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New Bounds for Restricted Isometry Constants

T. Tony Cai, Lie Wang, and Guangwu Xu

Abstract—This paper discusses new bounds for restricted isom-
etry constants in compressed sensing. Let © be an n X p real matrix
and % be a positive integer with & < n. One of the main results of
this paper shows that if the restricted isometry constant 6, of ¢
satisfies

o < 0.307

then k-sparse signals are guaranteed to be recovered exactly via
£, minimization when no noise is present and %-sparse signals
can be estimated stably in the noisy case. It is also shown that the
bound cannot be substantially improved. An explicit example is
constructed in which 6, = ;‘k;_ll < 0.5, but it is impossible to
recover certain k-sparse signals.

Index Terms—Compressed sensing, £, minimization, restricted
isometry property, sparse signal recovery.

I. INTRODUCTION

OMPRESSED sensing aims to recover high-dimensional
sparse signals based on considerably fewer linear mea-
surements. Formally one considers the following model:

y=®B+z (1)

where the matrix ® € R™*? (withn < p)and z € R" is
a vector of measurement errors. The goal is to reconstruct the
unknown signal 3 € RP based on y and ®. A remarkable fact
is that 3 can be recovered exactly in the noiseless case under
suitable conditions, provided that the signal is sparse.

A naive approach for solving this problem is to consider £
minimization where the goal is to find the sparsest solution in the
feasible set of possible solutions. However, this is NP hard and
thus is computationally infeasible. It is then natural to consider
the method of ¢/; minimization which can be viewed as a convex
relaxation of £, minimization. The /; minimization method in
this context is

N

(Pg) [ =argmin{||v|l1 subject to y— ®ye B} (2)
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where B is a bounded set determined by the noise structure. For
example, B = {0} in the noiseless case and B is the feasible set
of the noise in the case of bounded error. This method has been
successfully used as an effective way for reconstructing a sparse
signal in many settings. See, e.g., [6]-[9], [11], [13], [2], [3].

One of the most commonly used frameworks for sparse re-
covery via £; minimization is the Restricted Isometry Property
(RIP) introduced by Candes and Tao [7]. The RIP essentially
requires that every subset of columns of ® with certain cardi-
nality approximately behaves like an orthonormal system. A
vector v = (v;) € RP is k-sparse if |supp(v)| < k, where
supp(v) = {i : v; # 0} is the support of v. For an n X p ma-
trix ® and an integer k, 1 < k < p, the k-restricted isometry
constant b (P) is the smallest constant such that

VI=6,@)lell> < el < VI+ 6 (@)]lclla (3)

for every k-sparse vector c. If k + k' < p, the k, k'-restricted
orthogonality constant 0y, i (®), is the smallest number that sat-
isfies

[(@c, @) < Or 1 (P cll2ll € |2 @

for all ¢ and ¢’ such that ¢ and ¢’ are k-sparse and k’-sparse re-
spectively, and have disjoint supports. For notational simplicity,
we shall write ¢y, for 65, (®) and 6y, 1/ for 6, 1/ (P) hereafter.

It has been shown that /; minimization can recover a sparse
signal with a small or zero error under various conditions on &
and 6}, 5. For example, the condition 65, + 65 1 + ok < 1
was used in Candés and Tao [7], 031, + 364 < 2 in
Candes et al. [6], and 02 + fr2r < 1 in Candés and Tao
[9]. In [4], Caiet al. proved that stable recovery can be achieved
when 6155 + 015 < 1.! In a recent paper, Cai et al. [3]
further improve the condition to 61 25, + 05,1255 < 1.

