it achieves is semi-parametric optimal and matches the ‘efficient’ influ-
ence function for this problem. Finally, we also discuss a variety of flexible
choices of the nuisance function estimators, including common high dimen-
sional parametric models, as well as more general semi-parametric models
based on series estimators and single index models. We also establish (in the
Supplementary Material) general results for all these estimators that verify
their required properties, and these may further be of independent interest.
All our results on estimation, inference and the DR properties are validated
via extensive simulation studies over various data settings, nuisance function
(working) models and comparisons with other (optimal) oracle estimators.

Organization. The rest of this paper is organized as follows. In Section 2,
we detail our estimation strategy, including preliminaries on DR estimation,
followed by construction and implementation of the DDR estimator as well
as deterministic deviation bounds on its performance. Section 3 contains our
main results (Theorems 3.1-3.4), and the associated high-level assumptions,
regarding convergence rates of the DDR estimator. In Section 4, we discuss
inference using the desparsified DDR estimator and establish all its proper-
ties in Theorem 4.1. In Section 5, we discuss various choices of the nuisance
function estimators. Finally, the simulation results are presented in Section
6, followed by a concluding discussion in Section 7. In Appendices A-L of the
Supplementary Material, we collect several important materials that could
not be accommodated in the main manuscript, including discussions on DR
properties of the estimator, properties of the nuisance estimators (Theorems
B.1-B.3), additional numerical results, and all technical materials, including
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the proofs of all our main results and the associated supporting lemmas.

2. Estimation Strategy: A General Approach Based on L;- Reg-
ularized Debiased and Doubly Robust (DDR) Loss Minimization.

Notation. We use the following general notations throughout. For any v €
R?, |||, denotes the L, vector norm of v for any r > 0, ¥ denotes (1,v') €
R* v(;) denotes the j™ coordinate of vV 1 < j < d, A(v) := {j : vj; # 0}
denotes the support of v and sy := |A(v)| denotes the cardinality of A(v).
Forany J C {1,...,d} and v € R?, welet I 7(v) := [v;1{j € j}]?zl c RY,
Mg :={veR: Av) C J} and M% := {v e R?: A(v) C J°}, where
J¢ = {1,...,d}\J denotes the complement of 7. We use the shorthand
Iy (-) and TI5(-) to denote IT 4(y)(-) and TI 4e(vy(+) respectively. Further, for
any measurable (and possibly random) function f(-) of X, we let || f(-)|], :=
[Ex{|f(X)|"}]'/" denote the L, norm of f(-) with respect to (w.r.t.) Px for
any 7 > 1 and || f(+)||co := supyex |f(x)| denote the Lo norm w.r.t. Px. For
any sequences a,, b, > 0, we use a,, < b, to denote a,, < Cb,, and a,, < b, to
denote cb, < a, < Cb,, for all n > 1 and some constants ¢, C' > 0. Finally,
a, < b, denotes a, = o(b,) and a,, > b, denotes b, = o(a,) as n — co.

2.1. Identification and Alternative Representations of the Expected Loss.
We next provide three alternative representations of IL(-) in terms of the ob-
servables (T, TY, X) and some nuisance functions identifiable through them.
These representations underlie three fundamental estimation strategies typ-
ically adopted in the literature, namely inverse probability weighting (IPW)
involving the propensity score 7(+), regression based imputation (REG) in-
volving the conditional mean ¢(-,-), and doubly robust (DR) methods that
combine the IPW and REG approaches and provide the benefits of (dou-
ble) robustness against model misspecification of either one of the two nui-
sance functions 7(-) and ¢(, -). DR estimators are also known to be (locally)
semi-parametric optimal when both nuisance function estimation models are
correctly specified; see Imbens (2004); Bang and Robins (2005) for a review.

IPW and regression based representations of L(-). For any 6 € R%, we have:
L) = E{L(Y,X,0)} = Ex{¢(X,0)} = Lrec(8) (say), and

LO) = E{L(Y.X,0)} = E {7T(TX)L(Y,X, 9)} — Lpw(6) (say).
Debiased and doubly robust (DDR) representation of L(-). It also holds that:
21) L) = Ex(o(X.0)+E | (LVX.6) - o(X.0)}

= Lppr() (say) V6O cR%
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Further, for any functions ¢*(X, ) and 7*(X) such that ¢*(-,-) = ¢(-,-) or
7*(-) = m(-) holds, but not necessarily both, it continues to hold that:

22) Loon(®) = Ex{6"(X.0)} +E |~ (LY. X.0) = 6" (X.0)}.
Lppr(+), unlike Lipw(+) and Lgge(+), is thus DR as it is ‘protected’ against
misspecification of either 7(-) or ¢(,-), as in (2.2). Further, even when both
are correctly specified, it has a naturally ‘debiased’ form owing to the second
term in (2.1). While this term is simply 0 in the population version, it leads
to crucial first order benefits in the empirical version of the loss involving
the nuisance function estimators, where it has a debiasing effect making the
loss first order insensitive to any estimation errors of the nuisance functions.
Approaches based on other representations don’t enjoy these benefits which
can be especially crucial in high dimensional settings. Further discussions on
these nuances in a more general context can be found in the recent works of
Chernozhukov et al. (2016, 2017b, 2018a,b) and Chernozhukov, Newey and
Robins (2018) on the use of Neyman orthogonal scores for semi-parametric
inference in the presence of (unknown) high dimensional nuisance functions.
Finally, note that all three identifications above are fully non-parametric.
They require no further assumptions on P (apart from Assumption 1.1). The
nuisance functions are both estimable from the data. 7(X) is estimable from
the data on (7, X), while under MAR, ¢(X,0) = E{L(Y,X,0)|X,T =1) is
estimable from the ‘complete case’ data. Note that in some cases, ¢(X, 0)
may itself involve E(Y|X). While the latter may sometimes also ‘motivate’
the definition of 8y in (1.2), as in parametric regression problems, this should
not be confused with its role as a nuisance function in the identifications of
L(:) above. In fact, it plays the same role as a nuisance function here as it
does for the special case of the mean/ATE estimation problem, where this
role is well understood and commonly utilized. We emphasize that the same
principle (and practice) continue to apply here for the general problem (1.2).

2.2. Simplifying Structural Assumptions. For simplicity, we shall assume
henceforth a structure on the derivative of L(Y,; X, 6) w.r.t. € as follows. For
some functions h(X) € R? and g(X, 0) € R, we assume it takes the form:

0
(23)  VLY,X.0) = SL(V,X,0) = h(X){Y — ¢(X,0)}.
The structural assumption in (2.3) is mostly for simplicity in the theoretical
analyses of our proposed estimator. This form is satisfied by most standard
loss functions used in practice, including the examples given in Section 1.2.
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Extensions of our results to loss functions with more general structures may
also be obtained easily albeit at the cost of less tractable technical conditions.
Under (2.3), the loss function L(Y, X, 8) therefore takes the form:

(2.4) L(Y,X,0) = {h(X)'0}Y — f(X,0) + C(Y,X), where

f(X,0) is the anti-derivative of h(X)g(X,0) w.r.t. 8 and C(Y,X) is some
function independent of 6, e.g. C(Y,X) := Y2 for the squared loss. Hence,
#(X,0) = {h(X)0}E(Y|X)— f(X, 0)+mc(X) is convex and differentiable,
where m¢(X) := E{C(Y,X)|X}, and V¢(X, 0) := %qﬁ(X, 0) is given by:

(2.5) Vo¢(X,0) = h(X){m(X) —¢(X,0)}, where m(X) := E(Y|X).

Thus, given any estimates {m(X), mc(X)} of {m(X), mc(X)}, one can
estimate ¢(X, 6) as: $(X, 0) := {h(X)'}m(X)— f(X, 0) +inc(X). Further,
#(X, ) is also convex and differentiable in 6 and we have:

(26)  VIX.0) = S3X.0) = hX){M(X) - g(X,0)}.

Note that the part of $(X,0) involving mc(-) is free of 8. Our proposed
estimator of 8y in Section 2.3 is constructed using an Li-regularized mini-
mization (w.r.t. @) involving <Z(, -), whereby only its gradient V$(X, 0) is
of interest, and that depends only on m(X) due to (2.6). Thus, the part of
;5(-, -) involving m¢(+) may be ignored for all practical purposes and we only
require an estimator m(-) of m(-) for implementing our final estimator of .

2.3. The Li-Regularized DDR Estimator. Let {7(-),m(-)} be any rea-
sonable estimators of {7 (), m(:)}, and we assume that 7(-) is obtained solely
from the data {(73, X;)}?_; (see Appendix E for more discussions). Let QAS(, )
be the corresponding estimator of ¢(-,-) based on m(-). We use sample split-
ting to further construct cross-fitted versions of m(-) and (E(, -), as follows.

Crross-fitted versions of m(-) and &5\(, -) based on sample splitting. Let {D,(ll),
Dg)} denote a random partition (or split) of the original data D,, into K = 2

equal parts of size i := n/2, where we assume w.l.o.g. that n is even. Further,

let Z1 and Z5 respectively denote the index sets for the observations in Dg)

and D, Hence, we have UH]§:1 Iy =7:={1,...,n} and U]I]f:l D — D,,.
Given any general procedure for obtaining m(-) and ¢(-,-) based on the
full observed data D, let {mM(.), M (-, )} and {mP (), P (-,-)} denote

the corresponding versions of these estimators based on D,g,l) and fo) re-

spectively. Then, we define the cross-fitted estimates {m(X;), #(X;, 0)},
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of {m(X;), p(X;,0)}, at the n training points in D,, as follows:

o  [{m@(X,), 6@ (X;,0)} VieT;, and
(27) {m(Xz)7 ¢(X17 9)} - {{T/ﬁ(l)(xl), g/b\(l)(XZ, 0)} Vie 12‘

A detailed discussion regarding the benefits (and virtual necessity) of consid-
ering these cross-fitted estimators is given in Appendix E. Further insights
regarding the benefits of cross-fitting for general semi-parametric estimation
problems in the presence of nuisance components can also be found in Cher-
nozhukov et al. (2016, 2018a,b) and Newey and Robins (2018). However, note
also that we do not require sample splitting for constructing the estimates
{7m(X;)}, as long as 7(+) is obtained only from the data on {(T;, X;)}" ;.

While we focus on K = 2 for simplicity, our analyses can easily accommo-
date any (fixed) K > 2. Note also that the final estimator can be replicated
several times to average out the (minor) randomness due to the cross-fitting.

The estimator. Recall the DDR representation of the expected loss L(6):
T

Loon(6) = Ex(9(X:0)} +E | -

(LY. X,6) - 6(X;0))
and define its empirical version, based on the estimates {$(X, 6),7(X;) .
plugged in, as follows. For any @ € R?, let us define the empirical DDR loss

(2.8) EZDR(O) = %Zg(X“ 0) + %Z %(j;() {L(Y;,Xi, 91) — gf)(XZ, 0)} .
i=1 1 ¢

1=
With 6y (and X) possibly high dimensional, we shall need to assume that
6y is sparse with sparsity much smaller than d when d > n. In general, we
denote the sparsity of 8y as s := ||6||o with 1 < s < d. We now propose to
estimate 6y using the Li-reqularized DDR estimator, Oppgr, given by:
(2.9) Opon = Oopr(Mn) = argmin {L2PR(0) + A, [|0]]1},
OcRd
where LDP?(-) is as in (2.8) and A,, > 0 denotes the regularization (or tuning)
parameter. (For a classical setting with d < n, A\, may be set to 0 if desired).

2.4. Simple Algorithm for Implementation. The estimator ppy in (2.9)
can be implemented using a simple user-friendly imputation type algorithm.

Given the observed data D,, and the estimates {7(X;), m(X;)}!;, define
a set of pseudo outcomes {2}?:1 and the pseudo loss LOP*(0) as follows:
(2.10)

Y, = m(XZ) + !

s (Y= (X0} and £3(0) = ;;Lo?x o).
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Clearly EN,E{DR() is convex and differentiable, and under (2.3)-(2.6), it is easy
to see that VLEPR(0) = VLEPR(8), where for any f(), V£(8) := 2 f(8).
Further, observe that the solution for the minimization in (2.9) is uniquely
determined by the underlying normal equations (the KKT conditions) which
only depend on the gradient of £;,”%(-) and the subgradient of || - ||;. Hence,
the solution stays unchanged if L;P%(0) in (2.9) is replaced by £7°%(6) which
has the same gradient. Consequently, Oppr in (2.9) may also be defined as:

(2.11) Oppr = Oppr(An) = arg genn {LPPR(0) + M\ 16]|1}-
Thus, if one ‘pretends’ to have a fully observed data D, := {(¥;, X, i)
in terms of the pseudo outcomes YZ, then GDDR can be simply obtained by a
Li-penalized minimization of the corresponding empirical risk for L(-) based
on an This minimization is quite straightforward to implement and can be
done so using standard statistical software packages (e.g. ‘glmnet’ in R).
Note also that (2.11) confirms our earlier claim that although the estima-
tor ¢(X, 0) involved in the definition (2.8) of £L°®(6) may require estimation
of other nuisance functions (independent of ) apart from m(X), the imple-
mentation of é\DDR via the minimization in (2.9), or equivalently the one in
(2.11), requires only an estimator of m(X), along with that of 7(X).

2.5. Performance Guarantees: Deviation Bounds. We next provide a de-
terministic deviation bound regarding the finite sample performance of O,
that serves as the backbone for most of our main theoretical analyses. We
begin with an assumption. Recall the notations introduced in Section 2.

AssumMPTION 2.1 (Restricted strong convexity). We assume that the
loss function L£LDP®(0) satisfies a restricted strong convexity (RSC) property
at @ = 0y, as follows: 3 a (non-random) constant xppr > 0 such that

(2.12)  SLPPR(Bp;v) > kppr|V]3 Vv EC(By), where VO,veRY,

SLEPM(B;v) = LEPM(B +v) — LEPN(O) — v/ {VLIPH(6))
and  C(6o) := {veR": |G, (v)ll1 <3|Hg,(v)[1} S R™.

Assumption 2.1, largely adopted from Negahban et al. (2012), is one of the
several restricted eigenvalue type assumptions that are standard in the high
dimensional statistics literature. While we assume (2.12) deterministically
for any realization of D,,, it can be relaxed with appropriate modifications to
only hold with high probability (w.h.p.). It is important to note that owing
to the very structure of £2°%(+) in (2.8) and the assumed structures in (2.3)-
(2.6) for L(-) and ¢(-), the RSC condition (2.12) is completely independent
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of the quantities depending on the missingness aspect of the problem, i.e.
JLLPR(0p; v) in (2.12) is independent of {T;,Y;}" ; as well as the nuisance
function estimates {7(X;), m(X;)}"_ ;. In fact, it is the same as the corre-
sponding version one would obtain in the case of a fully observed data. This
fact also follows from the alternative definition of Oppr in (2.11) based on the
pseudo outcomes and the pseudo loss L2PR(+) in (2.10). Thus, verifying (2.12)
is equivalent to verifying the same for a fully observed data which is quite
well studied (Negahban et al., 2012; Rudelson and Zhou, 2013; Lecué and
Mendelson, 2014; Kuchibhotla and Chakrabortty, 2018; Vershynin, 2018) for
several standard problems under fairly mild conditions. This thereby pro-
vides an easy route to verifying the RSC condition (2.12) under our setting.

LEMMA 2.1 (Deterministic deviation bounds for §DDR). Assume L(-) is
convex and differentiable in @ and satisfies the form (2.3). Let Assumption
2.1 hold, with kppr > 0 as defined therein, and recall that s := ||6gl|o. Then,
for any realization of Dy, and for any choice of A = X\, > 2 ||V LEPE(6y)
An A

and ||@ppr — 6pll1 < 12522
Kppr KppRr

||oof

(2.13) 18 — 6oll2 < 3v/s

Convergence rates (informal statement). We establish via Theorems 3.1-3.4
later that under suitable assumptions (given in Section 3.2), ||V LE"(6o)]| o

< v/ (logd)/n w.h.p. Hence, choosing A = A\, < \/(logd)/n, it follows that
slogd logd
n

||0DDR,_90H2 < and HODDR_GOHI S, S

~

w.h.p.
n

The deviation bounds (2.13), essentially an easy consequence of the results
of Negahban et al. (2012), deterministically relate the Ly and L; error rates
of the estimator to the chosen A,, and provides an easy recipe for establishing
its convergence rates by studying the same for the (random) lower bound of
An given in Lemma 2.1. This is the main goal of Section 3, where we obtain
sharp non-asymptotic upper bounds for |VL;"*(8y)||, converging to 0 at
satisfactory rates w.h.p. A choice of A\, of the order of this bound guarantees
the requirement of A, > 2||VL>"™(6p)|,, in Lemma 2.1 to hold w.h.p. and
establishes the convergence rates, defined by the A, for the bounds in (2.13).

Finally, note also that the (informal) bounds in the second part of Lemma
2.1 establish the obvious rate optimality of the estimator since it matches
the (well known) optimal estimation error rate for a fully observed data.

3. The Main Results for the DDR Estimator: Convergence Rate
and Probabilistic Bounds for HVEgDR(OO)HOO. For most of our theo-

retical analyses of [V LLP®(0y)||,,, we will assume that {7(-), m(-)} are both
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correctly specified estimators of {7 (), m(-)}. The analysis even for this case
is involved (and necessarily non-asymptotic) due to the high dimensionality.

Under possible misspecification of one of the estimators, the DR property
(in terms of conmsistency) of ||VL2P(6y)| ., and that of Oppr(An), for a
suitably chosen A, under Lemma 2.1, indeed follows due to the very nature
of construction of L£PP®(:) and its population version Lppg(:) outlined in
(2.1)-(2.2). This DR property is well known in classical settings (Robins,
Rotnitzky and Zhao, 1994; Robins and Rotnitzky, 1995; Bang and Robins,
2005) and should also be expected to hold in high-dimensional settings under
suitable conditions. We discuss these DR properties further in Appendix A.

One of the reasons behind considering the DDR representations Lppr ()
and L£PPR(0) is that apart from the obvious benefits of double robustness,
the DDR loss has a naturally ‘debiased’ form that provides crucial technical
benefits in controlling the associated error terms which are naturally ‘cen-
tered’ in a certain sense (see Appendix E for more details on these technical
aspects). The advantages of such debiased representations, especially in high
dimensional settings, have also been studied in a more general context under
the name of Neyman orthogonalization in the recent works of Chernozhukov
et al. (2016, 2017b, 2018a,b) and Chernozhukov, Newey and Robins (2018).

3.1. The Basic Decomposition. Let T, := VLPPR(0y) € R? with || T, ||
being our quantity of interest. We first note a decomposition of T, as follows.

Tn = TO,n + T7r,n - Tm,n - Rw,m,n
1 — 1 — 1 — 1 &
(3.1) = - > To(Z) + - > TH(Zi) - - > T(Zi) - - > Ram(Zi),
=1 =1 =1 =1

where To(Z), Tr(Z), Ty,(Z) and R ,,,(Z) with Z = (T, Y, X) are given by:

32 To(@) = (m(X) — g(X,80)h(X) + gV ~m(X)h(X)
(33) THZ) = {%(TX) - W(TX)} [Y = m(X)}h(X),
(34) Tn(Z) = {W&) _ 1} {((X) = m(X)}h(X), and

(35) Rpm(Z) = {%(X) - W(X)} {(X) — m(X)}h(X).

In the decomposition (3.1), T, denotes the leading (first order) term, while
T, and T,,, denote the main error terms accounting for the estimation
errors of 7(-) and m(-) respectively, and Ry, is a second order bias term
involving the product of the estimation errors of 7(-) and m(-).
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Summary of results. We control ||'T,, ||« by separately controlling || T¢ |,
ITxnlloos [Tmnlloo and [|[Rxmnlloc through Theorems 3.1-3.4. The results
show that the convergence rate of || Ty ||« is determined primarily by that of
the leading term ||Top||cc While the rates of the other three terms are of a
(faster) lower order. In particular, we show that under suitable assumptions,

logd logd

ITonlleo < and || Trnlloc + [ITmnllco + [Ramnlloo o(1)

w.h.p. The results (proved in Appendices G-J) are all non-asymptotic (with
precise constants) and involve careful analyses via concentration inequalities
to account for the nuisance function estimators and the high dimensionality.

REMARK 3.1 (Generality of the results). It is important to note that our
results here are completely free in terms of choice of the nuisance function
estimators. The analysis and the convergence rates are first order insensitive
to any estimation errors of the nuisance functions and hold regardless of any
knowledge of the construction and/or first order properties of the estimators,
as long as they satisfy some basic high-level conditions on their convergence
rates. This is also largely an artifact of the debiased form of the DDR loss.

3.2. The Assumptions Required. We first summarize the main assump-
tions required for controlling the various terms in (3.1). We begin with a few
standard assumptions on the tail behaviors of some key random variables.

ASSUMPTION 3.1 (Sub-Gaussian tail behaviors). (a) We assume that
e(Z) =Y —m(X), v(X) := m(X) — g(X,0p) and h(X) are sub-Gaussian
(as per Definition D.1 in Appendix D, with o = 2 therein) with ||g||y, < o,
|V(X)|py < oy and [|h(X)||y, < on, for some constants o, oy, on > 0.

(b) For controlling T ,,, we additionally assume that {¢(Z)|X} is (condi-
tionally) sub-Gaussian with ||e(Z)|X||y, < 0.(X) for some function o.(-) > 0
such that ||oz(+)||ec < 0z < 0o with o being as in part (a) above.

Next, we discuss the basic high-level conditions required on 7(-) and m(-).

ASsuMPTION 3.2 (Tail bounds on the pointwise behavior of 7(-) — 7 (+)).
We assume that 7(-) is obtained solely from the data &, := {(T3, X))}, C
D,,, and for some sequences v, » > 0 and ¢y » € [0, 1], with v, » = o(1) and
qnr = o(1), w(-) — m(-) satisfies a (pointwise) tail bound at the n training

points {X;}"; as follows: for any ¢ > 0 and for some constant C' > 0,
(3.6) P{R(X;) — 7(X;)| > ton g} < Cexp(—t?) +qnr ¥V1<i<n,
and we further assume that vy, r+/log(nd) = o(1) and g, » = o(n~td1).
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AssumMPTION 3.3 (Pointwise tail bounds on m(-) —m(-)). For a generic
version of m(-) obtained from a data of size n (e.g. D,,), we assume that for
some sequences vy, ,, > 0 and gy € [0, 1], with vy, = o(1) and gy m = o(1),
m(-) —m(-) satisfies a (pointwise) tail bound at any fixed x € X" as follows:
for any ¢t > 0 and for some constant C' > 0,

(3.7) P{|m(x) — m(x)| > togm} < Cexp(—t*) + gom, so that
(3.8) P{|m®(X;) — m(X;)| > topm} < Cexp(—t?) + gam, VEk=1,2

and X; € P 1 DF) with &’ # k € {1,2}, where 71 := n/2 and m®)(.)
denotes the version of m(-) obtained from DY with size 7 = n/2. Further,
we assume that vy ;,+/log(nd) = o(1) and g, = o(n~td1).

REMARK 3.2.  Assumptions 3.2 and 3.3 are both fairly mild and general
(high-level) conditions that should be expected to hold for most reasonable
estimators {7 (-), m(-)} of {m(-), m(-)}. Note that (3.6), (3.7) and (3.8) are all
conditions on the pointwise behaviors of 7(-) —7(-) and m(-) —m(-), and do
not require any uniform tail bounds over all x € X, such as bounds on the
Lo or Ly errors of {m(-), m(-)}. Such conditions are much stronger and also
generally harder to verify in high dimensional settings. We simply require
pointwise tail bounds for the errors 7(X;) —7(X;) and m(x)—m(x), ensuring
that they have well-behaved tails. The sequences {vy, r, Unm} indicate the
convergence rates of the estimators, while {gp r,qnm} in the probability
bounds allow to rigourously account for any potential lower order terms.

REMARK 3.3 (Sufficient conditions for Assumptions 3.2 and 3.3). In
general, for any estimator 7(+) satisfying a high probability guarantee of the
form: |7(X;) — m(X;)| < v, with probability at least 1 — ¢, the bound (3.6)
can be shown to hold with {vy z,qnr} o {vpn,qn}, through a simple use
of Hoeffding’s inequality (see Lemma D.7 in this regard). Similarly, for any
estimator m(-) satisfying a high probability bound: |m(x) —m(x)| < v, with
probability at least 1 — g, the bounds (3.7)-(3.8) can be shown to hold with
{vnm,»qn.m} < {vn,qn}. These high probability bounds are expected to be
satisfied by most reasonable estimators and hence, so are our assumptions.

REMARK 3.4 (Examples). In Section 5, we discuss several choices of the
estimators 7(-) and m(-) based on parametric families, ‘extended’ parametric
families (series estimators) and semi-parametric single index families. For all
these estimators, we establish precise tail bounds (see Theorems B.1, B.2 and
B.3) that are generally useful and should be of independent interest. Among
other implications, they also verify the bounds in Assumptions 3.2 and 3.3.
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3.3. Controlling the Leading Order Term. The following result quantifies
the behavior and convergence rate of the first order term || To /oo in (3.1).

THEOREM 3.1 (Control of || Ty |lc). Under Assumptions 1.1 and 3.1 (a),
P (HTO,nHoo > V200¢ + Koez) < 4dexp (—ne* +logd) for any € >0,
where g 1= Qﬂoh(aw +0:0-1), Ko :=20n(0p+0:671) and (6x,0¢,0n,04)

are as defined in the assumptions. In particular, setting e = cy/(logd)/n for

any constant ¢ > 1, we have: with probability at least 1 — 4d*(02*1),

~

log d logd logd
ITonlls < ey 2omv200+ 2Ky S /==

3.4. Controlling the Error Term from the Propensity Score’s Estimation.
Next, we propose the following result to control the error term T ,, in (3.1).