It is important to note that the RIP conditions are difficult
to verify for a given matrix ®. A widely used technique for
avoiding checking the RIP directly is to generate the matrix
® randomly and to show that the resulting random matrix
satisfies the RIP with high probability using the well-known
Johnson—Lindenstrauss Lemma. See, for example, Baraniuk,
et al. [1]. This is typically done for conditions involving only
the restricted isometry constant §. Attention has been focused
on 9y, as it is obviously necessary to have do5 < 1 for model
identifiability. In a recent paper, Davies and Gribonval [10]
constructed examples which showed that if §2;, > %, exact
recovery of certain k-sparse signal can fail in the noiseless
case. On the other hand, sufficient conditions on 5, has been
given. For example, 6o, < V2 — 1 is used by Candes [5] and
02r < 0.4531 by Foucart and Lai [14]. The results given in

IFor a positive real number o, 8, and 8}, o are understood as Orax] and
Ok ran]-
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Cai et al. [3] implies that 625, < 0.472 is a sufficient condition
for sparse signal recovery.

Among the conditions of the form ., < «, the most natural
and desirable condition for recovering a k-sparse signal is ar-
guably

O < «

for some quantity «.

The purpose of this paper is to establish, to the best of our
knowledge, the first such condition on 8. To be more specific,
we show that under the condition

0r < 0.307 )

k-sparse signals are guaranteed to be recovered exactly via £
minimization when no noise is present and k-sparse signals can
be estimated stably in the noisy case. Although we are mainly
interested in recovering sparse signals, the results can be ex-
tended to the general setting where the true signal is not neces-
sarily k-sparse.

It is also shown in the present paper that the bound (5) cannot
be substantially improved. An upper bound for is also given.
An explicit example is constructed in which ¢ = 57— < 0.5,
but it is impossible to recover certain k-sparse mgnals

Our analysis is simple and elementary. The main ingredients
in proving the new RIP conditions are the norm inequality for
{1 and ?5, and the square root lifting inequality for the restricted
orthogonality constant 0}, ;/. Let z € R™. A direct consequence
of the Cauchy-Schwartz inequality is that 0 < ||z||s — %
Our norm inequality for ¢; and #2 gives an upper bound for the

quantity ||z||2 — Hf;ll namely
T n
ol = P2 < P (e el = i Jol ). @
1<i<n 1<i<n

This is an inequality of its own interest. The square root lifting
inequality is a result we developed in [3] which states that if
a > 1 and k', ak’ are positive integers, then

Orak’ < Vab . @)

Indeed we derive a more general result on the RIP and obtain
(5) as a special case.

The rest of the paper is organized as follows. In Section II,
after some basic notations and definitions are introduced, the
square root lifting inequality and the norm inequality for ¢; and
£y are discussed. These inequalities are the main technical tools
which enable us to make finer analysis of the sparse recovery
problem. Our new RIP bounds are presented in Section III. In
Section IV, upper bounds for the RIP constants are given.

II. PRELIMINARIES AND SOME INEQUALITIES

We begin by introducing basic notations and definitions re-
lated to the RIP. We also include two important inequalities
needed for the later sections.
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For a vector v = (v;) € RP, we shall denote by vpax(x) the
vector v with all but the k largest entries (in absolute value) set to
zero and defin€ v_ pax(k) = ¥ — Umax(k)» the vector v with the k
largest entries (in absolute value) set to zero. We use the standard
notation [|v]|, = (3°F_, |v:]7)1/7 to denote the £,-norm of the
vector v. We shall also treat a vector v = (v;) as a function
v:{1,2,...,p} — R by assigning v(i) = v;.

For a subset 7" of {1,...,p}, we use @7 to denote the sub-
matrix obtained by taking the columns of ¢ according to the
indices in T'. If ¢ € RP with support T, then

L= 67llellz < |@rella < /1 + 6z llc]l2-

The following monotone properties can be easily checked
0k < Oy, ifE <k <p (8)
ﬂkyk/ S Hklvki7 if k S ]{Il,k/ S ]{Jll, and kl + kll S p- (9)

Candes and Tao [7] showed that the constants 0y, and 0}, ;- are
related by the following inequalities

Ok < Opgrr < Ok pr + max(6y, Oxr). (10)

A. Square Root Lifting Inequality

The following properties for 6 and 6, developed by Cai, Xu
and Zhang in [4], have been especially useful in producing sim-
plified recovery conditions

! 1
2 2
Hk’zizlk’ S ggkyki < ;:1: Ot - (1)

It follows from (11) that for any positive integer a, we have
Ok,arr < \/Eﬁk,kf. This fact was further generalized by Cai,
Wang and Xu in [3] to the following square root lifting in-
equality.

Lemma 2.1 (Square Root Lifting Inequality): For any a > 1
and positive integers k, k' such that ak’ is an integer

Ok akr < Vaby . (12)
It is interesting to note that some useful properties of the re-

stricted isometry constant can be established by the square root
lifting inequality. For example, for any positive integer m > 1

62m S g'm ,m, 6’m

IN

if m is even

if m is odd.
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B. Norm Inequality for {1 and {5

In the last part of this section, we will develop a useful in-
equality for achieving finer conversion between ¢;-norm and
{5-norm.

Letx = (z1,29,...,2,) € R™. A direct consequence of the
Cauchy-Schwartz inequality is that

[l]h

Jn

and the equality hold if and only if |z1| = |z2| = -+ = |zn]-
The next result provides a sharp upper bound for the quantity
|||z — @ This norm inequality plays a major role in the
subsequent analysis of the RIP conditions.

0 < lzfl2 —

Proposition 2.1: For any © € R™

1<i<n 1<i<n

-

The equality is attained if and only if |z1| = |z2| = -+ = |z,
or n. = 4m for some positive integer m and z satisfies |z;,| =
|ziy| =+ = |z, | forsome 1 <4y < iy < -+ < ipm < nand
T = 0 for k §é {7:1./’L.2,...77:m}.

Proof: 1tis obvious that the result holds when the absolute
values of all coordinates are equal. Without loss of generality,
we now assume that 1 > 9 > --- > x,, > 0 and not all z;

are equal. Let

max |z;| — min |a:1|> .

) = llalls = 1202,
Note that for any i € {2,3,...,n — 1}

af :Ei_l

dz;  lalla ~ Vn

This implies that when z; < ‘\%2, f(z) is decreasing in x;;

otherwise f(z) is increasing in z;. Therefore, if we fix 21 and
Zn, when f(z) achieves its maximum, z must be of the form
that xy = 29 = --- = x and T41 = --- = x, for some

1 <k < n.Now
k
222+ nx2 — —= (11 —x,) —

- A -

Treat this as a function of k for k € (0,n)
k
2—22)+nr2 — —=(z1 —xn) —

R

By taking the derivative, it is easy to see that

zite, )2 2
k) < g <n(22#>

Vna,.

Vna,.

_ g2
] — T

= \/ﬁ(xl
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Now, since > 1/4, we have

ol | v
\/— 4 gl nj-

We can also see that the above inequality becomes an equality
ifand only if 2341 = --- =z, = 0 and k = n/4. [

143z,
4(x1+x,)

lll2 <

Remark 2.1: A direct consequence of Proposition 2.1 is that
for any x € R"

l=lly vl
NG 4

llz]l2 <

III. NEw RIP BOUNDS OF COMPRESSED SENSING MATRICES

In this section, we consider new RIP conditions for sparse
signal recovery. However, the results can be easily extended to
general signals 3 with error bounds involved with B_ 1. (k) as
discussed in [3], [4].

Suppose

y=06+=

with ||z||2 < e. Denote 3 the solution of the following ¢; mini-
mization problem:

B = argmin{|]y|j; : subject to ||By—yl|s <e}. (13)

Theorem 3.1: Suppose [ is k-sparse. Let k1, ko be positive
integers such that k; > k and 8(k; — k) < ko. Let

o [E R
Vi, © Vk1

Then under the condition

k1k2

O, + 10k, 1, <1

the /1 minimizer ﬂA defined in (13) satisfies

18- flla < YV

— Ok, _t0k17k2

In particular, in the noiseless case where y = ® /3, /1 minimiza-
tion recovers 3 exactly.