THEOREM 3.2 (Control of | Ty ,||«). Let Assumptions 1.1, 3.1 and 3.2
hold with (Vnx,Gnx) and (0x,0:,0n,C) as defined therein. Then, for any
constants ¢, c1, ¢z, c3 > 1, where we assume cavy, x+/log(nd) < 6,/2 < 0 and

. . .7 o —(62—1) N
c3y/(logd)/n <1 w.l.o.g., we have: with probability at least 1 — 2d
4d=(=1 — 20 (nd) (=1 — 2C(nd)~ (3D — 4, ~(nd),

n n

logd Hﬂf)Hoo logd :
[Trnlle < ¢ {vn.»v/1og(nd)}Cy 574_02 ==

where ||u§12)||OO = maxlSdeIE{h[Qj](X)}, Cy = c1(4v20./6,) and Cy :=
cs(V 20, + Ky) with o = 220202 and K, := 20}6;2 being constants.

REMARK 3.5. Theorem 3.2 therefore shows that || Tr || S 4/ (logd)/n

{vnr/log(nd)} = o{y/(logd)/n} w.h.p. The proof is given in Appendix H.

3.5. Controlling the Error Term from the Conditional Mean’s Estimation.
We now control the error term T, ,, in (3.1) involving the cross-fitted esti-
mates {m(X;)}", obtained via sample splitting, through the result below.

THEOREM 3.3 (Control of | Ty, nllec). Let Assumptions 1.1, 3.1 (a) and
3.3 hold, with (Vam, Gn,m), @ = n/2 and (dx, on, C) as defined therein. Then,
for any constants c,c1,co > 1, where we assume ca+/(logd)/n < 1 w.l.o.g.,
with probability at least 1 —4d—(@—1) —8d~(3=1D) _4C (nd)~ (=D —4¢p,m(nd),

logd « 2 « [logd ’
Tmmllee < c T{Uﬁ,m\/log(nd)}cl (Hl"’gl)HOO"i_CQV n > )
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where ||,U‘£12)||oo is as in Theorem 3.2, C} = 4¢16, and C5 = \@cz(\/iam +
K.,), with op, := 2\/50%, K, = 201?1 and 6, < 01 being constants.

REMARK 3.6. Theorem 3.3 therefore shows that | Ty, e S v/ (logd)/n
{vnm+/log(nd)} = o{y/(logd)/n} w.h.p. The proof is given in Appendix I.

3.6. Controlling The Lower Order Term. Finally, we control the second
order error (or bias) term Ry, in (3.1) through the following result.

THEOREM 3.4 (Control of ||Rxmnllec). Let Assumptions 1.1, 3.1, 3.2
and 3.3 hold with (Vn.x, nx), (Vam,am,n) and (0x,C) as defined therein,
and assume that vy, vp m(logn) = of\/(logd)/n}. Then, for any constants
c1, ¢, ¢3,¢4 > 1 with covp ov/Iogn < §;/2 < 6 and cy4/(logd)/n < 1, we
have: with probability at least 1—2?:1 Cn_(ci_l)—2d_(5421—1)—2nqn77r—nqﬁ,m,

IR, m,n

_ ~ Jlogd
lo < c163C1H{Vnxvnm(logn)} <|luh|||oo+0402 i >, where

||H|h\||oo = maxlSdeE{|h[j](X)|} and Cy = 2/6,, Cy := \@Umm + Kxm
are constants with oy, = 4ah5;1 and Ky := 2\/§ah6;1.

REMARK 3.7. Thus, Theorem 3.4 shows ||Rxmnlloc S Unzvnm(logn) =
o{y/(logd)/n} w.h.p. where the last step is by assumption, a sufficient con-
dition for which is max{v, x, vn.m}(logn)/? < {(log d)/n}'/. Conditions of
this flavor are well known and standard in the mean (or ATE) estimation
literature, where they are routinely adopted to control these kind of second
order (product-type) bias terms (Farrell, 2015; Chernozhukov et al., 2018a).
In Theorem J.1, we provide a more general result on tail bounds for Ry ,, .

4. High Dimensional Inference via the DDR Estimator: Despar-
sification and Asymptotic Linear Expansion. We next discuss a debi-
asing/desparsification approach for the DDR estimator §DDR which is useful
for establishing an estimator with an asymptotic linear expansion (ALE), a
property not possessed by the L;-regularized shrinkage type estimator §DDR.
Such expansions form the fundamental ingredients for high dimensional in-
ference as they automatically lead to asymptotic normality (and hence con-
fidence intervals, p-values, tests etc.) for low dimensional components of 6,
thus paving the way for inference on 8y among many other implications. For
a fully observed data (much unlike the setting we have here), such problems
have received substantial attention in recent times (van de Geer et al., 2014;
Javanmard and Montanari, 2014, 2018; Cai and Guo, 2017).
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For simplicity, we restrict our discussion here to the case of the squared
loss: L(Y, X, 0) = {Y —¥(X)'6}* where ¥ (X) = {¥[;(X) ;l:l € R? denotes
some basis functions (possibly high dimensional) of X. While more general
loss functions can also be handled similarly, the corresponding results and
conditions can be technically more involved. We choose to skip such analyses
here given the scope and content of the current work. Note that L(-) satisfies
(2.3) with h(x) = —2¥(x) and g(x,0) = ¥(x)’'8. The case ¥(X) = (1,X")
corresponds to standard linear regression. For convenience, let us also define:

> = E{¥X)¥(X)'}, Z\IJ (X;) and Q := ¥,

where we assume that E{||®(X)||2} < oo and X is positive definite, so that
and the precision matrix €2 are both well-defined and well-conditioned. With
L(-) as above, note that we have: E{V2L(Y,X,0)} = 2% and its inverse is
1Q for any 60, where for any function f(6), V2f(6) denotes its Hessian
matrix w.r.t. @. Further, we also have: V2LPPR(9) = V2LDPR () = 23,

4.1. The Desparsified DDR Estimator. Let Q be any reasonable estima-
tor of the precision matrix €2 based on the observed data D,,. Then, given
the original Li-regularized DDR estimator Oppr in (2.9), or as in (2.11), we
define the corresponding desparsified DDR estimator Oppg as follows.

~ . 1~ ~ ~ 1~ ~ -
(41) BDDR = oDDR - §QV£2DR(0DDR) = HDDR - §QV£2DR(0DDR)

—~ P L ~
- ODDR + QE Z{Y; — ‘I’(X,‘)IHDDR}‘I’(XZ'), where
=1

Y; = m(X;)+{T; /7(X;) HY; —m(X;)} are the pseudo outcomes as in (2.10).

The desparsification step in (4.1) is similar in spirit to that of van de Geer
et al. (2014), while accounting for a more general and complex setting here
involving missing responses. It serves as the appropriate generalization of
their approach when adapted to this setting. As seen from the representation
in the final step, the debiasing step still uses the full data but with the pseudo
outcomes Y- instead of the true Y;. For a fully observed data with Y Y;,
this indeed reduces to the usual Debiased Lasso estimator of Javanmard and
Montanari (2014). In addition, we also allow for misspecified models, non-
Gaussian settings and covariate transformations, unlike most of the relevant
existing literature (with the exception of Bithlmann and van de Geer (2015)).

It should be noted that the principle of debiasing has also been used exten-
sively in the classical semi-parametric inference literature, where it is often
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called one-step update (Van der Vaart, 2000) and is used to obtain efficient
estimators starting from an initial (inefficient) estimator. In our setting, the
‘update’ is used more as a bias correction to obtain an estimator with an ALE
starting from a shrinkage estimator that has no such desirable properties.
In classical settings, such ALEs are also known as Bahadur representations.

Choice of Q. Since the debiasing still involves the full data (with the pseudo
outcomes), the estimator €2 is exactly the same as that used for a standard
fully observed data. This is again largely due to the structure of the DDR
loss (and the debiasing term therein). Consequently, one pays no price for the
missing outcomes as far as the estimation of {2 and the associated conditions
are concerned, and can borrow any standard precision matrix estimator from
the literature. Several such examples exist depending on the setting (low or
high dimensional). In the former case, one can simply choose 2*1, while for
the latter, under sparsity assumptions on €2, one can use the Nodewise Lasso
estimator of van de Geer et al. (2014), among other choices. For our results
on Oppk, we only assume some high-level conditions on {€2, 2} and one is
free to use any estimator of 2 as long as those conditions are satisfied. We
next discuss these conditions (and some notations) followed by our results.

For any matrix Mgxa, let M) € R? denote its it" row and M|, denote
its (i, 7)™ entry. Let |M]|1 := maxi<jca Y01 Ml M2 = Antax(M/M)
and [|[M||max := maxi<; j<a |Mj;)| denote the maximum rowwise L; norm,
the spectral norm and the elementwise maximum norm of M respectively,
where A, (.) denotes the maximum eigenvalue. Finally, recall the notations
Ton, Trans Tmpn and Ry, defined in the decomposition (3.1) of T,, =
VLPPR(0p) and for convenience of further discussion, define:

Q

1 ~
Rn,l = _i(ﬂ - Q)VﬁgDR(OO), Rn,2 = _§(T7T,TL - Tm,n - Rﬂ,m,n)

(4.2) Rp3 := (I — Q) (Oppr — 6p) and let A, := (Rp1 + Rz + Rps).

AssuMPTION 4.1 (High-level conditions on €2 and Q}). We assume that:
(a) |2 — Q|1 = Op(ry) and ||Ig — 2X|max = Op(wy) for some sequences
{rn,wn} = {rnq,wna} > 0with r,v/log d = op(1) and wy, (sv/log d) = op(1),
where s = [|0p]|o and I; denotes the d x d identity matrix.

(b) T(X) := Q¥(X) is sub-Gaussian (as per Definition D.1 with a = 2) with
[ X (X) |l < ox < 00, for some constant oy > 0. Further, we assume that

vy = op(l), where v} := (vpr + vam)y/ (logd)log(nd) + névnmvﬁ,m(log n)

and {vy, r, vp,m} are the rates of {7(-), m(-)} defined in Assumptions 3.2-3.3.
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Assumption 4.1 (a) imposes some general rate conditions on Q. For most
common choices of Q including those discussed earlier, these lead to fairly
standard conditions. Under a low dimensional setting with Q= f]_l, wy =0
trivially and r, = d//n under suitable assumptions; see Vershynin (2018)
for relevant results. Under high dimensional settings, with €2 assumed to be
sparse and € chosen to be the Nodewise Lasso estimator, w, = (logd)/n
and r, = sq+/(logd)/n; see van de Geer et al. (2014) for relevant results. In
this case, the conditions read as: sq(logd) = o(y/n) and s(logd) = o(y/n).
These are all familiar (often unavoidable) conditions in the high dimensional
inference literature (Cai and Guo, 2017; Javanmard and Montanari, 2018).

The sub-Gaussianity condition on Y (X) in Assumption 4.1 (b) is needed
to control the term R, 2 in (4.2). Conditions of a similar flavor have also been
adopted implicitly or explicitly in van de Geer et al. (2014) and Javanmard
and Montanari (2014). The condition holds with oy to be a constant if either
|2]]2 = O(1) and ¥(X) is (vector) sub-Gaussian in the sense of Vershynin
(2018) with a O(1) norm, or if ||€2||; = O(1) and ¥(X) is sub-Gaussian in the
(weaker) sense of Definition D.1 with a O(1) norm. Finally, the condition on
v} is the same (upto a /logd factor) as those needed for Theorems 3.2-3.4.

THEOREM 4.1 (ALE and entrywise asymptotic normality of §DDR)~ Un-
der Assumptions 1.1, 2.1, 3.1-3.3 and 4.1, and with A, as defined in (4.2),
L() assumed to be the squared loss and ODDR constructed using a choice of

An < \/(logd)/n, the desparsified DDR estimator Oon satisfies the ALE:

(4.3) (Bppr —60) = Zn{wo Y+ Ay, where B{tpo(Z)} = 0 with

Po(Z) = {m(X) — ¥(X)'0} (X )+7r(X)

log d log d
Al = O <rnﬁ+vzn—%+wns e ) — o (n}).

Consequently, letting T'o(Z) = Qpo(Z), 00] : IE{I‘O[ ]( )} and assuming
that og; > co V j, for some constant co > 0, we have: for each 1 < j < d,

{Y —m(X)}¥(X), and

\/EUO_,JI (gDDR[j] ) _> N(O 1) and \FU()j( DDR[j] — ao[j]) —> N(O 1),
~2 o ~2 2 | _
where o4 ; = ZFO[J] ;) satisfying 121]{:22 50,5 — 00,51 = op(1).
Here I‘O[j]( i) = [ ]z,bg( 1), where ¥o(Z;) denotes the estimated version of

¥o(Z) in (4.3) with {m(X;),m(X;), 00} plugged in as {%(Xi),ﬁl(X,-),é\DDR}.
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Theorem 4.1 therefore provides all the necessary inferential tools for 5DDR.
The ALE (4.3) is also optimal, in a certain sense, since the function I'g(Z) =
Qpo(Z) defining the i.i.d. summand (also known as the influence function) in
the ALE is known to be the efficient influence function for estimating 8y in a
classical setting (d fixed) under a fully non-parametric (i.e. unrestricted, upto
Assumption 1.1) family of P, and its variance equals the semi-parametric op-
timal variance (Robins, Rotnitzky and Zhao, 1994; Robins and Rotnitzky,
1995; Graham, 2011). The same conclusions continue to hold in high dimen-
sional settings for low-dimensional components (e.g. each coordinate) of .
Thus, Oppr achieves the (coordinatewise) semi-parametric efficiency bound
and is optimal among all achievable estimators of 8y admitting ALEs under
a non-parametric family of P. Further, the asymptotic normality results also
allow one to construct asymptotically valid (1 — ) level confidence intervals
(Cls): Clj := Oppgrj] & 2a/200,5, for each coordinate Oy of 6o, where z
denotes the (1 — a/2)"" quantile of the N(0,1) distribution with a € (0,1).

5. Estimation of the Nuisance Functions. In Sections 5.1-5.2, we
discuss various choices for the nuisance function estimators {7(-), m(-)} re-
quired for implementing our proposed methods. Our entire approach so far
does mot require any specific knowledge of the construction or properties
of these estimators as long as they satisfy the high-level conditions in As-
sumption 3.2-3.3. Hence, one is free to use any choice of these estimators
based on high dimensional parametric or semi-parametric models, or even
non-parametric machine learning based estimators, as has been advocated
in many recent works for other related problems in similar settings (Farrell,
2015; Chernozhukov et al., 2018a; Farrell, Liang and Misra, 2018). However,
a fully non-parametric and/or machine learning based approach may not be
feasible or efficient in ‘truly’ high dimensional settings where p diverges with
n. In this section, we discuss a few novel, principled, and yet, flexible families
of choices for 7(-) and m(-), including common parametric models, as well
as series estimators and single index models. In Appendices B.1-B.2, we es-
tablish general results for these estimators under high dimensional settings
that verify our basic assumptions and may also be of independent interest.

5.1. Propensity Score Estimation: A Few Choices and Their Properties.
In some cases, 7(-) may be known whereby 7(-) = m(-) trivially. When (-)
is unknown, we consider the following (class of) choices for estimating ().

‘BExtended’ parametric families (or high dimensional series estimators). We
assume that 7(-) belongs to the family: 7(x) = E(T|X = x) = g{a'¥(x)},
where g(+) € [0,1] is a known ‘link’ function, ¥(x) := {¢(x)}X_, is any set
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of K (known) basis functions, possibly high dimensional, with K allowed to
depend on n (including K > n), and a € RE is an unknown parameter
vector that is further assumed to be sparse (if required).

FEstimator. w(x) is then estimated as: 7(x) = g{&’¥(x)}, where & denotes
some given estimator of a obtained via any suitable estimation procedure
based on the observed data for (T, X) that only satisfies a basic high-level
requirement that || — a1 < a,, w.h.p. for some sequence a,, = o(1).

Ezamples. The models above include, as a special case, any logistic regres-
sion model for T'|X given by: 7(x) = g{a'¥(x)}, where g(u) = gexpir(a) :=
exp(a)/{1 + exp(a)}. The estimator & in this case maybe obtained using
a simple Lj-penalized logistic regression of 7' vs. ¥(X) based on the ob-
served data {T;, ¥(X;)} ;. Using standard results from the theory of high
dimensional regression (Bithlmann and Van De Geer, 2011; Negahban et al.,
2012; Wainwright, 2019), it can be shown that under suitable assumptions
(e.g. RSC and exponential tail conditions), || — a1 < an = an(Sa, K) =
say/ (log K)/n w.h.p., where s := ||a||o denotes the sparsity of c.

As for the basis functions ¥(x), some reasonable choices include the poly-
nomial bases given by: ¥(x) := {1,x§ 1< j<p 1<k <dp} for any
degree dg > 1. The special case dy = 1 corresponds to the linear bases which
leads to all standard parametric models that are commonly used in practice.

The case when () is constant. Note that the extended parametric frame-
work above also includes the special case where 7(-) is unknown but constant
(i.e. the case of MCAR or complete randomization), in which case g(a’X)
simply equals the constant 7, and « is just an unknown parameter in R that
can be estimated at the rate of O(n~1/2) via the usual sample mean of T'.

5.2. Estimation of the Conditional Mean: Choices and Their Properties.
We consider the following two (class of) choices for estimating m(-).

1. ‘Extended’ parametric families (high dimensional series estimators). We
assume that m(-) belongs to the family: g{+'¥(X)} where g(-) is a (known)
‘link’ function (e.g. ‘canonical’ link functions), ¥(X) := {1x(X)}H, is any
set of K (known) basis functions, with K possibly high dimensional and is
allowed to depend on n (including K > n), and v € R¥ is an unknown
parameter vector that is further assumed to be sparse (if required).

FEstimator. We estimate m(x) = E(Y|X) = E(Y|X, T =1) = ¢{vy¥(X)}
as: m(x) = g{¥'¥(X)}, where 4 denotes some given estimator of v obtained
via any suitable estimation procedure based on the ‘complete case’ data
DY) .= {(Yi, X;)|T; = 1}, that only satisfies a basic high-level requirement
that || — |1 < a, w.h.p. for some sequence a,, = o(1).
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Ezamples. These models include, as special cases, all standard parametric
regression models with ‘canonical’ link functions, through suitable choices of
g(+) depending on the nature of Y (continuous, binary or discrete). Specif-
ically, g(u) = gia = w (identity link), g(u) = gexpiw = exp(u)/{1 + exp(u)}
(expit/logit link) and g(u) = g., = exp(u) (exponential/log link) corre-
spond to the linear, logistic and Poisson regression models respectively.

As for the basis functions ¥(x), some reasonable choices include the poly-
nomial bases given by: ¥(x) := {I,X;? 01 <j<p1<k<dp} for any
degree dg > 1. The special case dy = 1 corresponds to the linear bases which
leads to all standard parametric models, while dy = 3 leads to cubic splines.

Ezamples of 4. For all the examples above, with g(-) being any ‘canonical’
link function, the estimator 4 of 4 may be simply obtained through a corre-
sponding L; penalized ‘canonical’ link based regression (e.g. linear, logistic
or Poisson regression) of Y vs. X in the ‘complete case’ data D,(f) under
Assumption 1.1 (a). Using standard results from high dimensional regres-
sion (Bithlmann and Van De Geer, 2011; Negahban et al., 2012; Wainwright,
2019), it can be shown that under suitable assumptions (e.g. RSC and expo-
nential tail conditions) and Assumption 1.1, |7 — |1 S an = an(sy, K) =
s~/ (log K)/n w.h.p., where s := ||v||o denotes the sparsity of ~.

2. Semi-parametric single index models. We assume that m(-) satisfies the
SIM: m(X) = E(Y|X) = E(Y|X,T = 1) = g(v'X), where g(-) € R is some
unknown ‘link’ function and v € RP is an unknown parameter (identifiable
only upto scalar multiples) that is further assumed to be sparse (if required).

Estimator. Given any reasonable estimator 4 of the 4 ‘direction’ obtained
from D,,, we estimate m(X) = E(Y|v'X) = E(Y|¥X, T =1) = g(+'X) viaa
one-dimensional kernel smoothing (KS) over the estimated scores {¥'X;}1 .
under appropriate smoothness and regularity assumptions, as follows.

% Z?:l T.Y;K (‘AY’Xz'h—‘T/x)

1 n . ¥'Xi—'x
nh Zi:l T,K ( h )

where K(-) : R — R is some suitable ‘kernel’ function and h = h, > 0
denotes a bandwidth sequence with h,, = o(1). Here, we only assume that 5
is some reasonable estimator of the v ‘direction’ satisfying a basic high-level
condition: |5 — yo|l1 < an w.h.p. for some g o< v and a, = o(1).

~

m(x) = mF'x) = mA,x) =

VxeX,

FEstimation of 4. Under Assumption 1.1 (a) and the SIM framework we
have adopted here, E(Y|X) = E(Y|X,T = 1) = g(v'X). Hence, in general,
one may use any standard method available in the literature for signal recov-
ery in SIMs (Horowitz, 2009; Alquier and Biau, 2013; Radchenko, 2015), and
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apply it to the ‘complete case’ data Dq(f) to obtain a reasonable estimator
5 of «. Under some additional design restrictions and model assumptions,
however, one may also estimate v by even simpler approaches, as follows.

(a) Suppose Y satisfies the (slightly) stronger SIM formulation: (Y|X) =
(Y|X,T =1) = f(v'X;¢€) for some unknown function f : R> — ) and some
noise € A (7', X), and assume further that the distribution of (X|T" = 1)
is elliptically symmetric. Then, owing to the results of Li and Duan (1989),
one can still estimate v with a rate guarantee of a, = sy/(logp)/n using a
simple L; penalized ‘canonical’ link based regression (e.g. linear, logistic or
Poisson regression) of Y vs. X in the ‘complete case’ data Dgf), as discussed
in the previous example. Similar approaches have been used extensively in
recent years for sparse signal recovery in high dimensional SIMs with fully
observed data and elliptically symmetric designs (Plan and Vershynin, 2013,
2016; Goldstein, Minsker and Wei, 2016; Genzel, 2017; Wei, 2018)

(b) Suppose Y satisfies the same SIM as in part (a) above, and assume now
that the distribution of X is elliptically symmetric. Then, using the results
of Li and Duan (1989), along with our discussions in Section 2.1 regarding
IPW representations, it follows that one can also estimate « using a weighted
Li-penalized regression based on any ‘canonical’ link (e.g. linear, logistic or
Poisson regression) of Y vs. X in the ‘complete case’ data Dﬁf) . The weights
are given by: 771(X), if 7(-) is known, and by 7~!(X), if 7(-) is unknown
and estimated via 7(+) (assumed to be correctly specified) through any of the
choices discussed in Section 5.2. Using the results of Negahban et al. (2012),
along with the techniques used in our proofs of Lemma 2.1 and Theorems
3.1 and 3.4, it can be shown that the resulting IPW estimator 4 satisfies an

L1 norm bound: [|[¥ —v|1 < an = sy+/(logp)/n w.h.p. in the case when 7 ()
is known, and || — |1 < an = sy max{y/(logp)/n, vy ~v1ogn} when (-
is unknown, where v, » = o(1) denotes the (pointwise) convergence rate of
7(-) as given in Assumption 3.2. Given the main goals of this paper, we skip
the technical details and proofs of these claims for the sake of brevity.

6. Simulation Studies. We conducted extensive simulations to exam-
ine the performances of our proposed estimation and inference procedures
under various data generating processes (DGPs) and parameter settings. We
set n = 1000, and p = 50 or 500 reflecting moderate and high dimensional
settings, respectively. (In Appendix C.2, we also conduct a large sample anal-
ysis with n = 50000 to investigate the DR properties of our estimator(s), as
well as the performance of the CC estimator). We used X ~ N(0,3,), for
3 choices of X, discussed below, and 3 DGPs for Y|X and T'|X as follows:
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(a) “Linear-linear” DGP: Y = ~y + v'X + ¢ with ¢|X ~ N(0,1), and
logit{m(X)} = logit{E(T|X)} = ap + a’X. These represent standard
linear and logistic regression models for Y|X and T'|X respectively.

(b) “Quad-quad” DGP:Y = no+~/'X+Y-0_ 7, X2+ with e[X ~ N(0,1),
and logit{m(X)} = logit{E(T|X)} = ag + «’X + 320, a’[kj]X%j]. These
allow both linear and quadratic effects of X in E(Y|X) and logit{7(X)}.

(c) “SIM-SIM” DGP:Y = o+~ X+cy (vX)?+¢ with £|X ~ N(0,1), and
logit{n(X)} = logit{E(T|X)} = ap + &’X + cr(a’X)?. These represent
standard single index models (SIMs) for both E(Y|X) and logit{m(X)}.

The choices of £, were: (a) X, = I, the identity matrix, or (b) 3;; = pl=7l,
the first order autoregressive (AR1) matrix, or (c) ), = p1,1, + (1 — p)I,,
the compound symmetry (CS) matrix, where we set p = 0.2. These choices
exhibit a variety of correlation and sparsity structures in X, ranging from
independent and sparse (i.e. I,) to correlated and not sparse (i.e. CS matrix).
We also manually truncated 7 (+) to lie in [0.1, 0.9] to avoid extreme values.
By choice of our model parameters, the proportion of data being truncated
was roughly around 1% and the proportion of observations with missing Y’
was around 40% for all model settings. The tuning parameter A, in (2.11)
for obtaining O was selected using 10-fold cross validation of the loss L(-).
All simulations were replicated 500 times. Further details on our parameter
choices and other implementation details are provided in Appendix C.1.

6.1. Target Parameter and Choices of the Working Nuisance Models. We
considered the linear regression problem, where the target parameter 6 is:

0 = argmin E(Y — X'0)? = S'E(XY), with d=p+1, I :=EXX),
OcRd

and V being as in Section 2. Note that 6 is the (model-free) target param-
eter for linear regression regardless of whether E(Y|X) is truly linear or not.
For the “linear-linear” DGP, 6y matches the parameters (vg,~) therein. For
the other non-linear DGPs, @ is, in general, different from the parameters
introduced therein. By choices of our model parameters, this 6 is still guar-
anteed to be sparse. For all the DGPs (linear or non-linear), we computed
(and fixed) 6y via Monte-Carlo based on a large dataset with size 200000.
To implement the estimator Oppy of Oy, we considered the following (com-
bination of) choices of (working) models for the nuisance estimators 7(-) and
m(-). Specifically, we considered two choices for the PS estimator 7(-):

1. “mw: linear” - obtained via a standard Li-penalized logistic regression with
linear covariates (i.e. the Logistic Lasso) fitted to the data {T;, X;}7 ;.
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2. “m: quad” - obtained via an Li-penalized logistic regression with both
linear and quadratic covariates fitted to the data {T;, X;}I" .

For each choice of 7(-), we used three choices of the OR estimator m(-):

1. “m: linear” - obtained via a standard L;-penalized linear regression (i.e.
the Lasso) of Y vs. X fitted to the ‘complete case’ data Dﬁf).

2. “m: quad” - obtained via an Li-penalized linear regression with both

linear and quadratic covariates fitted to the ‘complete case’ data DSLC).

3. “m: SIM” - obtained by fitting a SIM to the ‘complete case’ data DT(LC)
with the index parameter estimated via an IPW Lasso (as discussed in
Method 2(b) in Section 5.2, which applies under our assumptions on X).

Thus, we had 6 different combinations of {7(-), m(-)} each of which were used
to implement Oppr on data generated from any given DGP. It is important
to note that the names used to denote these choices have no relation to those
of the true DPGs for 7(-) and m(-). For each DGP, there exists a combination
of {w(-),m(-)} that correctly specifies at least one of {m(-), m(-)}. For the
“linear-linear” DGP, all 6 choices of {7(-), m(-)} are correct. For the “quad-
quad” DGP, only “7: quad-m: quad” is correct for both, while there are
some combinations that are correct for only one, e.g. “7: linear-m: quad” is
correct for m(-) but misspecifies 7(+). Finally, note that for the “SIM-SIM”
DGP, we do not include any case where 7(+) is correct. This, in some sense,
serves as a test of robustness for our estimator. As the results in Section 6.3
will reveal, the performance improves significantly (and is nearly optimal)
whenever m(+) is correct, and is quite robust to any misspecification of 7(-).

6.2, Estimators Implemented and Criteria for Comparison. Apart from
0,5, we also considered the following two oracle estimators for comparison:

(a) éomc (oracle): The version of O assuming 7(-) and m(-) to be known.
(b) Ofuu (‘super’-oracle): The version of Oppgr obtained assuming the full
dataset is observed, i.e. no missing Y and no involvement of {7 (-), m(-)}.

The implementation of these estimators is similar (in spirit) to that of §DDR
after making the appropriate adjustments, as detailed above. The oracle es-
timator §omc is considered to examine the impact of estimating the nuisance
functions involved in §DDR. Moreover, it is also known (at least under classi-
cal settings) to achieve the semi-parametric optimal performance (Graham,
2011) for this problem. The ‘super’-oracle @y, is an ideal-case estimator, of
course, obtained assuming the full data is observed. We consider it mainly as
a benchmark to get a sense of the best performance one can hope to achieve.

We compared the estimators based on the following performance criteria:
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1. Estimation: For all the estimators, we report their average Lo errors for
estimating 6y, defined as the average of ||@—6y||2 over the 500 replications,
where 0 is any candidate estimator. In addition, we report the standard
errors (SEs) of these Lo errors over the 500 replications in the parentheses.

2. Inference: We calculate the empirical coverage probabilities (CovPs) and
the mean lengths of the (coordinatewise) 95% Cls of 6 obtained via Oppg,
over all replications. We report the average and median of these empirical
CovPs, denoted “A-CovP” and “M-CovP” respectively, and the average
of the mean CI lengths, all separated over the truly zero and non-zero
coefficients of 8y. We also report their respective SEs in the subscripts.

Table 6.1 Average Lo errors of §DDR, obtained via various combinations of
the nuisance estimators {7(-), m(+)}, and those of the oracle estimators 0,4
and 0,, for n = 1000, 3, = I, and all three choices of the true DGPs.

(I) p = 50.

(a) DGP: “Linear-linear” for 7(-) and m(-).

Working nuisance model OpDR Oorac Oruu
7 linear 7: logit 0.222 (0.035)  0.223 (0.036) 0.168 (0.027)
' 7: quad 0.221 (0.035) 0.223 (0.036) 0.168 (0.027)
e quad 7: logit 0.224 (0.035)  0.223 (0.036) 0.168 (0.027)
' 7: quad 0.224 (0.035) 0.223 (0.036) 0.168 (0.027)
7 SIM 7: logit 0.222 (0.036)  0.223 (0.036) 0.168 (0.027)
) 7: quad 0.222 (0.036) 0.223 (0.036) 0.168 (0.027)

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model OppR Oorac Ot
7 Tinear 7: logit 0.682 (0.115) 0.478 (0.076) 0.453 (0.074)
7: quad 0.638 (0.105) 0.478 (0.076)  0.453 (0.074)
e quad 7: logit 0.475 (0.077)  0.478 (0.076) 0.453 (0.074)
' 7: quad 0.475 (0.077)  0.478 (0.076)  0.453 (0.074)
A SIM 7: logit 0.683 (0.116) 0.478 (0.076) 0.453 (0.074)
’ 7: quad 0.640 (0.108)  0.478 (0.076)  0.453 (0.074)

(c) DGP: “SIM-SIM” for m(-) and m(-).

Working nuisance model OpDR Oorac 07
7 linear 7: logit 0.618 (0.138) 0.517 (0.125)  0.499 (0.121)
' 7: quad 0.613 (0.137)  0.517 (0.125) 0.499 (0.121)
e quad 7: logit 0.616 (0.141) 0.517 (0.125)  0.499 (0.121)
' 7: quad 0.612 (0.140) 0.517 (0.125) 0.499 (0.121)
7 SIM 7: logit 0.553 (0.132)  0.517 (0.125)  0.499 (0.121)
' 7: quad 0.550 (0.131) 0.517 (0.125) 0.499 (0.121)

29
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6.3. Simulation Results. We only present here the simulation results for
the case X, = I,. The results for 3, = AR1 or CS matrices exhibit similar
patterns. These are given in Appendix C.3 of the Supplementary Material.

Table 6.2 See caption of Table 6.1. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) DGP: “Linear-linear” for () and m(-).

Working nuisance model OppR O0rac Orun
7 Tinear 7: logit 0.448 (0.047) 0.424 (0.042) 0.317 (0.028)
#: quad 0.448 (0.046)  0.424 (0.042)  0.317 (0.028)
1 quad 7: logit 0.461 (0.050) 0.424 (0.042) 0.317 (0.028)
7 quad 0.461 (0.050) 0.424 (0.042) 0.317 (0.028)
A SIM 7: logit 0.436 (0.045) 0.424 (0.042) 0.317 (0.028)
’ 7: quad 0.436 (0.045) 0.424 (0.042) 0.317 (0.028)

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model Oppr O:rac 05
- linear 7: logit 1.153 (0.122)  0.866 (0.082) 0.811 (0.078)
' 7 quad 1.141 (0.121)  0.866 (0.082) 0.811 (0.078)
e quad 7: logit 0.887 (0.088) 0.866 (0.082) 0.811 (0.078)
' 7 quad 0.887 (0.088) 0.866 (0.082) 0.811 (0.078)
e SIM 7: logit 1.151 (0.117)  0.866 (0.082) 0.811 (0.078)
' 7 quad 1.136 (0.117) 0.866 (0.082) 0.811 (0.078)

(c) DGP: “SIM-SIM” for m(-) and m(-).

Working nuisance model OppR O05rac Oru
7 Tinear 7: logit 1.103 (0.158) 1.116 (0.168) 1.087 (0.165)
7 quad 1.090 (0.149) 1.116 (0.168) 1.087 (0.165)
1 quad 7: logit 1.108 (0.159) 1.116 (0.168) 1.087 (0.165)
7 quad 1.095 (0.151) 1.116 (0.168) 1.087 (0.165)
A SIM 7: logit 1.034 (0.161) 1.116 (0.168) 1.087 (0.165)
' 7 quad 1.021 (0.153) 1.116 (0.168) 1.087 (0.165)

Tables 6.1 and 6.2 provide the Lo error comparison for all estimators under
p = 50 and 500 respectively. The results, in general, exhibit a similar pattern
across the two tables, with the errors being only higher (and understandably
so) for p = 500 than the corresponding case for p = 50. Overall, we observe
that whenever {7(-), m(-)} are both correctly specified, B0 closely matches
the performance of the oracle é\omc, which validates our claims of optimality,
and also, first order insensitivity (Remark 3.1) of §DDR to nuisance function
estimation errors. Interestingly, over all the DGP settings, the performance
of Oppr, in fact, continues to remain nearly as good when only m(+), but not
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necessarily 7(-), is correctly specified. This indicates that it is fairly robust
to any misspecification of 7(+). On the other hand, it is also more sensitive to
m(+), since the errors do tend to increase somewhat when m/(-) is misspecified
for some of the non-linear DGPs, except Table 6.2(c). Nevertheless, it is still
expected to be consistent whenever only one of {7 (-), m(:)} is correct, and
we validate this DR property via a large sample analysis in Appendix C.2.
Lastly, it is interesting to note that for all the non-linear DGPs, the Lo errors
of O,rqc and Oy, are relatively close, indicating that there is little loss due
to missing Y in estimating 0y. This is possibly due to the non-linear form of
m(X) which contributes towards reducing the gap between the two oracles.

Table 6.3 Average (A-CovP) and median (M-CovP) of the empirical cover-
age probabilities (CovPs) for the (coordinatewise) 95% Cls of g obtained via
Oopr (based on various combinations of the nuisance estimators {7(-), m(-)})
for n = 1000, X, = I, and all three choices of the true DGPs. Shown also
are the corresponding average lengths of these ClIs. All values are reported
separately for the truly zero and non-zero coefficients of 8y (see Section 6.2).

(I) p =50.
(a) DGP: “Linear-linear” for () and m(-).

Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
m: linear m: logit 0.940.01 (0.940.01) 0.160 0.940.01  (0.940.01) 0.16¢
51'\: quad 0.940,01 (0.940,01) 0160 0.940,01 (0.940,01) 0160
m: quad ﬁ: logit 0.940,01 (0.940_01) 0.160 0.94001 (0.94001) 0.160
7/1:1 quad 0.950,01 (0.950_01) 0.160 0.94001 (0.940,01) 0.160
s T losit 0.950.01  (0.950.01) 0.160 | 0.930.01  (0.930.01)  0.16¢
7 quad 0.950.01  (0.950.01) 0.16¢ 0.940.01  (0.940.01) 0.16¢

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
7 linear 7 logit 0.940.01 (0.940.01) 0.410 0.880.16 (0.930.02)  0.460.08
7 quad 0.950.01 (0.950,01) 0.41¢ 0.890.12 (0.930,02) 0.460.07
e quad 7?! logit 0.94()‘01 (0.94()‘01) 04340 0.940,01 (0.940‘01) 0.38()‘05
7 quad 0.940.01 (0.950401) 0.34¢ 0.940.01 (0.940.01)  0.380.06
T/fL: SIM %1 lOgit 0.95()‘01 (0.94()‘01) 04410 0.880,16 (0.940,02) 0.46()‘08
7 quad 0.950.01 (0.95¢.01) 0.41¢ 0.890.12 (0.930.03) 0.470.07

(c) DGP: “SIM-SIM” for 7(-) and m(-).

Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
e linear 7?! logit 0.94()‘01 (0.94()‘01) 04460 0.940,01 (0.940,01) 0.52()‘04
7 quad 0.940.01 (0.940.01) 0.45¢ 0.940.01 (0.940.01)  0.520.04
T/fL: quad %1 lOgit 0.95()‘01 (0.95()‘01) 0.450 0.940,01 (0.940,01) 0.52004
I quad 0.950.01 (0.950‘01) 0.45¢ 0.940.01 (0‘940,01) 0.520.04
T/ﬁ‘ SIM %Z lOgit 0.95()‘01 (0.95()‘01) 0.400 0.940,01 (0.94001) 0.46()‘03
’ 7 quad 0.950.01 (0.950(01) 0.40¢ 0.940.01 (0.940,01) 0.450.03
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Table 6.4 See caption of Table 6.3. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) DGP: “Linear-linear” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
'ﬁ\ll linear 71'\: 10git 0.940_01 (0.940_01) 0.160 0.920_01 (0.920_01) 0.160
%Z quad 0.940_01 (0.940_01) 0.160 0.910_02 (0.920_01) 0.160
M quad 7 logit 0.94¢.01 (0.950,01) 0.17¢ 0.910.02 (0.910,01) 0.17¢
I quad 0.940.01 (0.950,01) 0.17¢ 0.91¢.02 (0.910,01) 0.17¢
'ﬁ\l' SIM 71'\1 logit 0.940_01 (0.940_01) 0.160 0.920_01 (0.920_01) 0.160
' %Z quad 0.940_01 (0.950_01) 0.160 0.920_01 (0.920_01) 0.160
(b) DGP: “Quad-quad” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
7 linear T logit 0.950.01 (0.950,01) 0.44¢ 0.910.03 (0.920,02) 0.460.07
T quad 0.950_01 (0.950_01) 0.430 0.910_03 (0.920_01) 0.460_06
P quad T logit 0.940.01 (0.950,01) 0.339 0.920.01 (0.920,01) 0.350.04
51'\: quad 0.940_01 (0.950_01) 0.330 0.920_01 (0.920_01) 0.350_04
7 SIM i logit 0.950.01 (0.950,01) 0.44¢ 0.91¢.05 (0.930,02) 0.470.07
;l'\: quad 0.950,01 (0.950,01) 0.430 0.910,04 (0.920,01) 0.460,05
(c) DGP: “SIM-SIM” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
7 linear I logit 0.940.01 (0.950,01) 0.530 0.870.05 (0.880,06) 0.570.03
51'\: quad 0.940,01 (0.950,01) 0.530 0.870_05 (0.860_07) 0.570,03
e quad I logit 0.950.01 (0.950,01) 0.53¢ 0.880.04 (0.880,05) 0.570.03
51'\: quad 0.950,01 (0.950,01) 0.530 0.870,05 (0.870,06) 0.570,03
7 SIM 7 logit 0.950.01  (0.950.01) 0.500 0.930.02  (0.930.01) 0.54¢.03
7 quad 0.950.01 (0.950.01) 0.500 0.930.02 (0.930.01)  0.540.03

Tables 6.3 and 6.4 summarize the CovPs and lengths of the Cls obtained
via Oppr. We first observe that across all DGPs and choices of p, the CovPs
for the truly zero coefficients of 8y are always close to the desired 95% level
regardless of the choice of the working nuisance models, which is (pleasantly)
surprising. While our theoretical results in Section 4 on 8 do require both
7(-) and m(-) to be correct, the empirical results seem to be quite robust in
this regard, at least for the zero coefficients. Among the non-zero coefficients
of By (which are much fewer in number), the results are more along expected
lines. For p = 50, the CovPs are all close to 95% whenever m(-) is correctly
specified which, again, demonstrates the robustness of the results (this time
in inference) towards misspecififcation of 7(-). On the other hand, when m(+)
is misspecified, the average CovPs could often be much lower than 95%, e.g.
Table 6.3(b), which should not be unexpected. However, for these same Cls,
the median CovPs are considerably better and still reasonably close to 95%,
thus indicating that for only a few of these coefficients, the corresponding Cls
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have low CovPs when m(-) is misspecified. For the SIM-SIM DGP, however,
the results seem to be quite good and invariant to the choices of {7(-), m(-)}.

For p = 500, the results for the zero coefficients are similar to p = 50. For
the non-zero coefficients, however, the CovPs generally tend to be a little bit
below 95%, and at the same time, are more similar (except for Table 6.4(c))
across different choices of {7(-), m(-)} regardless of their correctness. This is
possibly due to a combination of the price we pay in estimating the influence
function for Oppr and the precision matrix €2 under such high dimensional
settings, as well as the (well known) bias inherent in the non-zero coefficients
of shrinkage estimators like O,pr. These finite sample biases are expected to
be reduced with larger sample sizes. Indeed, in our large sample analyses in
Appendix C.2 with n = 50000, the patterns are much clearer and the results
much improved, wherein we show that the CovPs achieved are fairly close
to the nominal level of 95% whenever at least one of {7(-), m(-)} is correct.
Lastly, for both p = 50 and 500, the average lengths of the Cls are in general
shorter for the cases where m(-) is correctly specified (e.g., Table 6.3(b)-(c)
and Table 6.4(b)-(c)). Whenever m(+) is misspecified, the corresponding CIs
tend to be larger and also provide low coverage in some cases, as expected.

As mentioned before, the results for 3, = AR1 or CS, given in Appendix
C.3, are mostly similar to the corresponding results for 3, = I,,, indicating
(empirically) that our procedures are fairly robust to the underlying correla-
tion structure of X, as well as the degree of sparsity of €2, in high dimensional
settings. Finally, in Appendix C.2, apart from validating the DR, properties
(both in estimation and inference) of our estimators, we also demonstrate,
via a large sample analysis for a non-linear DGP, that the CC estimator can
be inconsistent, thus showing its unsuitability as a general estimator of .

7. Discussion. In this paper, we studied high dimensional M-estimation
problems with missing outcomes under a model-free semi-parametric frame-
work. Our parameter of interest itself is high dimensional which is a key dis-
tinction from most of the existing literature. A variety of important problems
were discussed as special cases of this framework, along with their counter-
parts in causal inference based on the ‘potential outcomes’ framework.

We proposed the Li-regularized DDR estimator of @y which serves as a
generalization of traditional DR estimators for high dimensional parameters.
We studied its properties in detail via non-asymptotic bounds under mild tail
assumptions and only high-level rate conditions on the nuisance estimators,
showing its rate optimality, first order insensitivity and DR properties under
appropriate conditions. Our other main contribution is the desparsified DDR
estimator which admits a semi-parametric optimal ALE and also facilitates
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inference on @g. It serves as the appropriate generalization of Debiased Lasso
type estimators for high dimensional inference with missing Y. Further, we
also discuss various choices of the nuisance estimators and their properties.
However, one is also free to use any other choice as long as it satisfies our
basic conditions. All our results were validated via extensive simulations, and
while not presented due to limited space, we also have promising real data
analysis results for our methods. Lastly, we have only investigated the DR
properties of our estimator in terms of consistency. Getting the sharp rates
(and inferential tools) under these general settings is much more challenging
and requires a case-by-case analysis. We leave this for future research.

SUPPLEMENTARY MATERIAL

Supplementary Materials for “High Dimensional M-Estimation
with Missing Outcomes: A Semi-Parametric Framework” (.pdf file).
In the Supplementary Material (Appendices A-L), we collect several impor-
tant materials that could not be accommodated in the main manuscript,
including: discussions on the DR properties of our estimator (Appendix A),
properties of the nuisance function estimators (Appendix B; Theorems B.1-
B.3) and their proofs (Appendix L), additional numerical results (Appendix
C), supporting lemmas and a few related definitions (Appendix D), some
key technical discussions on the error terms (Appendix E), and the proofs of
all our main results (Lemma 2.1 in Appendix F, Theorem 3.1 in Appendix
G, Theorems 3.2-3.4 in Appendices H-J, and Theorem 4.1 in Appendix K).
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Organization. In this supplement (Appendices A-L), we collect several im-
portant materials that could not be accommodated in the main manuscript,
including: discussions on the DR properties of our estimator (Appendix A),
properties of the nuisance function estimators (Appendix B; Theorems B.1-
B.3) and their proofs (Appendix L), additional numerical results (Appendix
C), supporting lemmas and a few related definitions (Appendix D), some
key technical discussions on the error terms (Appendix E), and the proofs of
all our main results (Lemma 2.1 in Appendix F, Theorem 3.1 in Appendix
G, Theorems 3.2-3.4 in Appendices H-J, and Theorem 4.1 in Appendix K).

APPENDIX A: DOUBLE ROBUSTNESS OF THE DDR ESTIMATOR

Our probabilistic analysis of || T/« for establishing the convergence rate
of Oppr (in the light of Lemma 2.1) has so far assumed that both the nuisance
functions {m(-),m(-)} are correctly estimated via {7(-),m(-)} satisfying As-
sumptions 3.2-3.3. As noted in (2.2), the nature of the population DDR loss
Lppr(-) and the empirical version £7°%(-) is such that consistency of || Ty o
(and hence Oppr) should hold even if only one of {7(-),m(-)} is correct.

In this section, we briefly sketch the arguments that ensure consistency of
IT,||co even if only one of {w(-),m(-)} is correctly specified but not neces-
sarily both. The convergence rates underlying this consistency, while reason-
able, are not necessarily sharp, however. To obtain sharper rates (if possible
at all) under these general situations, one needs a more nuanced case-by-case
analysis which will depend now on the first order properties, rates and na-
ture of construction of the estimators, unlike the case when both estimators
are correctly specified and the results are first order insensitive (see Remark
3.1), i.e. require no specific knowledge about the estimators except for some
high-level convergence properties. This is true even for classical settings, and
the high dimensional setting here only lends further complexity and subtlety
to the issue. Considering the main goals and scope of this paper, we suppress
such finer analysis under those cases, for simplicity and brevity.
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Case 1. Suppose that 7(-) is misspecified, such that 7(x) 5 ™ (x) # 7(x)
following Assumption 3.2 with 7(-) therein replaced by a general 7*(-), while
m(+) is still correctly specified with m(x) 5 m(x) following Assumption 3.3.
In this case, the terms Ty, and T, , in the decomposition (3.1) of T, will
stay unaffected and their properties still governed by the results of Theorems
3.1 and 3.3 respectively, while the error terms T ,, and Ry, 5, involving 7(+)
would be affected and need to be appropriately analyzed as follows.

T 5, should be further decomposed into two terms as: Tr ,, = 'FIV‘,W—I—T*

where Ty, = ig {%(1;(2) - W*(T;(l) } {Y; — m(X;)} h(Xy)
and T, := % g {W*g(z) — W(J;Z(l) } {Y; — m(X;) } h(X;),
while Ry ,,, » should be decomposed further as: Ry, n = f{mm,n + R7 s
where Ry, = % Zzn; {ﬁ(?(z) - W*?}l{z) } {m(X;) —m(X;)} h(X;)
and RY,,, = ;2:; {W(TX) - - (j;i) } (M (X;) — m(X;)} h(X,).

Suppose Assumption 3.2 is modified appropriately with 7 (-) therein replaced
throughout by 7*(+), the true target function of 7(-) in this case, and assume
also that 7*(X) > % > 0 for some constant 07, and 7*(X)—7(X) is bounded
(or sub-Gaussian). Then, under Assumptions 1.1 and 3.1-3.3, using similar
arguments as those used in the proofs of Theorems 3.1-3.2 (for T}, ,, and T,

*
T,

~ log d . log d
[Trnlloo S vnr/Tolnd)\[ <55 and T2, S /<25 whp., and

R malloc S vnmvnm(logn) and |R: alle S vamy/logn w.hip.

respectively) and Theorem 3.4 (for ﬁmm,n and R ), it can be shown that

Case 2. Suppose m(-) is misspecified instead with m(x) 5 m (x) # m(x)
according to Assumption 3.3 with m(-) replaced by a general m*(-) therein,
while 7(+) is still correctly specified with 7(x) 5 m(x) following Assumption
3.2. In this case, the terms Ty, and T, , in the decomposition (3.1) of T,
stay unaffected and their properties still governed by the results of Theorems
3.1 and 3.2 respectively, while the error terms T,,, and Ry, , involving
m(-) would be affected and need to be appropriately analyzed as follows.
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T, » may be further decomposed into two terms as: T, ,, = ’T‘m n+Tr, s

n

where T, = %Z {F(j;(z) — 1} {m(X;) — m*(X;)} h(X,)

=1

n

and T, = ;;{W&) - (%) - (X} (X,

while Ry ;,, » should be decomposed further as: Ry, n = Rm n+ R7T s

where R;rn’n = 7112; {%\(T;(l) — 77(1;(1) } {m(X;) — m* (X))} h(X;)

w1 T T\ ik (X,
nd R o= -3 {2 = T b (00) - m(x) nexo)

Suppose Assumption 3.3 is modified appropriately whereby m(+) is replaced
throughout by m*(+), the true target function of m(-) in this case. Further,
assume also that m*(X) —m(X) is sub-Gaussian. Then, under Assumptions
1.1 and 3.1-3.3, using similar arguments as those in the proofs of Theorems
3.1 and 3.3 (for T}, , and Tmn respectively) and Theorem 3.4 (for Rmn

m,n

and R7",, ), it is not difficult to show that the following hold:
~ log d . logd
[Tmnlleo S vamyvlog(nd)\/—— and [T}, ,llec S - w.h.p., and

HR;rnnHOO S Unavam(logn) and [[RY, e S vnry/logn w.h.p.

Combining the results over the two cases, under a general setting allowing
for misspecification of either 7(-) or m(-), the terms in (3.1) therefore satisfy:

(A.1)
log

||T0,n||oo + HT + ||Tm,n”oo S {1 + 1(7r ,m*)#£(w,m) + 0(1)}

and [[Rampnlloc < {vnrlmezm) + vam (W*#r)}\/ log . + vy xVn,m (log n).