Proof: Leth = ,3 —
we define

3. For any subset Q C {1,2,...,p},

hq = hlg

where lg denotes the indicator function of the set @, i.e.,
lo(j) =1ifj € Q and 0 if j ¢ Q. Rearranging the indices if

necessary, we assume |h(1)| > |h(2)| > --- > |h(k + 1)| >
[h(k +2)] > -
Let T = {1,2,...,k} and let Q2 be the support of 3. The

following fact, which is based on the minimality of 3, has been
widely used, see [3], [6], [13].

1hally = [[ho- 1
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Note that 2° N T and 2 N T° both have k — |2 N T'| elements, Now

so we have
||her~,T||1 > “}LQmTr 1- | <‘P}L,(I)h50> | = <(Ph507¢h50> + Z <(I)Si hSm(PhSo)
i>1
We shall show that this implies that > (1= 6g,) |lhs, ||§
-0 h
||hT||1 > Hth ) k1,k2 || So||2;|
In fact > (1= 6y — Oy . )HhSon
Note that
h =|lh hae A
1z P ||hmT||1-|;l|| a:nrll . |@hll2 = 28 - B)ll
= |lhallr + l|hacnrllt — [[hanT:|l1 <198 = yll2 + || @B — yl|2 < 2e.
> ||haellr + |haenr||lt — [[hante |1
= ||haenT<ll1 + 2l|haenT |l — ||hanT< |1 Also the next relation
= [[hre|l1 + 2||haenr i — 2||honT- |1 2
2 1hsolly _ Nlhsolly
> ||hre |1 ||hsg 5 S HhSSH1 kz < kz < lhsolly
Partition {1,2,...,p} into the following sets: implies
2 2 2
1113 = 1hsolly + [[ss I, < 2[lRs, I -
50:{1,2,...,k1}751:{k‘1+1 .,]{}1+k2}
So = (ki 4+ ko +1,..., k1 + 2k}, Putting them together we get?
Then it follows from Proposition 2.1 that 1hll2 < V2]lhs, I,
\/§|<(I)h7q)h50>|
" - (1 - 5k1 - tekl,kz) ||h’50||2
> ks, ll2 < Z s fls Q(|h(k1 +1)] < V2| @hll2 ||Phs, I,
i>1 i>1 4 - (1 - 6k1 - tekl,kz) ||h50||2
Ih(k1+k2)|+|h<k1+k2+1>| o 2V2e/T+ b, |hs, I,
— |h(ky + 2ko)| + -+ ) T (1= bk — 0 ko) s Ml
1 2v2,/146
< = lhrelly = (k1 = K) (ks + 1)]) < VAV
\/_ - 1- 6k1 — tﬂkhkz ¢
ko
+ Y2k, 1) .
L(HhTHl — (k1 — k)|h(ky + 1)) Remark 31 Different ch'oices of k1 and ko can result in dif-
Vka ferent conditions. Here we list several of them which are of cer-
Vs tain interest.3
+ 2Rk + 1))
4
< h 2kr — Ak 1 I k1 | ko | Recovery condition
< <= (s, Il = 20 = BlACk: + 1) b Ly [ Roopvey confi
1 5
\/k_ k ok 5k+§0k,% <1
+ T|h(k1 +1)] S |k | Gu /200 <1
8 8
L k| 7k Osk +0&,87k <1
<\ - ||h50||2
\ /k2 2(ky — k) Remark 3.2: 1t should be noted that when ky = 1, we can
+ 4 NS (k1 +1)] set t = V/k. In fact, this can be observed by taking k; = k and
" noting h(ky + (i — 1)ko + 1) = h(ky + iks) for i > 0, in the
— |lhs, ||2 proof of Theorem 3.1.
ko
L 2k — k 2[f hg, = 0, then the theorem is trivially true. So here, we assume that
1 1k2

3Here we assume that the the fraction multiple of & are integers. Otherwise,
= t||h50 ||2 we have to use the ceiling notation.
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The following is our main result of the paper. It is the conse-
quence of Theorem 3.1 and the square root lifting inequality.