Hence, even under possible misspecification of one of the nuisance function
estimators, ||Ty, || is certainly op(1) and thus double robust (in terms of con-
sistency). Consequently, Oy is also double robust (in terms of consistency)
in the light of Lemma 2.1 for an appropriately chosen \,, > 2| T, ||cc = op(1)
as long as the corresponding the deviation bounds in (2.13) involving v/s\,
(for Ly consistency) and sy/),, (for L; consistency) are assumed to be o(1).
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It is important to note from (A.1) that under the misspecification of either
7(-) or m(-), at least one among || Tr |loc and || Ty, || is no longer a lower
order term, but instead contributes an extra term of order /(logd)/n, same
as the main term Ty ,, while the other one stays to be of lower order. More
importantly, however, the behavior of the product-type bias (or ‘drift’) term
R n changes dramatically! From being a lower order term involving the
products of the rates of 7(-) and m(-), it now involves the individual rates
themselves appearing as leading order terms in a complementary manner, i.e.
Un,m appears if 7(-) is misspecified and v, . appears if m(-) is misspecified.
This is mainly due to the unavoidable appearance of the additional terms
Ry . or RYY, ., and their control inevitably requires use of the first order
properties and rates of {7(-), m(-)}. In general, these rates are not necessarily
of faster (or even same) order than 4/ (logd)/n. In fact, they are quite likely
to be slower in most cases, especially if 7(-) and/or m(-) are obtained based
on non/semi-parametric models or high dimensional parametric models, in
all of which cases the convergence rates are typically slower than /(logd)/n.
__ Hence, under misspecification of 7(-) or m(-), the Ly convergence rate of
Oppr is likely to be slower than the usual benchmark rate of \/s(logd)/n. To
achieve estimators with faster rates, one needs to carefully incorporate fur-
ther bias corrections while constructing the estimator itself, given a choice of
{7(-), m(-)}. This is quite a challenging problem in high dimensional settings,
even for the simple case of mean (or ATE) estimation and with {7(-), m(-)}
obtained using standard high dimensional sparse parametric models. This
case has been considered only recently by Avagyan and Vansteelandt (2017)
and Smucler, Rotnitzky and Robins (2019), where the methods and the asso-
ciated analyses are evidently quite involved. We refer the interested reader to
these papers for further insights on the problem and the ensuing challenges
and nuances. However, given the scope of this paper, we do not delve further
into such analyses for brevity, especially since in our case, the parameter is
also high dimensional which leads to further complexity. Nevertheless, we do
empirically investigate in detail and validate the double robustness of Oppr
and @ppg in our simulation studies; see Appendix C.2 for the results.

APPENDIX B: RESULTS ON NUISANCE FUNCTION ESTIMATORS

B.1. Convergence Rates for ‘Extended’ Parametric Families. We
establish here tail bounds and convergence rates for estimators based on the
‘extended’ parametric families discussed in Sections 5.1-5.2. For notational
simplicity, we derive the results for a general outcome which may be as-
signed to be T for estimation of 7 (-), or TY for estimation of m(-). Let
(Z,X) denote a generic random vector where Z € R and X € R with sup-
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port X C RP. Consider an ‘extended’ parametric family of (working) models
for estimating E(Z|X) given by: g{3'¥(X)} where ¥(X) € RX is some vec-
tor of basis functions. Let By denote the ‘target’ parameter corresponding
to this working model and let B\ be any estimator of By based on any suit-
able procedure applied to the observed data: {Z;, X;}!" ;. Then, we estimate
E(Z|X = x) based on the working model as: g{3'¥(x)}. The result below
establishes a tail bound for this estimator w.r.t. its target g{B;¥(x)}.

THEOREM B.1. Suppose ,@ satisfies a basic high-level L1 error guarantee:
P(IB = Blli > an) < qn for some an,qn =0(1), an >0, g, € [0,1].

Suppose further that g(-) is Lipschitz continuous with |g(u)—g(v)| < Cylu—v|
Vu,v € R and that ¥(X) is uniformly bounded, i.e. maxi<j<k |W(;(X)| <
Cy < 00 a.s. [P], for some constants Cgq, Cg > 0. Then, for any t > 0,

P |sup 9{B"® (x)} — g{BHT(x)}| > (V2C,Cq)ant| < 2exp(—t?) + gu.

Theorem B.1 establishes a bound for the supremum which is much stronger
than what we need to verify our basic assumptions. Nevertheless, as a conse-
quence, it establishes that when one uses any of these ‘extended’ parametric
families for constructing {7(-), m(-)}, then the pointwise tail bounds required
in our basic Assumptions 3.2-3.3 hold with the choices of {vp r, Vpm} X ay,
and {¢n,x, gn,m} X gn. Further, as discussed in Sections 5.1 and 5.2, for most

common choices of B based on penalized estimators from high dimensional
models, the L; error rate a, should behave as: a,, x sg,+/(log K)/n w.h.p.

B.2. High Dimensional Single Index Models: Non-Asymptotic
Bounds and Rates for KS over Estimated Index Parameters. Here,
we study the properties of single index KS estimators involving high dimen-
sional covariates with the index parameter being (possibly) unknown and
estimated. The underlying high dimensionality and the non-ignorable index
estimation error makes the analyses nuanced and different from most exist-
ing results in the literature under classical settings. We consider both linear
kernel average estimators (e.g. density estimators) as well as ratio form esti-
mators (e.g. conditional mean estimators) and develop a non-asymptotic the-
ory that establishes concrete tail bounds and pointwise convergence rates for
such estimators. The results apply equally to both classical and high dimen-
sional regimes, and while obtained in course of characterizing our nuisance
function estimators’ properties, may also be useful in other applications and



40 A. CHAKRABORTTY, J. LU, T. T. CAT AND H. LI

should be of independent interest. We therefore present the results under a
generic framework and a set of notations independent of the main paper.

Let {(Z;,X;) :i=1,...,n} denote a sample of n > 2 i.i.d. realizations of
a generic random vector (Z, X) assumed to have finite 2"¢ moments, where
Z € R, X € RP with support X C RP and p > 1 is allowed to be high
dimensional compared to the sample size, i.e. p is allowed to diverge with n.

Let B8 € RP be any (unknown) ‘parameter’ of interest and let 3 denote any
reasonable estimator of 3 that satisfies a basic high-level Ly error guarantee:
(B.1)

P(IB — 8|1 > an) < gn for some ay,q, =o(1), a, >0, g, € [0,1].

(B.1) is a reasonable high-level requirement that should hold in most cases. It
is important to note that (B.1) is the only condition we require on {3, 3} for
all our results and nothing specific regarding their construction or properties.

Let W = Wp := X and W := B'X. For any x € RP, let wyx = wx g =
B'x and @, := @'x. For any w € R, let mg(w) := E(Z|W = w) and Ig(w) :=
mga(w) fa(w), where fg(-) denotes the density of W = 3'X. Finally, for any
x € X, let m(B,x) := mg(B'x), f(B,x) = fg(B'x) and (B, x) := Ig(F'x).

Given any estimator B of 3 satisfying (B.1), consider the following single
index KS estimators of I(3,x), f(3,x) and m(3,x) for any fivred x € X,

ca o1 ¢ BX;—Bx\ _ 1 ¢ W, — i
(B,x) = nh;ZZK<h = %ZZZK =)

h
=1
~ . i n ,/B\IXZ‘—B\/X ~ S L /\(B\7X)
f(B,x) = — i_1K<h > and m(8,x) = f(,@,x),

where K (-) : R — R denotes any suitable kernel function (e.g. the Gaussian
kernel) and h = h,, > 0 denotes the bandwidth sequence with h,, = o(1).
lA() and f() are both linear kernel average (LKA) estimators while m(-) is
a ratio type KS estimator. We obtain non-asymptotic tail bounds and (point-
wise) convergence rates for these estimators in Theorems B.2-B.3 below. The

Assumptions B.1-B.2 for these results are given separately in Appendix B.3.

THEOREM B.2 (Tail bounds for LKA estimators). Consider the estimator
lA(B\, x) of I(B,x). Assume (B.1) and Assumptions B.1-B.2 (in Appendiz B.3)
and that h = o(1), log(np)/(nh) = o(1) and (a,/h)\v/1ogp = o(1). Then, for
any fized x € X and any t > 0, with probability at least 1 —9 exp(—t?) — 2q,,

t+1 21 2
+ + 981 Loy h2+an+“—g+ og(np)
vnh nh h nh

1(B.x)—1(8,x)| < cl(
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for some constants C1,Co > 0 depending only on those in the assumptions.

Apart from an explicit tail bound, Theorem B.2 also establishes the con-
vergence rate of [(3,x) to be O(nh_% + h? + ay, + a2h™2) which quantifies
the additional price one pays for estimating the high dimensional index pa-
rameter 3 apart from the error rate of a standard one dimensional KS. This
is highlighted through all the terms in the bound involving the L error rate
an of ,@ For a given a,, one can also optimize the choice of h = O(n™%) over
a > 0 by minimizing the convergence rate above whose terms behave differ-
ently with h, similar to a variance-bias tradeoff phenomenon typically ob-
served in KS regression. We skip these technical discussions here for brevity.

THEOREM B.3 (Tail bounds for ratio type KS estimators).  Consider the
ratio type KS estimator m(3,x) of m(B,x) and assume that |m(8,x)| < o,
and f(B,x) > ¢ > 0 for some constants 0y,,07 > 0. For any t > 0, define:

t+1 t2/logn 9 a2 log(np)
b,, where b, :==h n+—=
— +Cs s +Cs where +a,+ 2 + "

and C1,Cq,Cs > 0 are the same as in Theorem B.2. Assume (B.1), Assump-
tions B.1-B.2 (in Appendiz B.3) and that h = o(1), log(np)/(nh) = o(1),
(an/h)V1ogp = o(1) and b, = o(1). Then, for any fired x € X and any
t,te > 0 with t, further assumed w.l.o.g. to satisfy €,(ts) < 07/2 < 65, we
have: with probability at least 1 — 18 exp(—t?) — 9exp(—t2) — 6¢y,

2(1 4+ 6, t+1 3 /1
2(1+0m) )en(t) < i + og
(Sf vnh nh

where ‘S’ denotes inequality upto multiplicative contants (possibly depending
on those introduced in the assumptions). In particular, assuming further that
{log(np)logn}/(nh) = o(1) and choosing t = t. = c\/lognp for any ¢ > 0
(assuming w.l.o.g. the chosen t, satisfies the required condition), we have:

(B, x) —m(B,x)| S (c+1) bgmm(m W)m

~ nh

en(t) == C1

(B, x) = m(B.x)| < + bn,

< ¢ log(np)

W + b, with probability at least 1 — 27(np)_c2 — 64y,
n

Theorem B.3 establishes explicit tail bounds and convergence rates for the
ratio-type KS estimator m(3, x). As a consequence, it also verifies our basic
Assumption 3.3 regarding m(-) when one chooses to estimate it using SIMs.
In particular, in view of Remark 3.3, it establishes that the tail bound (3.7)



42 A. CHAKRABORTTY, J. LU, T. T. CAT AND H. LI

holds with the choices vy, o< \/log(np)/(nh) + by, and g m < (np)~¢ + ¢n,
for some ¢ > 0, with b, and ¢, as above. Finally, as discussed in Sections
5.1 and 5.2, for most common choices of the estimator 3, the L; error rate

a, is expected to behave as: a,, «x sgy/(logp)/n w.h.p., where sg := ||3|o.

B.3. Assumptions for Theorems B.2 and B.3. We summarize here
the smoothness and regularity assumptions required for Theorems B.2-B.3.

AssumpPTION B.1 (Standard smoothness assumptions and conditions on
K () and the tail behavior of Z). We assume the following conditions.

(a) Z is sub-Gaussian with || Z|y, < oz for some constant oz > 0.

(b) K(-)is bounded and integrable with || K(-)[cc < Mg and [p |K(u)|du <
Ck for some constants Mg, Ck > 0.

(c) Let m(;) (w) :=E{Z%| X = w} for any w € R. Then, m(;) (w) fa(w) is
bounded in w € R and HWL(;)()J”,@()HOO < By for some constant By > 0.

(d) K(-) is a second order kernel satisfying: [, K(u)d(u) =1, [, uK (u)du =
0 and [ u?|K(u)ldu < Rg < oo for some constant Rx > 0. lg(-) =
mg(-)fg(+) is twice continuously differentiable with bounded second
derivatives lg() satisfying: Hl;()”oo < By for some constant By > 0.

AssuMPTION B.2 (Further conditions on K (-) and other assumptions to
account for the estimation error of 8).  We also assume the following.

(a) K(-) is continuously differentiable with a bounded and integrable deriva-
tive K'(-) satisfying ||K'(-)||cc < Mg and [p |K'(u)|du < Cg for some
constants My, Ckr > 0. Further, K(u) — 0 as u — 0o or u — —00.

(b) Let ng(w) :=E(ZX|B'X = w) fg(w) for any w € R, and let ng;(-) de-
note the j* coordinate of ng(-) for j = 1,..., d. Then, for each j, N[ (+)
is continuously differentiable with derivative 7723[3‘] (+) that is bounded uni-
formly in j = 1,...,d. Further, [g(-) is also continuously differentiable
with a bounded derivative lj5(-). Thus, maxi<j<q “7723[]-](‘)”00 < B} and
115(+)llc < B3 for some constants By, B; > 0.

(¢) K'(-) satisfies a ‘local’ Lipschitz property as follows. There exists a con-
stant L > 0 such that for all u,v € R with [u—v| < L, |[K'(u) — K'(v)| <
©(u)|u—v| for some bounded and integrable function ¢(-) : R — R™ with
l()|loo < M, and [ p(u)du < C,, for some constants M, Cy, > 0.

(d) X is bounded, i.c. |X||so < Mx a.s. [P] for some constant Mx > 0, and 3
satisfies the high-level guarantee (B.1). Further, we assume a,,/h = o(1)
and 2Mx (a,/h) < L, where L is as in (c) above and a,, is as in (B.1).
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Most of the smoothness assumptions and the conditions on K(-) in As-
sumptions B.1 and B.2 are fairly mild and standard in the non-parametric
statistics literature. Similar or equivalent versions of these assumptions can
be found in a variety of references including Newey and McFadden (1994);
Andrews (1995); Masry (1996) and Hansen (2008), among others.

Assumption B.2 (c¢) imposes a ‘local’ Lipschitz property of sorts on K'(-),
where the Lipschitz ‘constant’ is a bounded function that also decays quickly
enough to be integrable. This is satisfied by the Gaussian kernel in particular.
In general, it holds for any K (-) where K'(-) has a compact support and is
Lipschitz continuous, or K'(-) is differentiable with a bounded derivative
K"(-) that has a polynomially integrable tail, i.e. |K”(u)| < |u|~” for some
p > 1and all u € R such that |u| > L* for some L* > 0 (see Hansen (2008)).

Finally, the boundedness assumption on X is mostly for the simplicity
of our exposition. With appropriate modifications in the proofs, this can be
relaxed to allow for more general tail behaviors of X (e.g. X is sub-Gaussian),
although the corresponding technical analyses can be more involved.

APPENDIX C: SUPPLEMENTARY NUMERICAL RESULTS

C.1. Simulation Setting: Technical Details. We summarize here a
few relevant details regarding our simulation studies, including in particular,
the parameter choices for all the DGPs, along with other technical details
of the implementations. The DGP parameters are specified as follows.

(a) For the DGPs of T'|X, we set ap = 0.5, and chose a and a* as follows.
(i) When p = 50, we set ||afjo = 5 and ||a*||o = 2 with:
a=1/V5(1,-1,0.5,-0.5,0.5,0,_5),
o = (0.25,—0.25,0,_5).

(ii) When p = 500, we set ||a|o = 10 and ||a*|o = 4 with:
o = 1/\/ 10(13, *12, 0.52, *0.53, Opflo),
a* = (0.252, —0.252, Op_4).

Note that in both sets of choices, a is normalized by +/||a]|o to ensure
that the likelihood of 7(X) being too close to 0 or 1 is small, in practice.

b) For the DGPs of Y|X, we set 79 = 1, and chose v and ~* as follows.
( gl 7 and 7
(i) When p = 50, we set ||7v]jo = 10 and ||v*||o = 5 with:

Y= (137 _127 0‘527 _0'537 0p—10)7
~* = (1,-1,0.5,0.5,—0.5,0,_5).
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(i) When p = 500, we set ||7v|lo = 20, ||7v*||o = 5 with:

v = (13, —15,0.55, —0.55,0.252, —0.253, 0, ),
~* = (1,-1,0.5,0.5,—0.5,0,_5).

In addition, for the SIM DGPs, we set cp = 0.2 and cy = 0.3/1/Anaz (X)),
where Az (X)) is the largest eigenvalue of the matrix X,. Throughout, in
the above, we have used the notation a4 := (a,a,...,a) € ]Rd for any a € R.
Lastly, for implementing Obor and the assomated CIS we choose Q as 271
when p < n, or as the Nodewise Lasso estimator otherwise (see Section 4).

The sample splitting and cross-fitting required for our estimator was per-
formed with K = 2 folds. The tuning parameter for any penalized logistic
regression involved in obtaining 7(-) was chosen via minimizing the Bayes
Information Criteria (BIC), and that for any penalized linear regression in-
volved in obtaining m/(-) was chosen via 10-fold least squares cross validation.
The bandwidth in the kernel smoothing required for fitting any SIM was cho-
sen based on least square cross-validation, as suggested in the ‘np’ package
in R. All codes were implemented in R and are available upon request.

C.2. Investigating Double Robustness of the DDR Estimator
and Performance of the Complete Case Estimator. We present here
a large sample analysis of one of our simulation settings, with n = 50000, p =
50 or 500, and the true DGP for {n(-),m(:)} chosen to be “quad-quad” for
illustration. We study the asymptotic properties of our estimators §DDR and
Oppr, specifically, their DR properties (for both estimation and inference),
whereby they should remain consistent when at least one of the two nuisance
estimators 7(-) and m(-) is correctly specified, but not necessarily both. In
addition, apart from the oracle estimators 00mc and O full, We also implement
the complete case (CC) estimator, OCC, obtained via a simple Lasso of Y vs.
X in the complete case data (i.e. samples with 7" = 1), in order to investigate
its estimation performance. This estimator is expected to be consistent only
when the true DGP for Y| X is linear which, by choice, is not the case here.

The results are presented separately for p = 50 and 500 in Tables C.1 and
C.2 respectively. Tables C.1(a) and C.2(a) summarize the Lo estimation error
comparison for all the estimators, while Tables C.1(b) and C.2(b) provide all
the inference related results based on @ppr. The results, for both esﬁimation
and inference, and for each p, clearly validate the DR properties of Oppr and
Obpr- Whgnever both working nuisance models are correct, the achieved Lo
errors of Oppr are very close to those of the oracle estimators. In addition,
whenever m(+) is correct, the results are similar (and near optimal) regardless
of 7(+), which is consistent with the results for n = 1000. Further, when only
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Table C.1 A large sample analysis of the performance of all estimators with

n = 50000, 8, = I,, DGP for {r(-),

combinations of the nuisance estimators {7(-),

m(-)} = “Quad-quad”, and using various

m(-)}. Table (a): Comparison

of the Lo errors of BDDR, Oomc, Hfu” and the CC estimator OCC Table (b):
Average (A-CovP) and median (M-CovP) of the empirical CovPs for the
95% CIs of 8 obtained via @ppg, as well as the average lengths of these Cls,
all reported separately for the truly zero and non-zero coefficients of 6.

(I) p = 50.
(a) Comparison of Ly errors for the estimators.

Working nuisance model OpDpR Oorac Ot 0.

7 Tinear 7: logit 0.460 (0.026) 0.072 (0.011) 0.069 (0.01) 0.528 (0.021)
’ 7: quad 0.204 (0.137)  0.072 (0.011) 0.069 (0.01) 0.528 (0.021)

e quad 7: logit 0.071 (0.010) 0.072 (0.011) 0.069 (0.01) 0.528 (0.021)
’ 7: quad 0.072 (0.011)  0.072 (0.011) 0.069 (0.01) 0.528 (0.021)

e SIM 7: logit 0.323 (0.019) 0.072 (0.011) 0.069 (0.01) 0.528 (0.021)
’ 7: quad 0.175 (0.079)  0.072 (0.011) 0.069 (0.01) 0.528 (0.021)

(b) Average (and median) CovPs and lengths of the CIs from @ppg.

Working nuisance model

Zero coefficients

Non-zero coefficients

A-CovP  M-CovP  Length | A-CovP  M-CovP  Length

T/r\LZ linear 7?! logit 0.94()‘03 (0.95()‘03) 0406[) 0.680,39 (0.840,19) 0.07()‘02
I quad 0.96¢.02 (0.960401) 0.12¢ 0.96¢.02 (0.960,03) 0.140.08

T/fL: quad %1 lOgit 0.94()‘03 (0.95()‘02) 0.050 0.930,03 (0.950,01) 0.05001
I quad 0.940.03 (0.950403) 0.05¢ 0.940.02 (0.95(),01) 0.050.01

ﬁ%: SIM %Z lOgit 0.94()‘03 (0.94()‘01) 0.060 0.800,19 (0.88013) 0.07001
7: quad 0.950.02 (0.950.03)  0.100 0.950.02  (0.950.02) 0.120.06

Table C.2 See caption of Table C.1. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) Comparison of Lo errors for the estimators.

Working nuisance model Opbpr Oorac 0tun 0.
7 linear 7: logit 0.297 (0.017)  0.178 (0.009) 0.173 (0.007) 0.325 (0.018)
m: quad 0.282 (0.113) 0.178 (0.009) 0.173 (0.007) 0.325 (0.018)
e quad 7: logit 0.177 (0.008) 0.178 (0.009) 0.173 (0.007) 0.325 (0.018)
m: quad 0.180 (0.01)  0.178 (0.009) 0.173 (0.007) 0.325 (0.018)
e SIM 7: logit 0.407 (0.022) 0.178 (0.009) 0.173 (0.007) 0.325 (0.018)
’ m: quad 0.294 (0.045) 0.178 (0.009) 0.173 (0.007) 0.325 (0.018)

(b) Average (and median) CovPs and lengths of the Cls from Oppr.

Working nuisance model

Zero coefficients

Non-zero coefficients

A-CovP  M-CovP  Length | A-CovP  M-CovP  Length

f)\’),: linear ?l'\i lOgit 0.950_02 (0.950 03) 0.070 0.780_32 (0.940_04) 0.070_01
%1 quad 0.95()‘()2 (0.960 01) 04090 0.940,04 (0.960,03) 0.10()‘03

T/fL: quad i: logit 0.950_02 (0.950 ()1) 0.050 0.940_02 (0.940_02) 0.050_01
T quad 0.95()‘02 (0.95()‘01) 0.050 0.940,02 (0.940,02) 0.05001

ﬁl: SHVi ;l'\: 10git 0.950,02 (0.950 ()3) 0.080 0.750,33 (0.940,05) 0.090,01
%Z quad 0.95()‘02 (0.950 01) 0.080 0.880,12 (0.92004) 0.09()‘02
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7(+) is correct, the Lo errors are still smaller than when both are misspecified
but cannot reach the same level as the correctly specified case, showing that
consistency still holds but possibly at a slower convergence rate, as discussed
in Appendix A. Finally, when both are misspecified, the Ly errors of é\DDR
are much higher, indicating its inconsistency, as expected. On the same vein,
the last columns of Tables C.1(a) and C.2(a) show that the Ly errors of O,
are also quite high (and different from the oracles) even at this sample size,
thereby clearly showing that it is inconsistent, as expected under a non-linear
DGP for Y| X, and hence, is unsuitable as a general estimator of 6.

As regards the inference results, across all settings, the CovPs for the zero
coefficients of @y are always close to the expected 95% level, similar to the
results for n = 1000. For the non-zero coefficients, the results for both p = 50
and 500 now demonstrate a clear pattern, whereby they are close to 95% as
soon as at least one of {7(:), m(-)} is correct, and considerably lower when
both are misspecified (indicating inconsistency). This therefore validates the
DR property, even for y/n-rate inference via Oppg. It is interesting to note
that while our theoretical results on Oppr do require both {7(:),m(:)} to be
correct, the empirical results seem to be quite robust in this regard, achieving
95% CovPs in large samples via y/n-rate CIs whenever at least one, but not
necessarily both, working nuisance model is correct. Finally, the lengths of
the CIs also seem to be small across all settings, thus indicating consistency.
However, for the cases where only one of 7(-) and m(+) is correct, especially
the former, the CIs have the desired CovPs but are wider than those obtained
when both are correct (possibly due to larger biases in variance estimation).

C.3. Simulation Results for Non-Identity Covariance Matrices.
We present here additional simulation results for cases when X,,, the covari-
ance matrix of X, corresponds to other correlation structures (possibly not
sparse), specifically ¥, = AR1 (autoregressive) or CS (compund symmetry).

When ¥, = AR1, the results (for both estimation and inference, and for
p = 50 and 500) are presented in Tables C.3, C.4, C.5 and C.6. Overall, the
results are fairly consistent with those for the case when 3, = I, (identity
matrix). The estimation errors as well as the inference results are quite close
for both choices of X,,, thereby drawing similar conclusions as discussed in
Section 6.3. This is also possibly because the AR1 matrix with a relatively
small p = 0.2 is fairly close to the identity matrix I,,. Laslty, we also note that
in Table C.4(c), the estimation errors for the “m: SIM” case are interestingly
slightly better than the oracles. This, however, is not the case in general.

For ¥, = CS, the corresponding results are given in Tables C.7 and C.9
for p = 50, and Tables C.8 and C.10 for p = 500. Note that the CS matrix
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Table C.3 Average Lo errors of §DDR7 obtained via various combinations
of the nuisance estimators {7(-), ()}, and those of the oracle estimators
0orac and Oy, for n = 1000, 3, = AR1 and all 3 choices of the true DGPs.

(I) p = 50.

(a) DGP: “Linear-linear” for 7(-) and m(-).

Working nuisance model OpDR Oorac Ot
7 linear 7: logit 0.222 (0.038) 0.223 (0.038) 0.169 (0.028)
m: quad 0.222 (0.038)  0.223 (0.038) 0.169 (0.028)
7 quad 7: logit 0.224 (0.038) 0.223 (0.038) 0.169 (0.028)
' m: quad 0.223 (0.038)  0.223 (0.038)  0.169 (0.028)
A SIM 7: logit 0.222 (0.038) 0.223 (0.038) 0.169 (0.028)
' m: quad 0.222 (0.038)  0.223 (0.038) 0.169 (0.028)

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model Oppr Oorac 0 s
7 linear 7: logit 0.664 (0.107)  0.469 (0.075) 0.445 (0.074)
' m: quad 0.625 (0.104) 0.469 (0.075) 0.445 (0.074)
e quad 7 logit 0.464 (0.075)  0.469 (0.075)  0.445 (0.074)
' 7 quad 0.464 (0.075) 0.469 (0.075) 0.445 (0.074)
7 SIM 7 logit 0.671 (0.109) 0.469 (0.075) 0.445 (0.074)
) 7 quad 0.631 (0.106)  0.469 (0.075) 0.445 (0.074)

(c) DGP: “SIM-SIM” for 7(-) and m(-).

Working nuisance model OpDR Oorac Oruu
7 linear 7 logit 0.569 (0.127 ) 0.478 (0.112)  0.459 (0.109)
m: quad 0.567 (0.127)  0.478 (0.112)  0.459 (0.109)
e quad 7: logit 0.562 (0.126) 0.478 (0.112)  0.459 (0.109)
) m: quad 0.562 (0.126)  0.478 (0.112)  0.459 (0.109)
e SIM 7 logit 0.499 (0.119) 0.478 (0.112) 0.459 (0.109)
’ 7 quad 0.498 (0.120) 0.478 (0.112)  0.459 (0.109)

(and its inverse) is not sparse, so that the nodewise Lasso estimator of € is
not theoretically guaranteed to work when p = 500. Nevertheless, the general
pattern of the results stay the same as for ¥ = I, or AR1, indicating that
our procedures are fairly robust to the underlying correlation structure of
X, as well as to the degree of sparsity of €2, in high dimensional settings.

APPENDIX D: TECHNICAL TOOLS

We collect here some useful definitions and supporting lemmas that serve
throughout as key technical ingredients in the proofs of all our main results.
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Table C.4 See caption of Table C.3. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) DGP: “Linear-linear” for 7(-) and m(-).
Working nuisance model Oppr O0.rac Oruu
7 Tinear 7: logit 0.420 (0.045) 0.401 (0.043) 0.295 (0.029)
m: quad 0.419 (0.044) 0.401 (0.043)  0.295 (0.029)
1 quad 7: logit 0.430 (0.046) 0.401 (0.043) 0.295 (0.029)
' m: quad 0.430 (0.046)  0.401 (0.043)  0.295 (0.029)
7 SIM 7: logit 0.409 (0.044) 0.401 (0.043)  0.295 (0.029)
' m: quad 0.408 (0.044) 0.401 (0.043)  0.295 (0.029)
(b) DGP: “Quad-quad” for w(-) and m(-).
Working nuisance model Oppr Oorac 01w
7 linear 7 logit 1.060 (0.112) 0.797 (0.084) 0.743 (0.077)
' 7 quad 1.049 (0.109) 0.797 (0.084) 0.743 (0.077)
e quad 7 logit 0.814 (0.083) 0.797 (0.084) 0.743 (0.077)
' 7 quad 0.814 (0.083) 0.797 (0.084) 0.743 (0.077)
7 SIM 7 logit 1.050 (0.110)  0.797 (0.084) 0.743 (0.077)
' 7 quad 1.038 (0.109)  0.797 (0.084) 0.743 (0.077)
(c) DGP: “SIM-SIM” for m(-) and m(-).
Working nuisance model OpDR Oorac O¢uu
7 Tinear 7: logit 1.026 (0.166) 1.001 (0.153) 0.974 (0.151)
' T quad 1.016 (0.159) 1.001 (0.153) 0.974 (0.151)
1 quad 7: logit 1.029 (0.162) 1.001 (0.153) 0.974 (0.151)
' m: quad 1.019 (0.157)  1.001 (0.153) 0.974 (0.151)
A SIM 7: logit 0.961 (0.162) 1.001 (0.153) 0.974 (0.151)
’ m: quad 0.952 (0.158)  1.001 (0.153)  0.974 (0.151)
D.1. Orlicz Norms, Sub-Gaussians and Sub-Exponentials. We

first introduce a few definitions and results regarding concentration bounds.

DEFINITION D.1 (Orlicz norms).

For any a > 0, let 1,(-) denote the

function given by: ¢, (z) = exp(z®) — 1 V © > 0. Then, for any random
variable X and any a > 0, the ¥-Orlicz norm || X ||y, of X is defined as:

1 Xl =

inf {¢ > 0: E{¢o(|X|/c)} < 1},

and X is said to have a finite 1)-Orlicz norm, denoted as || X[y, < oo (if
the set above is empty, then the infimum is simply defined to be oo).

For a random vector X € R? (d > 1), we define X to have finite ,-Orlicz
norm if each coordinate of X does and we let || X[|y,, 1= maxi<j<q | X /|y,
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Table C.5 Average (A-CovP) and median (M-CovP) of the empirical cover-
age probabilities (CovPs) for the (coordinatewise) 95% Cls of 6 obtained via
Oppr (based on various combinations of the nuisance estimators {7(-), m(-)})
for n = 1000, 3, = AR1 and all three choices of the true DGPs. Shown also
are the corresponding average lengths of these Cls. All values are reported
separately for the truly zero and non-zero coefficients of 8y (see Section 6.2).

(I) p=50.
(a) DGP: “Linear-linear” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
7 linear I logit 0.940.01 (O 94,. 01) 0.17¢ 0.940.01 (0.940,02) 0.170
5T\Z quad 0.940,01 (O 940 01) 0170 0.940,01 (0.940,02) 0170
m_ quad 7’1:1 logit 0.940,01 (O 940 01) 0.170 0.94()‘()1 (0.940,02) 0.170
’ 7’1:2 quad 0.940,01 (O 940 01) 0.170 0.94001 (0.950,02) 0.170
meso T losit 0.940.01  (0.940.01) 0.170 | 0.940.01  (0.940.01)  0.17¢
5T\Z quad 0.940,01 (O 940,01) 0170 0.940,01 (0.940,01) 0170
(b) DGP: “Quad-quad” for 7(-) and m(-).
Working nuisance model Zero coeflicients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP M-CovP  Length
m: linear m: logit 0.940.01  (0.940.01)  0.42 0.890.14  (0.940.02) 0.470.08
51'\: quad 0.940,01 (0.940,01) 0.420 0.900,12 (0.940,02) 0.470,07
#: quad I logit 0.940.01 (0.94()‘()1) 0.34¢ 0.950.01 (0.950,01) 0.380.05
7 quad 0.940.01 (0.940.01) 0.34¢ 0.940.01 (0.940.01)  0.380.05
7: SIM 7?: lOgit 0.94()‘01 (0.94()‘01) 04420 0.89(],14 (0.940,01) 0.47()‘07
: I quad 0.940.01 (0.940401) 0.42¢ 0.90¢.12 (0.940,02) 0.470.07
(c) DGP: “SIM-SIM” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
m: linear 7: logit 0.950.01  (0.950.01) 0.430 0.940.01  (0.940.01) 0.480.03
I quad 0.950.01 (0.940,01) 0.43¢ 0.940.01 (0.940,01) 0.480.03
oy quad 7?! logit 0.95()‘01 (0.95()‘01) 0442[) 0.940,01 (0.940,01) 0.47()‘03
’ 7 quad 0.950.01 (0.950401) 0.42¢ 0.94¢.01 (0.940,01) 0.470.03
T/fl' SIM %1 lOgit 0.95()‘01 (0.95()‘01) 0.370 0.940,01 (0.950,01) 0.41()‘02
’ 7 quad 0.950.01 (0.95¢.01) 0.379 0.940.01 (0.950.01) 0.410.02

A random variable (or random vector) is said to be sub-Gaussian or sub-
exponential if it has finite 1),-Orlicz norm with o = 2 or a = 1 respectively.

Note that sub-Gaussians and sub-exponentials also possess other alterna-
tive definitions in terms of tail bounds, moment bounds or moment generat-
ing functions that are standard in the literature. All these definitions may be
shown to be equivalent, upto constant factors in the parameters, to the one
above. The 1,-Orlicz norms are more general norms allowing for any a > 0
(not just 1 or 2), and hence, weaker tail behaviors. It is also worth noting
that a bounded random variable X has || X, < oo for any a € (0, oo].



50 A. CHAKRABORTTY, J. LU, T. T. CAT AND H. LI

Table C.6 See caption of Table C.5. (Only change: p = 500 instead of 50)

(II) p = 500.
(a) DGP: “Linear-linear” for 7(-) and m(-).

Working nuisance model

Zero coefficients

Non-zero coefficients

A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
'ﬁ\l' linear 71'\: 10git 0.950_01 (0.950_01) 0.170 0.910_02 (0.910_01) 0.170
' %Z quad 0.950_01 (0.950_01) 0.170 0.910_02 (0.910_01) 0.170
i quad I logit 0.95¢.01 (0.950,01) 0.17¢ 0.91¢.02 (0.910,02) 0.17¢
’ I quad 0.95¢.01 (0.950,01) 0.17¢ 0.91¢.02 (0.910,02) 0.17¢
'ﬁ\l' SIM 71'\1 logit 0.950_01 (0.950_01) 0.160 0.910_01 (0.910_01) 0.170
' %Z quad 0.950_01 (0.950_01) 0.160 0.910_01 (0.910_02) 0.170

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model

Zero coefficients

Non-zero coefficients

A-CovP  M-CovP  Length | A-CovP M-CovP  Length

m: linear m: logit 0.950.01  (0.950.01) 0.440 0.920.03  (0.930.02) 0.460.07
T quad 0.950.01 (0.950_01) 0.430 0.919.03 (0.920_02) 0.460.06

P quad i: logit 0.950.01 (0.950,01) 0.339 0.920.02 (0.920,02) 0.350.04
e quad 0.950_01 (0.950_01) 0.330 0.920_02 (0.920_02) 0.350_04

ﬁl: SIM 51'\: lOgit O~950.01 (0~950.01) 0.440 0.910,03 (0.920,02) 0.460,07
;l'\: quad 0.950,01 (0.950,01) 0.430 0.910,03 (0.910,02) 0.460,05

(c) DGP: “SIM-SIM” for 7(-) and m(-).

Working nuisance model

Zero coefficients

Non-zero coefficients

A-CovP  M-CovP  Length | A-CovP  M-CovP  Length

ﬁl; linear T lOglt 0'950-01 (0'950-01) 0520 0.880,04 (0-880.04) 0.550,03
51'\: quad 0.950,01 (0.950,01) 0.520 0.870_04 (0.870_04) 0.550,03

#: quad i: logit 0.950.01 (0.950,01) 0.52¢ 0.880.03 (0.880,03) 0.550.03
e quad 0.950,01 (0.950,01) 0.520 0.880,03 (0.880,04) 0.550,03

7 SIM I logit 0.950.01 (0.950401) 0.48¢ 0.930.01 (0.940,01) 0.51¢.03
7 quad 0.950.01 (0.950.01) 0.48¢ 0.930.01 (0.940.01) 0.510.03

D.2. Properties of Orlicz Norms and
We enlist here some useful general properties of Orlicz norms along with a
few specific ones for sub-Gaussians and sub-exponentials. These are all quite
well known and routinely used. Their statements (possibly with slightly dif-
ferent constants) and proofs can be found in several relevant references, in-
cluding Van der Vaart and Wellner (1996); Pollard (2015); Vershynin (2012,
2018); Rigollet and Hiitter (2017) and Wainwright (2019) among others. We
therefore skip their proofs here for the sake of brevity.

Concentration Bounds.

LEMMA D.1 (General properties of Orlicz norms, sub-Gaussians and sub—
exponentials). Let X,Y denote generic random variables and let p := E(X).

(i) (Basic properties). Fora > 1, |- ||y, is a norm satisfying: (a) || X ||y, >
0 and || Xy, =0 X =0 a.s., (b) ||cX|y, = |c|[|X||p. ¥V c€R and
X o = 1 X e and (€) | X + Y [l <X + 1Y [l -
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Table C.7 Average Lo errors of éDDR, obtained via various combinatiop\s of
the nuisance estimators {7 (-), m(-)}, and those of the oracle estimators Oorqc
and 6,, for n = 1000, 3, = CS and all three choices of the true DGPs.

(1) p = 50.
(a) DGP: “Linear-linear” for () and m(-).

Working nuisance model Oppr Oorac 0¢un
7 linear 7: logit 0.245 (0.039) 0.247 (0.04) 0.185 (0.03)
' 7 quad 0.245 (0.038) 0.247 (0.04) 0.185 (0.03)
i quad 7: logit 0.248 (0.039) 0.247 (0.04) 0.185 (0.03)
' 7 quad 0.247 (0.039) 0.247 (0.04) 0.185 (0.03)
7 STM 7: logit 0.246 (0.039) 0.247 (0.04) 0.185 (0.03)
' m: quad 0.246 (0.038) 0.247 (0.04) 0.185 (0.03)

(b) DGP: “Quad-quad” for 7(-) and m(-).

Working nuisance model OpDR Oorac Oruu
7 linear 7: logit 0.701 (0.126) 0.513 (0.088)  0.483 (0.083)
) m: quad 0.657 (0.118) 0.513 (0.088)  0.483 (0.083)
e quad 7: logit 0.509 (0.087) 0.513 (0.088) 0.483 (0.083)
' m: quad 0.509 (0.088) 0.513 (0.088) 0.483 (0.083)
7 SIM 7 logit 0.704 (0.126) 0.513 (0.088) 0.483 (0.083)
' 7 quad 0.662 (0.119) 0.513 (0.088) 0.483 (0.083)

(c) DGP: “SIM-SIM” for m(-) and m(-).

Working nuisance model OpDR Ourac Ot
7 linear m: logit 0.284 (0.052)  0.272 (0.047)  0.224 (0.042)
7 quad 0.282 (0.052)  0.272 (0.047)  0.224 (0.042)
e quad 7: logit 0.287 (0.052)  0.272 (0.047)  0.224 (0.042)
' 7 quad 0.285 (0.052)  0.272 (0.047)  0.224 (0.042)
7. STM 7: logit 0.275 (0.048) 0.272 (0.047) 0.224 (0.042)
’ 7 quad 0.274 (0.048) 0.272 (0.047)  0.224 (0.042)

(ii) (Monotonicities). (a) For any 0 < a < 8, (log2)"/*|| Xy, < (log2)'/?
1Xlly, - (b) For any a > 0, [IX|%ly, < IX]5, . () IfIX] < V] as.
then || X ||y < 1Y |lpe Vo> 0. (d) If X is bounded, i.e. | X| < M a.s.
for some constant M, then || X ||y, < (log2)~Y*M for each o € (0,00].

(tit) (Tail bounds and equivalences). (a) If || X||y, < o, then P(|X]| >¢€) <
2exp(—€e* /oY) Ve > 0. (b) Conversely if P(|X]| > €) < Cexp(—e*/o®)
Ve >0, for some (C,0,a) >0, then || X ||y, < o(1+C/2)Ve.

() (Moment bounds). If || X ||y, < o for some (a,0) > 0, then E(|X|™) <
C’&”ammm/a V'm > 1, for some constant C,, depending only on «. (A



52

A. CHAKRABORTTY, J. LU, T. T. CAT AND H. LI

Table C.8 See caption of Table C.7. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) DGP: “Linear-linear” for 7(-) and m(-).

Working nuisance model Oppr O0.rac Oruu
7 Tinear 7: logit 0.492 (0.055) 0.466 (0.050) 0.350 (0.032)
m: quad 0.492 (0.055)  0.466 (0.050)  0.350 (0.032)
1 quad 7: logit 0.509 (0.059) 0.466 (0.050) 0.350 (0.032)
' m: quad 0.508 (0.059) 0.466 (0.050)  0.350 (0.032)
7 SIM 7: logit 0.483 (0.053)  0.466 (0.050)  0.350 (0.032)
' m: quad 0.483 (0.053)  0.466 (0.050)  0.350 (0.032)

(b) DGP: “Quad-quad” for w(-) and m(-).

Working nuisance model Oppr Oorac 01w
7 linoar 7 logit 1.245 (0.131)  0.949 (0.094) 0.890 (0.087)
7 quad 1.236 (0.130)  0.949 (0.094) 0.890 (0.087)
e quad 7 logit 0.972 (0.100)  0.949 (0.094) 0.890 (0.087)
' 7 quad 0.973 (0.100)  0.949 (0.094) 0.890 (0.087)
7 SIM 7 logit 1.251 (0.128)  0.949 (0.094) 0.890 (0.087)
' 7 quad 1.240 (0.128)  0.949 (0.094) 0.890 (0.087)

(c) DGP: “SIM-SIM” for m(-) and m(-).

Working nuisance model OpDR Oorac O¢uu
7 Tinear 7: logit 0.460 (0.055) 0.463 (0.051) 0.364 (0.036)
' T quad 0.458 (0.055)  0.463 (0.051) 0.364 (0.036)
1 quad 7: logit 0.473 (0.057) 0.463 (0.051) 0.364 (0.036)
' m: quad 0.472 (0.057)  0.463 (0.051) 0.364 (0.036)
A SIM 7: logit 0.466 (0.054) 0.463 (0.051) 0.364 (0.036)
’ m: quad 0.465 (0.054)  0.463 (0.051) 0.364 (0.036)

converse also holds although not presented here). In particular,

(a) If || X|ly, < o, then for each m > 1, E(|X|™) < o™m! < o™m™.

(b) If | X ||y, < o, then E(|X|™) < 20™T'(m/2+ 1) V. m > 1, where
L(a) := [,° 2 texp(—z)dx ¥V a > 0 denotes the Gamma function.
Hence, E(|X|) < o/7 and BE(|X|™) < 20™(m/2)"™/? ¥ m > 2.

(Holder-type inequality for the Orlicz norm of products). For any
a,B >0, lety:= (a '+ Then, for any X,Y with || X ||y, < oo
and |[Yl[y, < oo, [|[XY|ly, < oo and | XY [y, < || Xy 1Y |ly,- In par-
ticular, if X andY are sub-Gaussian, then XY is sub-exponential and
| XY |l < N X oI |[pe- Further, if Y is bounded with Y < M a.s.

and || X||y, < oo for any o> 0, then | XY ||y, < M||X ||y, -
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Table C.9 Average (A-CovP) and median (M-CovP) of the empirical cover-
age probabilities (CovPs) for the (coordinatewise) 95% Cls of 6 obtained via
Oppr (based on various combinations of the nuisance estimators {7(-), m(-)})
for n = 1000, X, = CS and all three choices of the true DGPs. Shown also
are the corresponding average lengths of these Cls. All values are reported

separately for the truly zero and non-zero coefficients of 8y (see Section 6.2).

(I) p=50.
(a) DGP: “Linear-linear” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
7 linear I logit 0.940.01 (O 94,. 01) 0.18¢ 0.940.01 (0.940,01) 0.180
5T\Z quad 0.940,01 (O 940 01) 0180 0.940,01 (0.940,01) 0180
m_ quad 7’1:1 logit 0.940,01 (O 940 01) 0.180 0.94()‘()1 (0.940,01) 0.180
’ 7’1:2 quad 0.940,01 (O 940 01) 0.180 0.94001 (0.940) 0.180
e SIM I logit 0.940.01 (O 94,. 01) 0.18¢ 0.940.01 (0.940,01) 0.180
5T\Z quad 0.940,01 (O 940,01) 0180 0.940,01 (0.940,01) 0180
(b) DGP: “Quad-quad” for 7(-) and m(-).
Working nuisance model Zero coeflicients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP M-CovP  Length
m: linear m: logit 0.940.01  (0.940.01)  0.459 0.900.11  (0.940.01) 0.490.07
O quad 0.940 .01 (0.950,01) 0.45¢ 0.900.10 (0.930,02) 0.490.06
#: quad 7: logit 0.940.01 (0.940.01) 0.370 0.950.01 (0.950.01) 0.410.05
7 quad 0.940.01 (0.940.01) 0.37¢ 0.950.01 (0.950.01) 0.410.05
e SIM 7 logit 0.94()‘01 (0.95()‘01) 04450 0.90(),11 (0.940,02) 0.50()‘07
: I quad 0.940.01 (0.950,01) 0.45¢ 0.900.09 (0.930,02) 0.500.06
(c) DGP: “SIM-SIM” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
T’fL: linear 31'\2 logit 0.9401)1 (0.940(01) 0.21[) 0.940,01 (0.940,01) 0‘220‘01
51'\: quad 0.940,01 (0.940,01) 0.210 0.940,01 (0.940,01) 0.220,01
e quad 7AT! lOglt 0.94()‘01 (0.94()‘01) 0421[) 0.940,01 (0.940‘01) 0.23()‘01
’ %Z quad 0.940,01 (0.940401) 0.210 0.940,01 (0.940,01) 0.220,01
T/fL' SIM %1 lOgit 0.94()‘01 (0.94()‘02) 0.200 0.940,01 (0.950,01) 0.21()‘01
’ 7 quad 0.940.01 (0.940.01) 0.200 0.940.01 (0.950.01)  0.219.01

(vi) (Orlicz norms and tail bounds for maximums). Let {X;}I'; (n > 1) be
random variables (possibly dependent) with nax | Xillpo, < o for some
<i<n

(a,0) and let Z,, = 1rga<x|Xi|. Then, || Zully, < o(logn + 2)1/* <
o{3log(n+ 1)}/ and i”{Zn > co(logn)'/*} < 2n= (D ve> 1.

(vii) (MGF related properties of sub-Gaussians). Let Elexp{t(X — u)}] de-
note the moment generating function (MGF) of X —u att € R. Then:
(a) If | X — plly, < o, then Elexp{t(X — p)}] < exp(202t?) Vt € R.
(b) Conversely, if Elexp{t(X —u)}] < exp(c?*t?) Vt € R, thenV e > 0,
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Table C.10 See caption of Table C.9. (Only change: p = 500 instead of 50)

(IT) p = 500.
(a) DGP: “Linear-linear” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
'ﬁ\l' linear 71'\: 10git 0.940_01 (0.940_01) 0.180 0.910_02 (0.920_01) 0.180
' %Z quad 0.940_01 (0.940_01) 0.180 0.910_02 (0.920_01) 0.180
i quad I logit 0.940.01 (0.940,01) 0.18g 0.91¢.02 (0.910,01) 0.19¢
’ I quad 0.940.01 (0.940,01) 0.19¢ 0.91¢.02 (0.910,01) 0.19¢
'ﬁ\l' SIM 71'\: logit 0.940_01 (0.940_01) 0.180 0.910_01 (0.910_01) 0.180
' %Z quad 0.940_01 (0.940_01) 0.180 0.910_01 (0.910_01) 0.180
(b) DGP: “Quad-quad” for 7(-) and m(-).
Working nuisance model Zero coefficients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP M-CovP  Length
m: linear m: logit 0.940.01  (0.950.01)  0.470 0.910.02  (0.920.01) 0.500.06
51'\: quad 0.940_01 (0.940_01) 0.470 0.910_03 (0.910_03) 0-490.06
P quad T logit 0.940.01 (0.940,01) 0.36¢ 0.920.02 (0.920,01) 0.380.04
51'\: quad 0.940_01 (0.940_01) 0.360 0.920_02 (0.920_02) 0.380_04
7 SIM 7 logit 0.940.01 (0.940,01) 0.47¢ 0.910.03 (0.920,02) 0.500.06
: ;l'\: quad 0.940,01 (0.940,01) 0.470 0.910,03 (0.910,02) 0-490.06
(c) DGP: “SIM-SIM” for 7(-) and m(-).
Working nuisance model Zero coeflicients Non-zero coefficients
A-CovP  M-CovP  Length | A-CovP  M-CovP  Length
m' linear ﬁ: logit 0.940,01 (0.940_01) 0.180 0.92001 (0.920,01) 0.180
' 7/1:1 quad 0.940,01 (0.940_01) 0.180 0.92001 (0.920,01) 0.180
e quad I logit 0.940.01 (0.940,01) 0.19¢ 0.920.01 (0.920,01) 0.19¢
51'\: quad 0.940,01 (0.940,01) 0190 0.920,01 (0.920,01) 0190
m' SIM ﬁ: logit 0.940,01 (0.940_01) 0.180 0.92001 (0.920,01) 0.180
’ 7/1:1 quad 0.940,01 (0.940,01) 0.180 0.92001 (0.920,01) 0.180

P(|X — p| > €) < 2exp(—€?/40?) and hence, || X — |y, < 2v/20.

LeEMMA D.2 (Concentration bounds for sums of independent sub-Gaus-
sian variables). Let {X;}" ; (n > 1) be independent (but not necessarily
i.i.d.) random variables with means {j;};_ such that | X; — pi||p, < o5 for
some {o;}I"1 > 0. Then, for any set of real numbers {a;}},, we have

n n
E |exp tZai(Xi — 1) < exp | 2¢2 Zoga? VteR, and
i=1 i=1

—e2

n 2 2
8> ii07a;

This further implies that ||a;(X; — )|y, < 431, 02a?)Y/2. In particular,
when a; = 1/n and o3 = o, || 3271 (Xi — pi)lly, < (40)/v/n.

n
P Zai(Xi—,ui) > € §2exp( ) Ve>0.
i=1
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LEMMA D.3 (Sub-Gaussian properties of binary random variables). Let
Z € {0,1} be a binary random variable with E(Z) =P(Z = 1) = p € [0,1]
and let Z = (Z — p). Then, HZH¢2 < 2p, wherep =0 ifp € {0,1}, p=1/2
if p=1/2, and p = [(p — 1/2)/ log{p/(1 — p)}]'/* if p ¢ {0.1,1/2}.

Lemma D.3 explicitly characterizes the sub-Gaussian properties of (cen-
tered) binary random variables and its proof can be found in Buldygin and
Moskvichova (2013). The statement therein uses a MGF based definition
of sub-Gaussians. The statement above is appropriately modified with the
factor 2 multiplied in the || - ||, norm bound to adapt to our definition.

Next, we present a version of the well known Bernstein’s inequality. While
Lemma D.2 is useful, it applies only to sub-Gaussians. However, Bersntein’s
inequality applies more generally to sub-exponentials that include as special
cases: sub-guassian variables, bounded variables, as well as products of two
sub-Gaussian and/or bounded variables (see Lemma D.5).