Theorem 3.2: Lety = ®F + z with ||z]|2 < e. Suppose [ is
k-sparse with k£ > 1. Then under the condition

0 < 0.307

the constrained /1 minimizer B given in (13) satisfies

A €
Bl < ———.
18- Blla < oo

In particular, in the noiseless case B recovers [ exactly.
To the best of our knowledge, this seems to be the first result
for sparse recovery with conditions that only involve 6.
Proof: We will present the proof for the case £ = 0(mod 9)
in this section. This is the case that can be treated in a concise
way and for which the proof also conveys the main ideas. A
complete proof for the general case is given in the Appendix.
In Theorem 3.1, set k1 = k and ko = %k. Let

L k n 1 [k 5
"V TaVE T3
Then under the condition
5
O + gek%k <1

we have

221 + 6%

|2 S —56~
1 - (5k - §9k,%k

18 - B

Using the square root lifting inequality, we get

5 5
or + gek:%‘ =6 + 39%%’4_1»
<ort+ 24/ 2 < (14V5)8
< k+§ g%’%_(-l' 5)6p
< 1.

In this case

2v/2y/1 + by, < 2v/2\/1 + &y, A
1_5k_t9k7%« _1—(1+\/5)6k
3.256 e
e < .
— 1-3.2566;, — 0.307 — 63

18— B2 <

Remark 3.3: In the proof of Theorem 3.2, we used a weaker
form of estimation in the last line. The purpose is to make the
result consistent with the general case which will be treated in
the Appendix.

For the special case of k& = 0(mod 9), we actually have a
slightly better error bound, that is

2V2/1 + o5, 1
e < E.
1—(145) -6 0.309 — 6,

18— B2 <

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 9, SEPTEMBER 2010

For simplicity, we have focused on recovering k-sparse sig-
nals in the present paper. When ( is not k-sparse, /1 minimiza-
tion can also recover (3 with accuracy if 3 has good k-term ap-
proximation, i.e., || 3 max()||1 is small. Similar to [2], [4], this
result can be extended to the general setting.

Theorem 3.3: Lety = ®f + z with ||z]|2 < . Suppose
0r < 0.307

for some k& > 1. Then the constrained £; minimizer ﬁ given in
(13) satisfies

1 B maxw |l
0307—or vk

We now consider stable recovery of k-sparse signals with
error in a different bounded set. Candés and Tao [9] treated the
sparse signal recovery in the Gaussian noise case by solving
(Pg) with B = BPS = {2 : ||®’2||oo < n} and referred the so-
lution as the Dantzig Selector. The following result shows that
the condition 6, < 0.307 is also sufficient when the error is in
the bounded set BPS = {z : ||®'z|| < A}

A &
— <
13- 61k < s +

Theorem 3.4: Consider the model (1) with z satisfying
[|®"2||oc < A. Suppose (3 is k-sparse and /3 is the minimizer

f = argmin{[|y|l1 : [|®'(y — ®7)[loo < A}
YER?P
Then

. JE
_ < "
13- Bl < e

provided 65 < 0.307.
The proof of this theorem can be easily obtained based on a
minor modification of the proof of Theorem 3.1.

IV. UPPER BOUNDS OF 6§,

We have established the sufficient condition
br < 0.307

for sparse recovery in the previous section. It is interesting to
know the limit of possible improvement within this framework.
In this section, we shall show that this bound cannot be sub-
stantially improved. An explicitly example is constructed in
which 6, = 2’2%11 < 0.5, but it is impossible to recover certain
k-sparse signals. Therefore, the bound for §; cannot go beyond
0.5 in general in order to guarantee stable recovery of k-sparse
signals. In the special case of k = 2, % = % ~ 0.333 and
so the upper and lower bounds on the RIP are very close in this
case.

This question was considered for the case of d25. In [3],

among a family of recovery conditions, it is shown that

09, < 0.472
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is sufficient for reconstructing k-sparse signals. On the other
hand, the results of Davies and Gribonval [10] indicate that

L~ 0.707 is likely the upper bound for &y

V2

Theorem 4.1: Let k be a positive integer. Then there exists
a (2k — 1) x 2k matrix ® with the restricted isometry constant
b = % and two nonzero k-sparse vectors 31 and (32 with
disjoint supports such that

OB = Pfs.