LEMMA D.4 (Bernstein’s inequality - adopted from Van de Geer and Led-
erer (2013)). Let {Z;}}_, be independent (but not necessarily i.i.d.) random
variables and let p; == E(Z;) V1 < i < n. Suppose 3 constants o, K > 0
such that n=1 3" [ E(1Z; — wi|™) < (m!/2)0?K™™2 for each m > 2. Then,

P (‘; Z(Zi — 1)

i=1

> V20¢€ + K62> < 2exp (—neQ) for any e > 0.

In particular, if {Z;}_, are i.i.d. realizations of a sub-exponential variable Z
with B(Z) = p and || Z||y, < oz for some oz >0, then || Z —p||y, <207 and
the bound above holds with o = 2v/20y and K = 205. Two important special
cases of such a setting include: (a) Z = XY with X and Y sub-Gaussian,
in which case oz < || X ||y ||Y ||, and (b) Z = XY with X sub-exponential
and |Y| < M a.s. for some M >0, in which case o7 < M||X||y, .

LeEMMA D.5 (The Bernstein moment conditions and their verification).
Consider the moment conditions required in Bernstein’s inequality in Lemma
D.4. Define a random variable Z to satisfy the Bernstein moment conditions
(BMC) with parameters (o, K) > 0, denoted as Z ~ BMC(o, K), if for each
m > 2, E(|Z — p|™) < (m!/2)0? K™= 2 where u := E(Z). Then,

(a) If Z is sub-ezponential with | Z||y, < oz, then Z ~ BMC(2v/207,207)
and ’Z’ ~ BMC(2\@0'2,202).

(b) If X andY sub-Gaussian variables, then Z := XY ~ BMC(2v/207,2027)
with 07 = ”XHIﬁQHYsz
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(c) If X is sub-exponential and Y is a bounded random variable with |Y| <
M a.s., then Z := XY ~ BMCO(2v/207,207) with 07 = M|| X ||y, .

Proor. If || Z]|y, < oz, then using Lemma D.1 (i)(c) and (iv)(a), ||Z —
g, <207 and E(|1Z — p|™) < (207)™m! = (m!/2)(2v/202)?(207)™ 2 for
each m > 1. Hence, by definition, Z ~ BMC(2v/20z,207). L]

Similarly, ||| Z]||4; = || Z]|¢, < 07 and |||Z] —E{|Z|}||y, < 20z. Therefore,
by identical arguments as above we again have: | Z| ~ BMC(2v/207,207). =

Finally, using Lemma D.1, we have: for case (b), || Z|ly, < [[X|lgollY |l =
oz, while for case (c), ||Z]ly, < M| X||y; = 0z. The desired results then

follow by using the same arguments used for proving the first result above. =

The following lemma is a useful concentration inequality that applies gen-
erally to any random variables with finite 1,-Orlicz norm, preserves the right
rate and tail behaviors and involves only the variance in the leading term.

LEMMA D.6 (Concentration bounds with variance in the leading term -
adopted from Theorem 3.4 of Kuchibhotla and Chakrabortty (2018)).  Sup-
pose {X;}1'_; are independent mean zero random vectors in RP, for any p > 1
and n > 2, such that for some a > 0 and some K, > 0,

1< 5
[nax max 1Xijillge < Kn, and define T, := ax ;E (Xim) '
1=

Then for any t > 0, with probability at least 1 — 3e~?,
1 n
Y
n-

=1

where o := min{a, 1} and Cy, > 0 is some constant depending only on c.

. I, (t + logp) N CaKn(logn)l/o‘(t + 1ogp)1/°‘*

n n

<

)

e}

Finally, we end with a simple lemma that relates high probability bounds
to sub-Gaussian type tail bounds with an extra probability correction term.

LeEMMA D.7 (High probability bounds to sub-Gaussian type tail bounds).
Let X,, be any sequence of random variables satisfying | X, | < a,, with prob-
ability at least 1 — gy, for some a, € [0,00) and gy, € [0,1], Vn > 1. Then,

P(|Xn| > t) < 2exp{—t*/(2a2)} + qn for any t > 0.

PROOF. Define the event A,, := {X,, < a,} and let AS denote its com-
plement event. Then, P(AS) < ¢, by assumption. Furthermore, note that
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| Xn1(An)| < ay as. [P], where 1(-) denotes the indicator function. Hence,
using Lemma D.1 (i) (d), we have: || X,,1(Ap) ||y, < (log2)™"2a, < v2ay.

Hence, using Lemma D.1 (iii) (a), P{|X,1(A,)| >t} < 2exp{—t?/(242)}
for any t > 0. Consequently, we have: for any ¢t > 0,

P(|Xn| > 1) = P(|Xn| > t, A) + P(|Xn| > t,.A°)
< P(IXn1(An)| > t) + P(AS) < 2exp{—t*/(2a2)} + gn.

This establishes the desired tail bound and completes the proof. [

APPENDIX E: TECHNICAL DISCUSSIONS ON THE ERROR TERMS

We note here a few useful details regarding the structure and techniques
for controlling the error terms Ty ,, Ty, and Ry ., accounting for the
nuisance function estimators {7(-), m(-)} in the decomposition (3.1) of T',.

(a) The structure of Ty, and reasons for obtaining 7(-) solely from X,.
Tr  is simply the sample average of the random variables {T(Z;)}? ; in
(3.3). However, this average is not an i.i.d. average due to the presence of 7(-)
which depends on all observations in D,,. A key property that is quite useful
in this regard is that, by assumption, 7(+) is obtained solely from the subset
Xy ={(T;,X;) :i=1,...,n} of D,. Hence, {Tr(Z;)}I" | X, are condition-
ally independent and centered with E{T(Z;)} = E[E{T(Z;) | 7(:), X;}]
= E[E{T,(Z;) | X,,}] = 0. The conditioning on X,, ensures that 7(-), as well
as all other components in T, (Z;) which are functions of (7;,X;) only, can
now be treated as fixed and further, the conditional expectation being 0 fol-
lows from the fact that E[{Y;—m/(X;) }|X,] = E{e(Z;)| X, } = E{e(Z;)|T;, X;}
= E{e(Z;) | X;} = 0, where the final step is due to Assumption 1.1 (a).
Thus, Tr ), is a centred average of (conditionally) independent variables.
We exploit this and the structure of Tr(Z) in Theorem 3.2 to control Ty .

(b) The structure of Ty, and the benefits of sample splitting/cross-fitting.
T, is simply the sample average of the random variables {T,,(Z)}"_,
in (3.4). However, in the absence of sample splitting, this is not an i.i.d.
average due to the presence of m(-) which depends on all observations in
D,,. Further, unlike T ,, where {T(Z;)} ;| X, were at least (conditionally)
independent and centered, T, ,, possesses no such desirable features even if
m(+) is obtained solely from the subset DY = {V;,X): T; =1,1<i<n}
of ‘complete cases’ in D,,, as D,(LC) still (implicitly) depends on {7}, due
to the restriction to the set with 7; = 1, and not just on {Y;, X;}7 ;.

Thus, in the absence of sample splitting, T, has no additional ‘struc-
ture’ readily available that may lead to averages of variables which can be
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treated as conditionally independent and centered. In general, to control
T, , without sample splitting, one needs tools from empirical process the-
ory. The corresponding analyses can be substantially involved and the condi-
tions necessary can be quite strong, especially in high dimensional settings.
However, these technical issues can be avoided through the sample splitting
based estimates {m(X;)}?_; which ‘induces’ a natural independence.

For any Z 1 m(-), or more specifically, Z 1L {data used to obtain m(-)},
E{T(Z)|m(:),X} = E{T,,(Z)|X} = 0 due to Assumption 1.1 (a). Hence,
E{T,,(Z) | m(-)} = 0 and for any i.i.d. collection {Z;} , of Z I (),
{T(Zg) Y, | (-) are (conditionally) independent and centered random
variables. These serve as the main motivations behind the sample splitting.

In contrast to the ‘in-sample’ estimates {m(X;}}'_;, wherein m(-) is ob-
tained from D,, and also evaluated at the same training points {X;} ; € Dy,
thereby making them intractably dependent on m(-), the cross-fitted esti-
mates {m(X;)}!" ; ensure that for each k # £k’ € {1, 2}, the evaluation points

{X; € ng)} used are independent of the estimator m(*)(-) obtained from

Dgﬁ/) AL ng), thus inducing a desirable ‘independence structure’. This has
substantial technical as well as practical benefits in reducing over-fitting.
We exploit the technical benefits greatly in Theorem 3.3 to control T, .

(b) The structure of Ry ;. Finally, note that Ry, is essentially a sec-
ond order (product-type) bias term involving the product of two error terms
arising from the estimation of {m(-), m(-)}. Under reasonable assumptions on
the convergence rates of the estimators {7(-),m(-)}, one can try to control
the behavior of this term by ‘naive’ techniques, as opposed to the more so-
phisticated analyses required for controlling T ;,, and T, . Such techniques
and associated conditions are well known and standard in the literature for
the special case of the mean estimation problem (or ATE estimation problem
in CI), where a commonly adopted assumption is to have the product of the
two convergence rates to be faster than n=%? (Farrell, 2015; Chernozhukov
et al., 2018a). In general, such product conditions are typically reasonable
and allows for much weaker (slower) convergence rates for one estimator as
long as the other one has sufficiently fast enough rates. A stronger but fa-
miliar sufficient condition however is to have the convergence rates of both
estimators to be faster than n~%2°. In Theorem 3.4, we control Rrmn by
adopting a similar condition with an additional logarithmic factor involved
to account for the inherent high dimensionality of our error terms.
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APPENDIX F: PROOF OF LEMMA 2.1

The proof relies substantially on a useful result of Negahban et al. (2012).
We therefore adopt some of their basic notations and terminology at the
beginning of the proof in order to facilitate the use of that result.

For any u € RP, let R(u) = ||u[|; and let R*(u) = supy cpe (o} {0'V/R(V)}
be the ‘dual norm’ for R(-). Further, for any subspace M C RP, let (M) =
suPue {0} 1R (u)/[lufl2} denote its ‘subspace compatibility constant” with
respect to R(-). Then, with J, M7 and M§ as defined in Section 2, it
is not difficult to show that: (i) R(-) is decomposable with respect to the
orthogonal subspace pair (Mj,./\/lj) for any J C {1,...,p}, in the sense
that R(u+v) = R(wW)+R(v)Vu e Mz,v e M%; (ii) R*(u) = ||lulle Y u €
RP; and (iii) with J = A(v) for any v € RP, ¥?(M7) = sy. (We refer to
Negahban et al. (2012) for further discussions and/or proofs of these facts).
Lastly, let P7(v) and PL( ) respectively denote the orthogonal projections
of any v € R? onto M 7 and /\/l , for any J as above.

To establish the result, we con51der the alternative representation (2.11)
of By based on regularized minimization of the pseudo loss L2P%(0) defined
n (2.10). Clearly, since L(-) is convex and differentiable in 6 as assumed, so
is LPPR(@). Further, owing to (2.3)-(2.6), we have: for any 8,v € R%,

(F.1)  VLPPYO) = VLPPM(O) and §LPP™(O,v) = 6LPP™(O,v),

where §£PPR(0,v) := LOPH(O + v) — LEPR(0) — v/ VLEPR(H). Thus, under
Assumption 2.1, LPPR(8) also satisfies the RSC property (2.12) at 6 = 6.

Hence, using the decomposability of R(-) over (M7, M%) with J chosen
to be A(8y), and the RSC property of LPP%(8) at 8 = 6y under Assumption
2.1 and (F.1), we have: by Theorem 1 of Negahban et al. (2012), for any
realization of D,, and any choice of A = A\, > 2||VLIP®(0p||os

(F.2) }

b0, =

Boon (s D) — 60 < 3y
KDDR

where, while applying the result from Negahban et al. (2012), we chose the

parameter 6%, in their notation, as 0* = 0y, {R(:), R*(\)} as {|| - |1, || - lloc }s

and used: U2(Mg) = [6ollo = s, R [V{LEP™(0)}] = R*[V{LL"H(0)}] =

||V£DDR(90)||OO and PA(GO)(OO) = HAC(O())(OO) = HGO (90) = 0. u

Further, using Lemma 1 of Negahban et al. (2012), we also have that for
A chosen as above, the error A := (@ppr — 0y) belongs to the set C(6y) as
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defined in (2.12). Consequently, [|[IIg (A)[[1 < 3[[Ilg,(A)|[1. Hence we have:

’ ~

Boon — 00| =1 AIL = [1Tay(A) [ + 115, (A) |1 < 4|TTg,(A)]s
< 45|, (B)]1 < 4v5[@

O — HOH < 125
KppR

where the final step follows from using (F.2). This, along with (F.2), estab-

lishes the desired Lo and L error bounds for Oppr. The rest of the informal

claims in the second part of Lemma 2.1 are straightforward consequences of

combining the deterministic error bounds proved above with the results of

Theorems 3.1-3.4. This completes the proof of Lemma 2.1. [

APPENDIX G: PROOF OF THEOREM 3.1

Recalling from (3.1) and (3.2), we note that T, is simply a sum of two
centered i.i.d. averages given by:

2 (1 1 =2
(G.1) Ton = To +TH) = ZT NZ;) + EZTg)(zi), where

T
T((2) 5= {m(X)~9(X,00) h(X) and TF(2) = = {Y =m(X)Ph(X),
with E{T{"(Z)} = 0 and E{T{?(Z)} = 0 since E{V¢(X,0)} = 0 and
E{e(Z)|X} = 0, by definition, and ¢(Z) 1L T'| X due to Assumption 1.1 (a).
Now, using Assumption 3.1 (a) and Lemma D.5 (a), we have:

(G2)  Ty)(Z) = $(X)hy(X) ~ BMC(a1, K1) ¥je{l,....d},

for some constants 7y := 2\/§U¢O'h >0 and K; := 2040 > 0.

Next, using Assumption 3.1 (a) and Lemma D.1 (v), [le(Z)hy;;(X) ||y, <
ocop for each j € {1,...,d}. Further, owing to Assumption 1.1 (b) and
(1.1), T/m(X) < 5,1 a.s. [P]. Hence, using Lemma D.5 (b), we have

(G.3) T(Q).} (Z) =

ols £(Z)hy;)(X) ~ BMC(o2, K2) Vje{l,...,d},

m(X)

for some constants g9 := 2\@050115;1 >0 and Ky := 20.01,0,
Hence, (G.2) and (G.3) ensure that for each j € {1,...,d}, TO[J](Z) and
(2)

T

0[3](2) satisfy the required moment conditions for Bernstein’s inequality
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(Lemma D.4) to apply. Using Lemma D.4, we then have: for any ¢; > 0,

(I, = LS rm] > i)
d 1 n ~
< ZIF’ {|n ZT(()B](Zi) > V2516 + Kle%}
];1 =1
(G4) < ZQexp (—nel) = 2dexp (—nej) = 2exp (—nef +logd),
j=1

where the second step uses the union bound (u.b.). Similarly, for any ez > 0,

1< _
IP’{HTE)?,)L = rP@)| > Voo +Kze§}
i=1 o
d 1 n ~
< ZP { . Z T%).}(Zi) > V269€0 + Kze%}
j=1 i=1

d
(Gh) < Z 2exp (—ne%) = 2dexp (—ne%) = 2exp (—ne% +logd) .
j=1

P}ence,_ setting €; = eg = € for any € > 0, letting og := &1 + 72 and Ky :=
K1+ K3, and using (G.4)-(G.5) in the original decomposition (G.1) of Ty,
we have a tail bound for || T, ||ec, as follows. For any € > 0,

P (ITo.n

< p(||Th

= [T

> \/50'06 + K062)
0o

> Veoe+ ko) + P (| T
(G.6) < 4dexp (—ne® +logd).

> V259¢ + ffge?)
o0

(G.6) therefore establishes a general tail bound for || To,|lcc and also estab-
lishes its rate of convergence. This completes the proof of Theorem 3.1. =

APPENDIX H: PROOF OF THEOREM 3.2

To establish Theorem 3.2, we first state and prove a more general result
that gives an explicit tail bound for || T | co-

THEOREM H.1 (Tail bound for | Ty, |o). Let Assumptions 1.1, 3.1 and
3.2 hold with the sequences (Vp r,qn ) and the constants (0x,0c,0n,C) as
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defined therein, Then, for any €, €1, €9, €3 > 0, with o < 0, small enough,

P ([|Txn

o > 6) < 2exp{ —i—logd} + 4dexp (—ne% —i—logd)

dn (€1, €2,€3)

—e2 _ 2
+ 2C exp {1}261 + log(nd)} + 2C exp {0262 + log(nd)} + 4¢n.x(nd),

n,T n,T

where, for any (e1,€2,€3) > 0 as above, d,(€1,€2,€3) > 0 is given by:

802¢2 (2) ’
dp(€1,€2,€3) 1= G 0_56612)2 (HN}(; [ES +\/§aﬂ63+Kﬂ6§ , with

||H£12)||oo — maxlSdeE{h[Qﬂ (X)}, op = 2\@01215;2 and Ky 1= 201215;2.

H.1. Proof of Theorem H.1. Let X, := {(7;,X;) :i=1,...,n}. Let
Ex,(-) and Py, () respectively denote expectation and probability w.r.t. A,
and P(- | &) denote conditional probability given A,. Next, let us define:

(H1)  Apn(X) = 7(X) ~ 1(X), [Aralle, = max |Aq.(X:)],

1<i<n
~ 1 - ~
(H.2) (X)) = — =X) and |7l = lrélzagxnfﬂn(Xz)]

Further, for each j € {1,...,d}, let us define:

_ T @ _ @ . LN
(H.3) 0 (T, X) 1= S5y g (X)s @y = @y () =5 ;som (T3, Xs),

(HA) pl) = E {go[Qj] (T, X)} =E {@%(XH)} and pu), = E {hﬁ.] (X)} :
Using (H.1)-(H.3) in (3.3) and recalling that €(Z) =Y — m(X), we have:

(H.5) Tr(Z) = Arpn(X)Tn(X)(T, X)e(Z), where

©(T,X) € R? denotes the vector with j entry = ¢ (T,X) V1< j <d.

Under Assumptions 1.1 (a) and 3.1 (b), E{¢(Z) | X} = E{e(Z) |T,X} =0
and ||e(Z)| Xy, = |e(Z) (T, X) ||y, < 02(X) < 0. < 00. Hence, €(Z;)| X, are
(conditionally) independent random variables satisfying: E{e(Z;) | X} =0
and ||e(Z;) | Xnlly, < 02V 1 < < n. Further, conditional on A, ¢(T;, X;),
Az n(X;) and hy;(X;) are all constants V i, j. Using these facts along with

(H.1)-(H.3), we have: V1 <i<mand 1 <j <d,

I Ta)(Zi) | Xall,, = |70 (Xa)Tn (X)) (T Xi)e(Zi) | Xnl,
< A (X)) T (Xi) o) (Th, Xi)0=(Xs) < 0 (| Ar il 1Tl o 21 (T Xi)-
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Further, V1 < j < d, {Ty(;(Z;)}{-, | X, are (conditionally) independent and
centered random variables. Hence, using Lemma D.2, we have: V1 < 5 < d,

1 & den i (X)
EZTW[]}(Z’L) ‘Xn < #, where
i=1 P2
_ (o) \ 1/2
(H.6) en () = 0 | Amnlloen Fnlloe.n (Pory)

and all notations are as defined in (H.1)-(H.3). Using Lemma D.2 again, it
now follows that for any ¢ > 0,

liT(Z-) v\ < 2epd =" L yicj<a
n — 71'[]} (2 n = p 80721’](Xn) —= ] —= .

The fundamental bound for | Trplls. Using (H.7), the union bound (u.b.)
and the law of iterated expectations (l.i.e.), we then have: for any ¢ > 0,

1 n

- Z T.(Z)| > e}
=1 00

1 ¢ :

- Z Tr)(Zi)| > e} [using the u.b.],
i=1

p{ Xn}

d —ne2 ] -
(H.8) < 22 Ex, [exp {80%](?(”)} [using (H.7)]. =

Jj=1

> €

(H.7) IP{

IP’{IITw,nHOo =
d
ZP{
7=1
d
Sk,
7=1

IN

[using the li.e.],

1
n;Tﬂm(Zl) > €

Next, we aim to control the behavior of the random variable 2 (&)

appearing in the bound (H.8). Based on the definition of ¢, j(A;) in (H.6),
it suffices to separately control the variables HAw,n”io " H%nHion and 9522[;.].
Controlling ||A7rnHio ,- Using (3.6) in Assumption 3.2 along with the u.b.,

and recalling all notations defined in (H.1)-(H.2), we have: for any €; > 0,

1<i<n

P{HAW,nuio,nz max [ A (X)) > e%}

n 2
(H9) < ZIP’{HT\(Xl) —7(X;)| > e} < Cnexp <v2€1) + ngpx- m
=1

n,m
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Controlling H%n”io,n Using similar arguments, along with (1.1), we have:
V €2 > 0 small enough such that ey < d; with 0, as in (1.1),

[uwnnm— max [ (X0)[2 > <6ﬂ—e2>—ﬂ

1<i<n
< ZIP’{A* > (0r — €2)” 1} < Y P(R(X) < 7(X)) - e}
=1
—€2
(H.10) < ZIP’{\%(Xi)—w(Xi)] > e} < Cnexp <U22> tnges  w
=1 n,m

Controlling 4,57(12[;}. Finally, in order to control 4,5(2[)} (X,,) which is an average

of the i.i.d. random variables {c,o[2 (T3, X;) }, we first recall all notations
from (H.3)-(H.4) and note that under Assumption 3.1 (a), Hh[j]( My <03
V j € {1,...,d} owing to Lemma D.1 (v). Further, 7?/7%(X) < §-% a.s.
[P]. Hence, using Lemma D.5 (b), we have: V j € {1,...,d}, and for some
constants o, = 0, 1= 2\[0}215 2 and K, = Kgo = 20}215

2
(H11) (T, X) = 2T( )hf]( ) ~ BMC(G,, K,) and further,
s

h2, (X) u< 2)
2 _ 2 _ [ ni el
(112) pl) = E{cp[j](T,X)} - E{ o5 } < S <

where HHS)HOO = max{uf&] :j=1,...,d} < oo and ,uf[;] is as in (H.4).
Using (H.11)-(H.12) along with Lemma D.4, we then have: for any e3 > 0
and for each j € {1,...,d},

(2)
_(2 Hl"’ Hoo _ .
P {‘sz[;] - § (1, X;) > ‘(;7” + V26 4¢3 + Kveg}

2 (2)
Z 1) (T Xa) = prg

< P{ —
n
=1

(H.13) < 2exp (—ne%) . "

> \/§5¢63 + que%}

For any €1,e3 > 0, and any e > 0 such that €5 < d,, let us now define
the event Ay, j(€1, €2, €3), for each j € {1,...,d}, as follows.

(H.14) A p (€1, €2,€3) := {SC?LJ(X”) > dn(€17€2,€3)}, 1 < j <d, where
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sa2e [l loe . 5 e o
dp(€1,€2,€3) == 6. — ) 5 +\/§U¢63+K¢63 .
™ ™

Then, recalling from (H.6) that 02 (X)) = o? ||A7"n||c2>on ||%n||i07n 4,5512[3.]
and using the bounds (H.9), (H.10) and (H.13) for || Ay n? ”%n”zon and
~(2)

Polj] respectively, along with the union bound, we have:

oco,n’

IP (“’47",”7]‘) = P-Xn (Aﬂ'ynyj) = P-Xn {80721]()(774) > dn(€17 €2, 63)}

2 e2
(H.15) < Cnexp < il > + Cnexp <v > + 2ngn x + 2€Xp( ne%) .
U n,

n,m ™

Therefore, it now follows that for each j € {1,...,d} and any € > 0,

—ne? —ne?
82 (X)) (|~ FYRETRY c |p(Ac, .
o {SCi,j(Xn) }] g [exp {86%7]‘(-)(71) } ‘ Aﬂ'v”a]] ('Aﬂ',n,])
_n62
exp {W} ‘ Aw,n,j] P <‘A7T,n,j)

} + 2exp (—ne%) + 2ngn x

Ex,

+E

—7'L€2

H.16) < ex _—
( ) < p{dn(617€2753)

—e2 _ 2
+ Cnexp <261) + Cnexp <v;2) [using (H.14)-(H.15)].
v n

n,m T

The final bound for | Tx pllsc. Using (H.16) in the fundamental bound (H.8)
for ||T7 | 0o, we finally have: for any € > 0,

7162
{8 2 (X >H

} + 4dexp (—ne%) + 4gy (nd)

d

P(|Trnlle>€¢) < ) 2Ea,

7j=1
—ne
dn (€1, €2, €3)
—e2 —€2
+ 2C(nd) exp (1)21> + 2C(nd) exp (22> [using (H.16)],

n,m n,m

< 2dexp {

2
(H.17) = 2exp {d(ne

+ log d} +4dexp (—neg + log d) + 4¢y »(nd)
€1, €2, 63)

+2C exp { + 10g(nd)} +2C exp {v + 10g(nd)}
v2

n,m n,m

This leads to the desired bound and completes the proof of Theorem H.1. m
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H.2. Completing Proof of Theorem 3.2. We next evaluate the gen-
eral tail bound for || T ||« in Theorem H.1 under a specific family of choices
for (¢, €1, €2, €3) > 0 in order to understand its behavior and also establish the
convergence rate of || Ty |- Let (c1,c2,c3) > 1 be any universal constants
and set €1 = c1vp r/log(nd), €2 = cavp r/log(nd) and ez = c3+/(logd)/n,
where we assume w.l.o.g. that €3 < 1 and e2 < §,/2, so that (6 —e2) > §,/2.
Further with a choice of €3 as above, note that

(2) (2)
_ _ logd

Using these in the definition (H.14) and letting C., := (v/26, + K,,), we get

0 log d
dn(€1,€2,€3) < 806 52 {vnﬂ\/log (nd)}? (HHh | +c3C, o8 )

n

Given these choices of {¢; }j 1, let us now set € = cy/{(logd)/n}d,(e1, €2, €3)
for any universal constant ¢ > 1. Using Theorem H.1, we then have:

. . 2C
With probability at least 1 — P i Z — 4qp x(nd),

j=1 (”d)6§ -

1
) !
1 o 1
ITrnllec < c Ofld{vn,fr log(nd)}C) (”“g”+c2 Oid> |

where C := c1(4v20./6z) and Cy := ¢3Cyp = c3(V25, + Ky), with &, and
K, being as in (H.11). This completes the proof of Theorem 3.2. "

APPENDIX I: PROOF OF THEOREM 3.3

To show Theorem 3.3, we first state and prove a more general result that
gives an explicit tail bound for | T, p/cc-

THEOREM L.1 (Tail bound for || Ty, pllec). Let Assumptions 1.1, 3.1 (a)
and 3.3 hold with the sequences (Vpm,qnm), 7 = n/2 and the constants
(0x,0n,C) as defined therein. Then, for any €, €1,€3 > 0,

P (Tl > €) < 4exp{t(_6)+logd} + 8exp(—nes + logd)
n (€1, €2
+4Cexp{ +log(nd)}+4qn7m(nd), where
/Unm
tn(€1,€2) = <||[,L oo + V20 mes +Km62), with

1 oo 1= maxi<j<a B{OE) (X0}, 6r < 07, o = 2v/20, and Kon := 20},
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I.1. Proof of Theorem I.1. We first rewrite T, , from (3.1) as

Ton = iZ{ -1} ) - m(X)} h(X)
=1
= Z Z{W(;(z —1}{ﬁz(k)<Xi>—m<Xi>}h(Xi>

k;ﬁk’ 1ieZ,,
(I.1) Z Tmn , where Tm = = Z T (Z;) and
k;ék’ 1 =
TM(z) = L _4 {A(k)(X)—m(X)}h(X) Vk#K e{1,2).
" m(X) ’

Define Xy, = {X; : 4 € Iy} V k € {1,2}, and let Ex~ () and P(- | X} ;)
respectlvely denote expectation w.r.t. A7, and condltlonal probablhty given

Xy .- Further, for each k # &' € {1,2}, let Ep®) - () and P(- ]Dn LX)
k! ’

k)

respectively denote expectation w.r.t. {D P k,} and conditional proba-

bility given {DY”, X, }. With DY 1L X7, ¥ k # K € {1,2}, we note that

ED&’“%X;,M(‘) = Exn*yk,’{EDw(-)}. Next, let us define: ¥ k &' € {1,2},
(12) ALX) = a®X) = m(X), [ah)]| = max|al) X)),
’ ’ 0,M S ! ’
(L3) B2 .- 1 > 12 (X;) and let (T, X) := BE
1€Lys

Further, for any a € (0,1], let a := 2a/a, where a := 1/2 if a = 1/2,
a:=0ifa=1anda:=[(a—1/2)/log{a/(1 —a)}|"/? if a ¢ {1/2,1}. Let
{#(X),7(X)} and {6x,06;} denote the corresponding versions of {a,a} for
a = 7(X) and a = 0, respectively, with 0, being as in (1.1). We note that
a is decreasing in a € (0,1] and @ < 1/2, so that a < 1/a V a € (0, 1]. Using
this and (1.1), we therefore have: 71(x) < 6, <1/6, Vx € X.

Using the notations from (1.2) and (I.3), we have: for each k € {1,2},

T (Z) = {W(TX) - 1} (A (X) — m(X)}h(X) = (T, X)AY, (X)h(X).

Now, for each k € {1,2} and k' # k € {1, 2}, PP 1 X and we have:
k: * — * j—
{w(n7 Xz) | D7(7, )7 Xn7k/}iEIk/ = {w(T‘Za XZ) | Xn’k/}iézk/ == {¢(Tz, Xz) ‘ Xi}iGIk/
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are (conditionally) independent sub-Gaussian random variables that satisfy:
VieTy, B{w(T;, X)) | PP, X7} = E{(T3,X;) [ X;} =0 and
(L4) (T Xa) [ D, A pllgs = 10(T0 Xa) | Xilly, < 72(X0) < 63,

where the bounds on the || - ||, norm follow from using Lemma D.3 and
Lemma D.1 (i)(b) along with the definitions of #(-) and J, given earlier.
Further, conditional on D) and . {A%?ﬁ(Xi)}iezk, and {hy;(X;) }iez,,
for each j € {1,...,d}, are all constants. Hence, using Lemma D.2 and (1.4),
along with (I.1)-(I1.3), we have: V k # k' € {1,2} and j € {1,...,d},

4ds; (DD, X7,)
7 :

00,7t (B’(f[ﬁl)) v ’

Using Lemma D.2, we then have: Vk # k' € {1,2},1 <j <dand e >0,

where

1 *
(L5) |~ ST (2 | DB, X7
€Ly, W2

A(kflfl)

s

dr (D, Xige) 1= 0

—ne?

DI, Xy 0 < 2exp 5 ®
’ sz, (DY, x7,,)
J >k

1 (k)
P{l- > Tty (Zi)| > ¢
’iEIk/

n

The fundamental bound for ||T£,]f,];/)\|oo Using the bound obtained above
for TE:’QI[;.] | ng),

bilistic bound for HTS:QI)HOO For any e > 0 and k # k' € {1, 2},

X, 1> we then have the following (unconditional) proba-

kK 1
7,€Zk/ 00
d ) .
< ZP - Z Tgn[)]](Zl) > € [using the u.b.],
Jj=1 i€L,
d . o
- ZEDS“),X* |F P Z Tfn[j](zi) > € /Dék)’X;,k’
j=1 nak €T,
d —ne
(I 6) < 2ZE'D7(«LI€),X* , ex ]
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Next, we aim to control the random variable d%’ j(D,(lk), X, i) appearing in

(1.6). Based on the definition (I1.5) of d%j (D%k), X)) 1), it suffices to separately
and 1_1%2[}]6/). To this end, let E ) () and P (+) denote

00,N ]

expectation and probability w.r.t ng) V ke {1,2}.
With DY 1L X, for each k # k' € {1,2}, we note that for any event

A= ADY, X7 ), BA) = P . (4) = Ex: [ED<k>{1<A> X =
Ex: , [Pooo{ADY, X5 p) | X2,Y] = Bar [P {ADE, &7 )], where

the final step holds since P (- | X5,) = PDSC () as DY UL X .

Controlling HA,(ji:,]—i/) Using (3.8) in Assumption 3.3 along with the

w.b. and the notations and facts discussed above, we have: V k # k' € {1, 2},
k2 2
P{JaP ], = ma > ¢}
2

< Z P{‘Agjj?ﬁ( > 61} Z EX* {CGXP <v_61> +Qﬁ,m}

2
€L, €Ly, n

2
(L7) = Cnexp( dl

AP (X,;)

) + Ngn,m for any €1 > 0,

nm

k * : *
where we also used that D 11 X, which ensures IP’DSC) (1) = ]P’D;k) ()

and makes (3.8) in Assumption 3.3 applicable conditional on X% ,,. n
Controlling 1_1;2[;.?/). We first recall that || u£12)||oo = maxi<;<d “1(02[2]’ where

uf&] = E{h[%](X)} Now, V k' € {1,2} and j € {1,....d}, hn[j] is sim-
ply an average of the i.i.d. random variables {h@](Xi)}ieIk,- Further, using
Assumption 3.1 (a) and Lemma D.5 (a), h[2j] (X) ~ BMC(6p, K1) for some
constants o,, = op := 2\/50}21 and K,, = Ky, := 20121. Hence, using Lemma
D.4, we have: for each k' € {1,2} and j € {1,...,d}, and for any €3 > 0,

(2,k 2 _ %
(18) P{RGN) = Z b2 (Xi) > 1 oo + V20her + Kné}
7'€Zk/
<P Z h[]] “h > V26pes + Kneld p < 2exp(—nel). =

ZEIk/
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The final bound for HTﬁ,’jj,—’i')

’ For any €1,e2 > 0, let us now define:
o0

(1.9) trn(€1,€2) = 857%6% (||;L1(q2)||oo +V25h€e0 + f(he%) .

Then using the bounds (I.7) and (I.8) in the definition of d2 ;(D DY ), X))
n (I.5), we have: for each k # k' € {1,2}, j € {1,...,d} and 61, € >0,

P {8, (DM, X;y) > ta (61,62)}
2
_f )+nqnm+2exp( nes).

m

(1.10) < Cnexp <

2
Vg,

Using (I.10) in the fundamental bound (1.6) for HTmn |loo, we then have:
for each k # k' € {1,2} and for any €,€1,e9 > 0,

d _ 5 i
k; k’ —ne
{HT > 6} < 2 E_&) .. exp
o0 JZ:::L Dn 7Xn,k/ 8d727L7j (zz)”(lk')7 X;;;k;/)
23 E |o —ne
= X
=1 b 8d721j ( Dy e oy k’) {8d2 X7 (@1 62)}

—7'1,62

D xx k)

d
+ 2 E |exp "

-2
< 2d {exp{ ((:662)} + P{Sd%j(D,(lk), k) > tn (61,62)}]
— e _ 2
(I.11) < 2d [exp {ne)} + Cnexp < 261 ) + nga,m + 2€Xp(—ﬁe%)] .

ﬁ(ela 62 n,m

Thus, (I.11) establishes an explicit tail bound for ‘ "

The final bound for || Ty, nllsc. A tail bound for ||TmnHoo now follows easily
using (I.1) and (I.11) along with the u.b. For any e, €1, €2 > 0, we have:

9

2
} + 4Cnd exp < 5 ) + 4id g m + 8d exp(—7i€3).

n,m

(112) P(|Tonll, > €) < IP’(HT

) (s

< 4d
o P {tﬁ(ﬁl,ﬁQ)

This leads to the desired bound and concludes the proof of Theorem I.1. =
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1.2. Completing the Proof of Theorem 3.3. Given the general tail
bound for || Ty, |l in Theorem 1.1, we next evaluate it for a specific set
of choices of (€, €1,e2) > 0 in order to understand its behavior and also
establish the convergence rate of || Ty, n|loo- To this end, let (c1,c2) > 1 be
any universal constants and set €; = ¢1vp m+/log(nd) and €2 = c2+/(log d) /7,
where we further assume w.l.o.g. that e < 1 so that

log d

Hl’l’ HOO + \fUhEQ + Kh€2 > HIJ/ Hoo (\[Uh + Kh) Cco

Using these in the definition (1.9) and letting C}, := (V261 + Ky,), we have:

_ logd
tqu)ﬁ&%ﬂwa%m@P%mﬁm+@al i}.

Given these choices of {e]}j 1, let us now set € = c/{(logd)/n}ts(e1, €2)
for any ¢ > 1. Using Theorem 1.1 and with n = n/2 < n, we then have:

4 4
With probability at least 1 — 8 c__ 4qp,m(nd),

de*-1  ge3—-1 (’FLd)C%_l

1
logd N logd \
HLMMSCH{WM%WMW«WMM+% n>,
where C} = 4c¢10, and 3= V2e2Cy = V2¢2(V261 + Ky), with &y, and
Ky, being as in (I.8). This completes the proof of Theorem 3.3. L]

APPENDIX J: PROOF OF THEOREM 3.4

To show Theorem 3.4, we first state and prove a more general result that
gives an explicit tail bound for [|Rz . co-

THEOREM J.1 (Tail bound for ||Rxmnlle). Let Assumptions 1.1, 3.1,
3.2 and 3.3 hold with the sequences (Un x,qnx): (Va,m,qn,m,n) and the con-
stants (0x,0n, C) as defined therein, and let ||y |lcc := max{E{|hy;(X)[} :
j=1,...,d}. Then, for any €1, €9, €3,€4 > 0 with ea < 6 small enough,

P{’Rmm,num > 661636 T*(64)} < 2dexp(— n64)
m — €2

2 2 2
—€] —€5 —€5
+Cn {exp < ) + exp < ) + exp < > } + 2ngn x + NGn,m,

where 1i(e4) = [[pn)lloo + ﬂaﬂvm@; + Kpm€s with 0r = 4ondz! and
Krm = 2\@0115;1 being constants.
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J.1. Proof of Theorem J.1. Recalling from the notations in (3.1),

I~[ T L; ~
(J1)  Rem, n;{ﬂ(xz‘) W(Xi)}{m( )M
Hence, with ||Az ||
and with HAUMS/)

m,n

and [|7,]| as in (H.1) and (H.2) respectively,

00,n

as in (1.2) for any k # k' € {1, 2}, we have:

oo,n

‘oo,ﬁ

(J.2) HRﬂ,m,nHoo < ||%n||oo,n||A7T,nHoo,nHA;kn ||énHOOv where

:”Hoo,n

H - ‘ ‘= max { HA%%) ) Ag;z) } and

, oo,n ) oo,ﬁ ’ 0077774
_ 1 Z” : ) d ‘
gn T E i=1 £(Tlv X’L)’ with g(T’ X) o {7’(()() |h[j] (X)l}ﬂl =

For most of the quantities appearing in the bound (J.2), we already have
their explicit tail bounds. Specifically, using (H.9), we have: for any €¢; > 0,

2

€
\oo’n > 61} < Cnexp <1)21> + ngpr, where

n,m

(03 B{lA

and using (H.10), for any es > 0 small enough such that e; < 0,

~ 1 *6%
(J.4) P{Hwnum > (8r — ) } < Cnexp (UQ )+nqn,ﬂ.

n,m

Next, using (I.7) and recalling that » = n/2, we have: for any ez > 0,

P{lan ., >l ¥ p{HAg;gv‘ . 63}

k#k'e{1,2}
—62 —62
(J.5) < 2Cnexp < 5 3) + 20gnm = Cnexp ( 5 3> + nqnm.
n,m n,m

Finally, &, is a simple i.i.d. average defined by the random vector &(T, X)
and can be controlled as follows. Under Assumption 3.1 (a) and Lemma D.1
(i)(a), 1B (Xl = By < Vg (X) g < VEon ¥1 < j < d.
Further, due to (1.1), T/7(X) < 6% a.s. [P]. Hence, using Lemma D.5 (ii),
we have: for constants oy, = 0¢ := 40,01 and Krem = I_(g = 2\/§0h5;1,

T

(J.6)  &;(T,X) = 7T(X)\hm(}(ﬂ ~ BMC(6¢,Ke) Vje{l,...,d}.
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Further, E{¢[;(T,X)} = E{|hj;(X)[} = pn, (say) ¥V j € {1,...,d}, and
recall that ||ppllcc = max{mh[m :j =1,...,d}. Using (J.6) and Lemma
D.4 along with the u.b., we then have: for any ¢4 > 0,

{HﬁnH > ri(es) = Hmh|Hoo+\fU£€4+K£f4}
Zg[ﬂ(Ti’Xi) ~ Pyl
=1

1
<Y P{|=

(J.7) < 2dexp(—ne?) = 2exp(—nes + logd).

> \/55‘564 + ngz}

Using the bounds (J.3), (J.4), (J.5) and (J.7), along with the u.b., in the
original bound (J.2) for [|Ry m.n| e, we then have: for any €;, €, €3,€4 > 0,

€1€3

(J.8) P{HRw,m,nHoo > 5 _627’*(64)} < 2dexp(—ne?)

2 2 2
—€7 €5 —€3
+Cn {exp ( > + exp < ) + exp < 3 ) } + 2ngn x + NGam,
Un7r vn7r vﬁm

where we assume that es < 0. The proof of Theorem J.1 is complete. n

J.2. Completing the Proof of Theorem 3.4. Given the general tail
bound for || Ry m.nlleo in Theorem J.1, we next evaluate it under a specific set
of choices for €1, €9, €3, €4 > 0 to understand its behavior and to establish the
convergence rate of [|[Ry | co- Let 1, ¢2,¢3,c4 > 1 be universal constants,

and set €1 = civ, rV/logn, €2 = cavp rv/logn, €3 = c3vpmy/logn and €4 =
cq/ (logd)/n, where we assume w.l.o.g. that e2 < /2 and ¢4 < 1, so that

[logd _
?"*(64) < HN\h|”oo+C4C§ i , where Cg = \/iﬁ'g—l—Kg

with 6¢ and K¢ as in (J.6). Using Theorem J.1, we then have: with proba-
bility at least 1 — 2?:1 Cn~ (G0 _oq—(ci-1) _ 2nGnx — NGa,m,

2cyic logd
IRz mmlly < %{vn’ﬂv@m(logn)} <||/J,|h|oo—}—C4C£ﬂ 5 ), where

This leads to the desired bound and completes the proof of Theorem 3.4. m

APPENDIX K: PROOF OF THEOREM 4.1

Under the assumed form of L(-) and recalling the definition of 3 and that
VLPPR(0) = VLIPR(0), we first note that the gradient V.L2PR () satisfies:

VﬁgDR(é\DDR) - VEEDR(BO) - zi(é\DDR - 00)
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Using the definition (4.1) of 5DDR and the notations in (4.2), we then have:

- ~ 1~ ~
(Bopr — 600) = (Oppr — Oo) — 59{V£2DR(90) + 2% (0ppr — 60)}
1 1 ~ ~a o~
= —QQV£2DR(90) — 5(9 —Q)VL P (0p) + (Ig — QX)) (Oppr — 00)
1
(K.1) = —§QV£2DR(00) +R,1+Ry3 [using (4.2)].

Next, recall from (3.1) that VLYP®(6y) = T, = Ton+Trn— T —Rrmn,
with all notations as in (3.2)-(3.5). Further, with our choice of L(-), we have:

1 ¢ 2 ¢ . .
Ton = — 2 To(Z) = —— ;%(zi), with 4g(Z) as in the ALE (4.3).
Applying these facts in (K.1) and using the notations in (4.2), we then have:
(@on —00) = ~3To + Ty Ty~ Ron) + Rt + Ry
= —%QToyn — %Q(Tmn —Tmn—Rrmn) +Ry1+Rys

1 & 1 «
(K2) = - z_; Dpo(Zi) + Rt + R+ Rog = — Z; Qpo(Z;) + Ay

Now, under Assumptions 1.1, 3.1, 3.2 and 3.3, all of Theorems 3.1-3.4 apply,
and under Assumption 2.1 and with L(-) being convex and differentiable in
0 trivially, Lemma 2.1 applies as well. Using these results, we then have:

(K.3)

logd ~ logd
chﬁm(eo)nm:oﬂ»( = ) and Bpor(An) — 8o ll1 = Op < = )

for any choice of \,, < 1/(logd)/n, as assumed. Using these facts along with
Assumption 4.1 (a) and multiple uses of Li-Lo type bounds, we then have:

1 ~ logd
(K4) [Rnillo < 1€ = QULIVL(80) 0 = Op (Tn 5 ) and
~~ ~ logd
(K5) [Rnslloc < [la — QEl|lmax[|@opr(An) = Oolli = Op [ wnsy/—"—].

Next, to control Ry, o = —%Q(Tﬂ,n — T n — Rymn), observe that each of

the variables —%QTWL, —%QTm,n and —%QRmmm admit exactly the same



HIGH-DIMENSIONAL M-ESTIMATION WITH MISSING OUTCOMES 75

form as Tr,, Ty and Ry gy in (3.1), respectively, but with a different
choice of the function h(X) in the definitions (3.3)-(3.5) of the underlying
summands for these terms. In this particular case, the summands correspond
to the forms (3.3)-(3.5) with h(X) replaced by h(X) = Q¥ (X) = T(X).
Further under Assumption 4.1 (b), h(X) is sub-Gaussian with || 2 (X) ||y, <
ox, as required in Assumption 3.1 (a). Hence, under Assumptions 1.1, 3.1,
3.2, 3.3 and 4.1, Theorems 3.2, 3.3 and 3.4 certainly apply to QT ,,, QT,,
and QR ,, , with this ‘modified choice’ 1(X) of h(X), using which we have:

12T

oo T 19T mn

‘oo = OIP’ ((Unﬂr + Uﬁ,m)

n

(log d) log(nd) )

and [|QRz mnllo = Op (Un xVnmlogn),
where both results follow directly from the non-asymptotic bounds in Theo-

rems 3.2-3.4. Combining these and recalling the definition of v}, in Assump-
tion 4.1 (b) along with the rate condition on v} assumed therein, we have:

1 w 1
(K.6) IRy3llo = Z[1Q2(Trpn — Tin —Remn)lloc = Op (vpn~2).
2

Combining (K.4), (K.5) and (K.6) along with the definition of A, in (4.2),
and using these in the original decomposition (K.2) of (@ppr — 6p), we have:

~ 1 <&
Ooon — 00) = =S Qubo(Zi) + A,, where A, satisfies:
(@ppr — 00) - ; Yo(Z;) + where satisfies

[Anllo = [[Rn1 +Ru2 + Raallo < [Ralloo + [[Rn2

oo T+ HRn,3||oo

log d log d
(K.7) = Op (mﬁ%—vi‘ln_é—&—wns 05 ) = o]p(n_%). -

(K.7) therefore establishes the desired ALE (4.3). Note further that the claim
E{40(Z)} = 0 holds as a simple consequence of the definition of 8y and As-
sumption 1.1 (b). Specifically, recalling the notations £(Z) =Y —m(X) and
P(X) = m(X)—g(X, 0p) from Assumption 3.1 (a), with g(X, 8y) = ¥(X)'6y
for our choice of L(-), we have: E{e(Z)|X} = 0, by definition of m(X), and
hence, E{y(X)¥(X)} = E[¥(X){Y — %(X)80}] — E{¥(X)(Z)} = 0, by
definition of 8y and L(-). Further, 7" Il Y'|X by Assumption 1.1 (a). Thus,

E{y0(Z)} = E{¥(X)¢(X)} + Ex[E{Tr (X)|X}E{e(2)|X}] = o.

This therefore completes the proof of the first part of Theorem 4.1. [
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To establish the (coordinatewise) asymptotic normality results claimed in
the second part, we simply use the established ALE (4.3) or (K.7) and invoke
Lyapunov’s Central Limit Theorem (CLT) along with Slutsky’s Theorem. To
apply Lyapunov’s CLT, we need to verify the Lyapunov moment conditions
for T'o(Z) = QP (Z). We establish this by first showing that I'g(Z) is, in fact,
sub-exponential (as per Definition D.1 with o = 1) under our assumptions.

To this end, under Assumptions 3.1 (a), 1.1 (b) and 4.1 (b), we have:

(K8) [To(@)]s = [120(Z)ly, = [QVX){(X) + T (X)=(Z)}u,
< QU X) g {19 (Xl + 621401} < ox (o +05"02) = or,.

where the steps follow from using Lemma D.1 (v) and (i) (c¢). Consequently,
using (K.8) and Lemma D.1 (iv) (a), we have: uniformly in j € {1,...,d},

pro; = B{|To(Z)’} < 60, < oo and op; = E{[To(Z)’} > .

where the second result is due to the lower bound condition assumed on oyq ;
with the constant o > 0 as defined there. Hence, pr, j/og ; < 60, /cj < oo
uniformly in j € {1,...,d}. Thus, the Lyapunov moment conditions are now
verified (uniformly) for each coordinate of I'o(Z) = QW¥y(Z). Note also that
E{T'4(Z)} = 0 since E{epy(Z)} = 0, as shown earlier. Finally, observe that
U(I;\Anm] < gt Anlloo = O[P(?’Li%). Hence, by Lyapunov’s CLT along with
multiple uses of Slutsky’s Theorem, we have: for each 1 < j < d,

(K.9) faoj ( DDR[j] — 00[3]) = \FUO ZFOU] +\/>O'0]1A 1l

d d
\fUOJ;FOU] i) +op(l) — N(0,1)+o0p(l) — N(0,1). =

This establishes the first of the two (coordinatewise) asymptotic normality
claims in Theorem 4.1. For the second claim, we mainly need to establish the
consistency of the estimator 337 ; of 0(2)’]-, uniformly in 1 < j < d, as claimed.
The asymptotic normality then follows directly from Slutsky’s Theorem and
(K.9). To establish the consistency, we first note that for all 1 < j <d,

(K.10)
G5 — ZF2 — E{T5;)(2)}

= {iZ o) (Z Zrom } { Zrom — B{TG;;(Z )}}7

i=1
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where To(Z) = Qup(Z) and Ty(Z) = ﬁ'zZO(Z) with 1,/b\0(Z) given by:

Po(Z) = |{m(X) — ¥(X) Opor} + {Y —m(X)}| ®(X).

T
7(X)
Next, recall from (3.1) the terms To(Z), Tr(Z), T}, (Z) and Ry 1, (Z) defined
n (3.2)-(3.5), with ¢g(X,0p) = ¥(X)'8y and h(X) = —2¥(X) in this case,
and let T((Z), T7(Z), T}, (Z) and R}, ,,(Z) respectively denote their versions
with h(X) replaced by h*(X) = ¥(X). Then, we have: ¥y(Z) = T§(Z) and

$0(2) = TH(Z) + TH(Z) - Tj(Z) — R} 1 (Z) — C(X)¥(X) (Bonr — 60).
Hence for all 1 < i < n, To(Z;) — To(Z;) satisfies:

Qo (Z ) QIPO(ZZ'/)\ = (Q- Q)TS/(\Zi>
Z;) — R}, (Zi)} — Q¥ (X;)¥(X;) (Bppr — 60).

(K11) Fo(Zi) - To(Z:) =
HO{TL(Zi) — T, (

Under Assumption 3.1 (a) and 1.1 (b), similar to the proof of (K.8), we have

using Lemma D.1 (v) and (i) (c¢): Tj(Z) = —3T(Z) is sub-exponential with

ITSZ)lyy < 12 ) o (N (X) g + le(@)ll07 "} < omloy + 07 0e).

Hence, maxi<i<n [ T§(Zi)lloc = maxi<icni<j<a |Tp;(Zi)| = Op(log(nd))
due to Lemma D.1 (vi). Using this along with Assumption 4.1 (a), we have:

(K.12)
max [|(Q — )TH(Z) ] < 12 = @[l max [|T5(Zi)llo = Ok (1 log(nd)).

1<i<n

Now, since ¥(X), e(Z) and Q¥ (X) are all sub-Gaussian due to Assumptions
3.1 (a) and 4.1 (b), using Lemma D.1 (vi), we have:

(K13) - max (|9 (X) oo + [R¥ (X))o + [£(Z0)]} = Op (Viog(nd))

Next, recalling the proof techniques and notations introduced in the proofs
of Theorems 3.2, 3.3 and 3.4, as well as using Assumption 1.1 (b), we have:

(K.14)

max [THZ) e < 87 1Rl 1Al e 12X cle(Z0)]

max [|T;,(Zi)llo < (1+07) [|A% ], max [¥(X;)[l and

1<i<n O, 1<4<n
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where (|7p|,,, and [[Aznll,,, are as in (H.1)-(H.2) and HA;“nnHmn is as
defined in (I.2) and (J.2). Using (J.3), (J.4) and (J.5), we further have:

(K.15)
||%n||oo,n ||A7"7"Hoo,n = Op(vp,rv/logn) and HA:”:”Hoo,n = Op(vp,m/logn).

Using (K.13) and (K.15) in (K.14), we then have:
(K16)  max {[|T7(Zi)loo + [T (Za) oo + [IR7m(Zi) ]|} = Op(vn),
where U, = {(vprx + vam) V108N + vy 25 m(log n)} log(nd).

Using similar arguments as above, with ¥(X) replaced by Q¥ (X) in (K.14)
throughout, and using (K.13) and (K.15), we also have:

(KA7) xma ([T (Z) oo + | 9T}, (Z) oo+ QR (Z0)l|oc} = Op(F).

Combining (K.16) and (K.17) along with Assumption 4.1 (a), we have:

max | Q{T%(Z;) — T%(Z:) — RE . (Zo) o

1<i<n
< o (| 0T5(Z) o + [T} ()l + |, (Z0) o)
+ (12 = @l max {[T7(Zi)lloo + [T (Zi)lloc + Rz, (Zi)l| oo }
(K.18) = Op (Up +1mpv) = Op(vy), since r, = o(1).

Now turning to the third term in (K.11), under Assumption 4.1, and using
(K.3) and (K.13) along with multiple uses of L;-L, type bounds, we have:
190 (X)) (X3) (Boon — 00)[loo < Q% (Xs)oo | #(Xi) oo | Bon — Bolls

+ 1€ = Q@ (Xo) oo ¥(Xi)[loclonr — Bollt ¥ 1<i<n, sothat
(K.19)

— ~ I
max [|Q®(X;)T(X;) (Bopr — 00)]e < Op <s Ogdlog(nd)(l —|—7‘n)> .

1<i<n n
Applying (K.12), (K.18) and (K.19) in (K.11) via triangle inequality, we get

(K.20)

~ 1
max [Fo(Z;) = To(Za)|oe = Oe <rn log(nd) + B + 51/ = dlog(nd)> .
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Finally, note that owing to (K.8), I'g(Z) is sub-exponential with ||To(Z)]|,
< or, < co. Hence, using Bernstein’s Inequality (Lemma D.4), we have:

(K.21)
logd logd
gfgd{nZIFOM } < 1lga§dE{|Fo (Z )|}+01P>< = >7

which is Op(1) since E{|Ty(;(Z)|} < op, V j owing to Lemma D.1 (iv) (a).
Applying (K.20) and (K.21) to the first term in (K.10) via several uses of
the triangle inequality and that a? — b? = (a —b)(a+b) V a,b € R, we have:

(K.22) max |- Z Loy (Z Z Loy (Z
= ax o Z IToyj)(Zi) — Togj)(Zi)] [Togy)(Zi) — Topj)(Zi) + 2T (Z:)]

< 1lﬂ<"128t<>§1||1“o( i) = T0(Z)loc [f???d{ Z|F0 }Jrow(l)]

Op (rn log(nd) + vy, + s4/ % log(nd)) .

Furthermore, since ||T'o(Z)]|y, < or,, we have: maxi<j<q HF(Q)U](Z)H% < o,

with o = % owing to Lemma D.1 (v). Hence, using Lemma D.6, we get

(K.23)
2 logd = (logn)?(logd)?
=2 ln ZFO[J] - E{I'5;(Z2)} < Op ( —+ - _

Hence, combining (K.22) and (K.23) via a triangle inequality and applying
them in (K.10), and recalling v,, from (K.16), we finally have:

(K.24) maxi<;<d |3§7j —Jaj\ = Op(1,) = op(l), where

T = rnlog(nd) + Uy + 51/ %% log(nd) + /%< 4 M.
Note that we have implcitly assumed 7, to be o(1) here. A careful analysis
will reveal that this entails essentially the same rate conditions as those
needed for the ALE (4.3) in Theorem 4.1 to hold, upto an additional factor
of y/log(nd) appearing in the first three terms of 7,,, as well as the presence
of the last term in 7,, (which is expected to be of lower order than the rest).
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(K.24) therefore establishes the desired (uniform) consistency of the stan-
dard error estimators {5 ;}4 =1, and also establishes the second asymptotic
normality result in Theorem 4.1 through use of (K.9), (K.24) and Slutsky’s
Theorem, as discussed earlier. This completes the proof of Theorem 4.1. m

APPENDIX L: PROOFS OF ALL RESULTS IN APPENDIX B

L.1. Proof of Theorem B.1. Under the assumed conditions, we have:

sup 9{B'®(x)} — g{ByT(x)}| < C, Sup\(ﬂ Bo) ¥ (x)|
(L.1) < Cguﬁ—ﬁonlsgguw e < CyCollB— Bolr-

where the steps follow from the Lipschitz continuity of ¢(-) and the bound-
edness of \Il(/)\ along with an Li-Ls, bound. Now, under the L; error bound
assumed for 3 and using a simple union bound argument, we have: V € > 0,

P(||B — Boll > €)

= P(IB - Boll1 > &, 18 — Boll1 < an) +P(IB — Boll > €18 — Boll1 > an)
P(|1B — Bolli > & 118 — Bolli < an) +P(IB — Bolli > an)

P8 — BollL > €| 1B — Bollr < an)P(1B — Boll1 < an) + an
2exp{—e2/(2a2)}(1 — qu) + @n < 2exp{—€*/(2a2)} + qn,

where the final bounds follow from an application of Hoeffding’s inequality
for bounded random variables (or using Lemma D.1 (ii)(d) and (iii)(a)).
Using this bound along with that in (L.1), we then have: for any € > 0,

P[igg H{B W (x)} — g{By¥ (x)}| > CyCue] < 2exp{—c*/(2a})} + gn-

IN

IA A

The desired result then follows by setting € = v/2a,t for any t > 0. ]

L.2. Proof Sketch for Theorems B.2 and B.3. We first introduce
two key supporting lemmas regarding tail bounds for lA(,é\, x) both of which
will be useful for proving Theorems B.2 and B.3. We begin with a few
notations and a sketch of our analysis to set up and prove these lemmas,
and subsequently, use them to complete the proofs of the main theorems.

To analyze the behavior of l(,@, x), we first introduce the corresponding
hypothetical version of the estimator where the index parameter 3 is treated
as known. Specifically, for any x € X, let us define the ‘oracle’ ‘estimator’:

BXi—Bx\ _ 1~ . (Wi—ux
1(Byx) = nhZZK<h> - m;ZK<h>



HIGH-DIMENSIONAL M-ESTIMATION WITH MISSING OUTCOMES 81

o~

Then, we note that the error lA(B, x) — (B, x) of the original estimator [(-)
admits the following decomposition. For any x € X,
108,%) = 1(8, )] < [1(8,%) — 1(8,)| + [I(B, %) — [(8,%)
< 1B x) = E{U(B,x)}| + [E{l(B,x)} — I(B,x)| + [1(B,x) — 1(8,x)]
=t [Sn(¥)| +[Sa(x)| + [Rn(x)| (say).
Thus, to analyze the behavior of \Z(B, x) —1(3,x)], it suffices to control each
of the quantities S, (x), Sn(x) and R, (x). We now proceed towards obtaining

non-asymptotic pointwise tail bounds for these quantities. We first focus on
Sp(x) and Sy, (x) which involve only the hypothetical estimator I(-).

LEMMA L.1 (Characterizing the tail bounds for S, (x) and S,(x)). Un-
der Assumption B.1 (a)-(c), we have: for any fired x € X and any t > 0,

~ t t24/1
P{]Sn(x)] > G+ G nzg”} < 3exp(—t?),

where Cq := 7(BlCKMK)1/2 and Co := Doz Mg for some absolute constant
D > 0. Further, under Assumption B.1 (d), we have:

|S,(x)| < C3h?  wuniformly in x € X, where C3 := BoRg.

Hence, for any x € X and t > 0, with probability at least 1 — 3 exp(—t?),

~ t t2y/logn 9
L.2) |I(B,x)—1(B,x) < C + C +C3h*, VxeX. n
(L2) (B30 ~1B0] < 1t GV IEN

Next, we aim to control the term ﬁn(x) whose behavior signifies the
nature and extent of the additional price one pays due to estimation of 3.
Using a first order Taylor series expansion of l(,@, x) around [(3,x) =

~(B, x), we first rewrite R, (x) = l(ﬁ, X) — l(,@, X) as

Rux) = (B { hzz e (s )} where

{W;}r_ | and w} are mtermedlate points that satisfy, for each i =1,...,n,
(W = w}) = (W —w)| < (W — i) — (Wi — wy)| = [(B = B) (X )I-

We now rewrite the expansion above as: R, (x) = ]3%1 (x)—l—ﬁmg(x), where

Bo(x) = (B—m’{nthZi(Xi,;X)K’<Wi;wx>}
i=1

=: (B—ﬁ)"f‘n(x) (say), and ﬁnvg(x) = ﬁn(x) —]3%1()().
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In the result below, we now characterize the tail bounds for ﬁn(x)

LEMMA L.2 (Characterizing the tail bounds for R, ;(x) and R,2(x)).
Under Assumption B.2 (a), (b) and (d), and Assumption B.1 (a) and (c),
we have: for any t > 0, with probability at least 1 — 3exp(—t%) — qn,

an(t + +/log p) (t? +log p)v/Iogn

~ a
< * * * N

|Rn,1(X)| - Cl an + 02 \/TW + 03 nh2 ’
Ct,C5,C5 > 0 are constants depending only on the constants introduced in
Assumptions B.2 and B.1, and x € X is any fixed evaluation point.

Further, under the additional condition in Assumption B.2 (c), we have:
for any t > 0, with probability at least 1 — 3exp(—t2) — qn,
2

ta2 t2a2 /1
n

< 3exp(—t?) + qn, for any firedx € X and any givent > 0, where

where

~ *a
|[Rn2(x)| < 4MXC)

Cy1,CE,C5 > 0 are constants depending only on the constants introduced in
Assumptions B.1 and B.2, and x € X is any fized evaluation point.

With a,,/h = o(1) as assumed, note that the second and the third terms
in the bound for R, 2(x) are each dominated by the respective terms in the
bound for }A%njl(x) in Lemma L.2. Using this, we obtain a bound for fin(x)
as follows: for any ¢ > 0, with probability at least 1 — 6 exp(—t2) — 2¢y,

o~

[Ra(x)| = [1(8,x) ~1(8,%)]

n 2 +1 Viogn
(L3) < Clan+a2h?) +Cot + loap)yogn

nh? ’

t + /logp)
Vnh3

for some constants Cy,C5,C§ > 0 (possibly different from those in Lemma
L.2) depending only on the constants defined in Assumptions B.1-B.2. =

+C§a”(

L.3. Completing the Proof of Theorem B.2. Combining the bounds
(L.2) and (L.3) via a union bound, we then have: for any x € X and for any
t > 0, with probability at least 1 — 9exp(—t2) — 2¢y,

t t2y/logn
vnh nh
an(t? + logp)v/logn

nh?

~

1(B,x) — (B, x)| < [I(B.x) — (B, x)| + |Ra(x)] < Cy

(/T
+Cgh2+0f(an+aih*2)+(};‘—a (¢ + vlogp) + C3

vnh3

+Cs
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t an t2y/logn an
L) = Dt (14 ) ¢ p, YR ()
(L.4) 1= to ) T P— + 5, ) T P30n, where
2 1 1 1
ro o= B a4 Oy O [8P  an Viognlogp )y

2 h\V nh R nh
3

D1, Do, D3 > 0 are some constants depending on the constants {C}, C’j’-‘ =1

Further, with (a,v/logp)/h = o(1) and {log(np)}/(nh) = o(1) by as-
sumption, the fourth term in the definition of 7, in (L.4) can be bounded
as: (an/h){v1ogp/(nh)} = o(1/v/nh) and the fifth term can be bounded as:

an Vlognlogp _ anylogplog(np) _ <10g(np)>
— h M

h nh nh nh

where we used that v/logny/logp < (logn +logp)/2 < log(np). Using these
simplifications in (L.4) and that a,/h = o(1) by assumption, we finally have:
for any x € X and for any ¢ > 0, with probability at least 1—6 exp(—t2)—2qp,

~ t t2/Togn
|l(167X) Z(B>X)| = 1m+ 2 nh

n 1 log(np)
by = h2+a, + o2
+a, + 52 + — nh

D7y, D3, D3 > 0 are some constants depending only on those introduced in
the assumptions. This completes the proof of Theorem B.2. [

+ D3b,, where

and

L.4. Completing the Proof of Theorem B.3. Using Theorem B.2,
we have: for any fixed x € X and for any ¢ > 0,

P{[1(B, %)~ UB,%)| > ea(t)} < 9exp(~t?) +2g, and
@Ls)  P{f(Bx)— f(B.X) > ealt)} < 9exp(—t) + 2,

where we recall that {f(,@, x), f(B,x)} is a special case of {T(B, x),l(B,%x)}
with Z =1 so that Theorem B.2 indeed applies to get both bounds above.
Next, note that m(-) = I(-)/f(-) and m(-) = 1(-)/f(-), so that
[FEAm() =m()H = RIC) = 10)F =m{fF() = F()}
< JIC) =1+ mOIFC) = fFOI < C) =16+ 0mlfC) = FO)L
where in the last step, we used ||m(+)|loc < dp, by assumption. Using a simple
union bound argument, we then have: for any x € X and for any ¢ > 0,

P{IF(B,x){(B.x) = m(B, %)} > (1+ dm)en(t) }

< B{[I(B.x) ~ 1(8.%)| > en(t) | + B {|F(B.%) ~ (8. %)] > eu(t)}
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(L.6) < 18exp(—t?) + 4qy,

where the final step follows from using the bounds in (L.5).
Recall further that by assumption, |f(8,x)| = f(B8,x) >0 >0V x e X.
Then, for any x € X and any t, > 0 such that d; — en(ts) > 0, we have:

~ ~

PS8, x)| < dp —enlts)} < PYS(B,%)] < [f(B,x)] — en(ta)}

~

(L.7) < P{f(8,%) = [(B:%)|| > en(ts)} < 9exp(—t3) + 2qn,

where the penultimate bound follows since |b| — |a| < ||a| — |b]| < |a — b| for
any a,b € R, and the final bound follows from (L.5). In particular, we have:

—~ 5 0
IP{f(,B,X)| < 2f} < 9exp(—t?) +2¢n, Vt. >0 such that e,(t.) < Ef

Combining this bound along with (L.6), we now have: for any x € X and
for any t,t, > 0 with €,(t,) < d7/2,

P{\mﬁ, x) - m(B,x)| > Mena)}

_ P{m(ﬁ, %) —m(B,x)| > 2 ) 1F(E ) = ‘5f}

5y 2
R . . 5
2 { B~ m(B0] > 2 e, 0, B ) < |

IN

P {|F(B.)l[(B.%) = m(B, )| > (1+ dm)en(t) } + P{r (B.x)| < ‘5}“}
< 18exp(—t?) + 9exp(—t2) + 64y,

where the final bound follows from using (L.6), (L.7) and the bound noted
below (L.7) as a special case. This completes the proof of Theorem B.3. =

L.5. Proof of Lemma L.1. Let Z := (Z,X) and rewrite [(3, x) as:

1 & 1 Wy
1(8,x) = EE Th(Zisx, B), where T),(Zix. 8) = 1 ZK <W h“’ >
=1

Under Assumption B.1 (a)-(b) and using Lemma D.1 (i)(b), (ii)(d) and (v),
Ty(Z; %, B) is sub-Gaussian with || T(Z; x, B)|ly, < h~loz M. Hence, using
Lemma D.1 (iv)(b) and (i)(c), we have:

| Th(Z;x, B) — B{Tn(Z; %, B)}|lpy < 3h 'oz My uniformly for all x € X.
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Further, under Assumption B.1 (b)-(c), we have: uniformly for all x € X,
Var{Ty(Z;x, )} < E{T}}(Z;x,8)} = Ew[E{T}(Z;x,8)|W}]

= 17 [ B W = w)K3 (0= w) /) fp(w)du
n [ ) ) K (w = wx) /) fp )

= p! /mﬂ (wx + hu) fa(wx + hu)K*(u)du < h™'BiMgClk,
R

where the penultimate step follows from a standard change of variable argu-
ment. We have thus verified all the conditions required for Lemma D.6 using
which we now obtain: for any ¢ > 0, with probability at least 1 — 3 exp(—t?),

Su(x) = 108, x) ~ BB, x)}| < 71y POy pDOMI o,

where while using Lemma D.6, we set I';, = h ' BiMxCk, K, = h oz My,
p=1, a =2, and D depends on the absolute constant C,, in the statement
of the lemma. This completes the proof of the first part of Lemma L.1. =

For the second part regarding S, (x) = E{l(8,x)} — I(8,x), observe that
E{l(8,x)} = E{Th(Z;x,0)} and I(B,x) = Ig(wx). We the have: Vx € X,

5u(x) = E{TW(Zix,B)} — UB.x) = EwlE{Ti(Zix, B)| W} — lg(us)
= 17 [ B(ZIW = w) {0 = )} fp(w)dw — ()

= 07 [ daw) R {(w — ) ) — Tg)
R
= / lg(wx + hu) K (u)du — lg(wy) = /{lﬁ(wx + hu) — lg(wx) } K (u)du
R R

= hl,’@(wx)/uK(u)du—i—hQR*(x) = h2/l,'3’(w;u)u2K(u)du, where
R R

=0

wy ,, is some ‘intermediate’ point satisfying [wx ., —wx| < hlu|. The first two
steps use E(Z|W = w) = mg(w) and mg(w) fg(w) = [g(w). The next steps
follow from a standard change of variable and Taylor series expansion argu-
ment under the assumed smoothness of Ig(-) in Assumption B.1 (d) along
with the conditions imposed therein on the kernel K (-). Using Assumption
B.1 (d), we further have: [|[I5(-)|[c < B2 and [ |u?K (u)|du < Ry . Hence,

1S, (x)] < Bg/u2|K(u)|du < ByRg uniformly for all x € X.
R
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This establishes the second part of Lemma L.1 and completes the proof. =

L.6. Proof of Lemma L.2. To control }Ain’l(x) = (8- B)'T,(x), note
L&) RG] < 1B~ Bl [IFu60) ~ BLTACO o + BT (0}

In the light of (L.8) and the assumed high probability bound for || 8- Bl
in Assumption B.2 (d), it now suffices to bound [Ty (x) — E{T(x)}|lc and
IE{T,(x)}|lcc- To this end, for each x € X, define

1
h?

W —

TS (Z:x) = —Z(X—x)K’ (hw"> so that T (x) = —ZTh Z:;x).

Now under Assumptions B.1 (a), B.1 (c¢), B.2 (a), B.2 (d) and using Lemma
D.1 (i)(b)-(c), (iv)(b) and (v) at appropriate places, we have: for all x € X,

jnax. I Th(Zs %) [lp, < 2h° 2Mx Moz and therefore,

max I Th7(Zs x) — B{T}(Z; %)}y, < 6h 2 Mx Moy
<i<p

Further, under Assumptions B.2 (d), B.1 (c), B.2 (a) and with E{Z?(X{; —

2 .
x(j)? | W} < AMZEw (Z2|W) = 4M)2(mg)(W) Vj, we have: for all x € X,

i STy (201 < 5005 [ m ) (Ko = s ) /R fp )i

4
< MM B, /R m® (ws + hu) fs (1w + hu) {K' ()} 2du
4 4

< ﬁM)Q(MK'Bl /R |K'(u)|du < ﬁBlM)QCMK’CK’a

where the second step follows from a change of variable argument and the

final two bounds follow from using the assumptions mentioned above.
Using Lemma D.6 with the parameters therein set to: o = 2, I', oc h™3

and K, o< h=2, all in the light of the two bounds above, we then have: for

any fixed x € X and for any ¢ > 0, with probability at least 1 — 3 exp(—t2),

| T — BTG} |

% S T5(Zix) - E{T}(Z;x)}
=1

(L.9) < (t + v/1og p) LG (t? +1og p)v/Iogn

nh?3 nh? 7
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for some constants C7,Cs > 0 depending only on those introduced in the
assumptions. Here, we further used va +b < \/a + v/b for any a,b > 0 to
obtain the bound (L.9) from the one originally provided by Lemma D.6.

Next, we focus on controlling |[E{T}(Z;x)}|lo. To this end, recall the
definitions of mg(-) € R and Ig(-) € R, and let ng(w) = L ng(w) € RP.
Then, under Assumption B.2 (a)-(b), we have: uniformly in x € X,

E{T},(Z;x)} = ZEwlE{(ZX — Z&)|WHK'{(W — wy)/h}]

h2
2 /R{nﬁcw) = xlg(w)}K{(W — wx)/h}dw

_ % /R (15 (wx + hu) — xlg(wx + ) ' (u)du

_ /R {1 (w4 hu) — xllg (ws + h) } K (u)du

where the last two steps follow from a change of variable and integration
by parts argument, where the latter is applicable under Assumption B.2
(a)-(b). Under Assumptions B.2 (a), B.2 (b) and B.2 (d), we then have:

1<5<

IE{Th(Z; ) oo < {max 157 (oo + IIxloo 175 ( IIOO}/IK )|du

(L.10) < (B} + MxB3)Ck uniformly in x € X.

Finally, recall that from Assumption B.2 (d), we have B-p |1 < a, with
probability at least 1 — g,,. Combining this with the bounds (L.9) and (L.10)
and applying them in (L.8) through a simple union bound, we have: for any
fixed x € X and for ¢t > 0, with probability at least 1 — 3 exp(—t?) — ¢y,

(t + /logp) Lo (t? + log p)v/Iogn
Vnh? 3 nh? ’

for some constants C7,C5,C; depending only on those introduced in our
assumptions. This establishes the first part of Lemma L.2. [

Ror(x)] < an{cfw;

To establish the second part of Lemma L.2 regarding bounds for ]3%2 (x),
first recall that for some ‘intermediate’ points {W>*}? ; and wj satisfying

(W = S'Z)—(W—wx)!<|(A ) — (Wi = wy)| = |(B = B) (X — %),

Rualx)] = ‘ — ZZ { (W)‘KUVZUJ)}‘
L IB- BIhZHX [ (M) g (M)

nh?
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(L.11)

< zqu,@—mh{ hQZ 1 (M) - K<W;w>’}

where the steps follow from an Li-L., bound along with a triangle inequality
and using the boundedness of X from Assumption B.2 (d).

Let A, denote the event ||[3— 3|1 < an and let AS denote the complement
event of A,. Then, from Assumption B.2 (d), we have P(A,) > 1 — qp.
Further, on the event A,, (3 — 8)(X; — x)/h < 2Mx(an/h) < L under
Assumption B.2 (d) and consequently, using Assumption B.2 (¢) with the
function ¢(-) as defined therein, we have: on the event A,,

e (i) e (M5 < G-y — e (L)

(L12)
< HIB - DI g (L) < 2K (W),

and consequently, combining (L.11) and (L.12), we have: on the event A4,,

n

~ IM2 a2 Wy
(L.13) | R2(x) X” Z \Z| < ) VxeX.

Thus, we have: for any € > 0 and for any x € X,

P(|Ru2(x)| > €) < P(IRu2(x)| > € An) + P(|Rua(x)| > €, A7)

n

< {4M>2<“ Z|Z§0< >>6A}+P(A;)

AMZ a2 & W; —w
L.14 <P X n Z; - X
(L.14) < { 13 ;! zs0< - )>6 + n,

where the steps follow from (L.13) and that P(.A¢) < ¢, by assumption.

Next, define: Tp,(Z;x) = Th(Z;x,8) := h 3| Z|p{(W — wyx)/h} and recall
that mg)(W) = E(Z?|W). Then, using the boundedness conditions from
Assumptions B.1 (¢) and B.2(c), along with use of iterated expectations, we
bound the first and second moments of 7(Z;x) V x € X as follows.

BURE) = g5 [ m e () fatwitu

BiM,C,
h

1
= h5/m(ﬁ?)(wx+hu)f,3(wx+hu)¢2(u)du < and
R
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E{Ti(Z;%)} = 1/ B(1Z|W = w)e (W ) fatwu

< [t (5)

< 2 /R{mg) (wx + hu)}%(p(u)fﬁ(wx + hu)du <

NI

(B1Cy)2Cy,
h? ’

where C¢ > 0 is a constant such that ||fg(-)|lcc < Cf. Further, under As-
sumptions B.1 (a) and B.2 (c), using various parts of Lemma D.1, we have:

I73(2: %) — E{T(Z:30} i < BITR(Zs )y < 3h 070, Vx € X,

Hence, using Lemma D.6, with all required conditions verified now, we have:
for any x € X and for any t > 0, with probability at least 1 — 3 exp(—t2),

1< 1<
~> Th(Zix)| < ;Zmzi;x%Em(Z;x)} + [E{T(Z: %)
i=1 =1
t t2/Togn
(L.15) < ng + Cy———— W h2 ,

for some constants C's, Cy, C5 > 0 depending only on those in the assump-
tions. Hence, using (L.15) in (L.14), we now have: for any ¢ > 0,

~ t%/@
P{\RM( ) = 4 (03 Lol ol
Wi —wx t t2\/10gn
t t2y/1
( ZE Z;;x) o >+Qn

h +Cy———+ —
< Sexp(—t2) + ¢, for anyx e X.

> (53— 3 52

This establishes the desired bound for ﬁn,g(x) and completes the proof. m
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