Remark4.1: This result implies that the model (1) is not iden-
k—1

tifiable in general under the condition 63, = 5T and, therefore,
not all k-sparse signals can be recovered exactly in the noiseless
case. In the noisy case, it is easy to see that Theorem 3.2 fails
because no estimator [? can be close to both (3; and 35 when the
noisy level ¢ is sufficiently small.

Proof: Let I" be a 2k x 2k matrix such that each diagonal
element of I" is 1 and each off diagonal element equals — 5.
Then it is easy to see that I' is a positive-semidefinite matrix
with rank 2k — 1.

Note that the symmetric matrix I" can be decomposed as I" =
®'® where ® is a (2k — 1) x 2k matrix with rank 2k — 1.
More precisely, since I' has two distinct eigenvalues % and
0, with the multiplicities of 2k — 1 and 1 respectively, there is
an orthogonal matrix U such that

I' = UDiag 2k 2k 2k

2k—1
Define ¢ as

2k
Vi< 0 o 00

2k

[ 2k

sier O
Let T C {1,2,...,2k} with |T'| = k. Then it can be verified
that

o =

1 1
1 T 2k—1 T 2k—1
1 1 __1
2k—1 2k—1
@}(I)T =
1 1 1
2k—1 2k—1 kxk

The characteristic polynomial of /. ®r is

k—1
kN[ 2 |
2k -1 2k—1

This shows that for ®,

p(A) = <>\

k k-1

B R T |
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Since the rank of ® is 2k — 1, there exists some v € R2* such
that v # 0 and ® = 0. Suppose 31, B2 € R?* are given by

ﬂl = (7(1)77(2)7'”'7(]{:)707 O)I
and
B2a=10,0,...,0, —y(k+1),—y(k+2),...,—(2k)
—_———

k

Then both 3; and (3, are k-sparse vectors but ®3; = D [3s.
This means the model is not identifiable within the class of
k-sparse signals. [ |

APPENDIX A
COMPLETION OF THE PROOF OF THEOREM 3.2

In Theorem 3.1, let ky = k,1 < ko < k, and

o JE L [k
" Vky 4V k7

Then under the condition 6y + 05,1, < 1, we have

8-l < 2D
2= 1_6k_t0k,k2 ’

By the square root lifting inequality

O + tek,kz < O +t0_

F—Fky

(k—k2),ka

) t Ok —ko k.
<o+ —— k—ko ko

k
< .
_<1+t k—kg)ék

Denote A, = 14t/ ﬁ and let

1 1 1
=14+ ——4+- 0,1
f@) =14 S (o4 gvE) we o)
then
k
Ay =f (f)
Since f'(x) = ﬁ, f is increasing when 5 < z < 1 and
r—x<)2

decreasing when 0 < z < %.
Let 0 < r; < 8 be the integer such that r, = 4k(mod 9).
Now we choose ko specifically as follows:

L= {i

9

if r, <4
if r, > 4.

By the definition of ko we get immediately that

4 4 4 4
Ak SIH&X (f (54‘%) ,f<§—%>) .
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It can be easily verified that (&) = f(5 — 5%) > f(3 + 55).
From this fact we get for k > 7

4 4 4 4
tezmes(1(34557) 4 (5 57))

()
Co\21) 2v/26
< 3.256.

A direct calculation shows that
Ay = Ag = f(0.5) = 3.25, and A5 = f(0.4) < 3.246.

In order to estimate Ay, for k = 2, 3, we note from the remark
of Theorem 3.1 that in these cases ko = 1 and t = v/k. So

3
A2:1+\/§\/§:3,A3:1+\/§\/;:3.122.
These yield

Ok + tek,(%k] < Apdy
< 3.256 -6 < 1.

With the above relation, we can also get

2V2y/1+ 6 221+ 6
1—op — t0pn, — 1—3.256-05
3.256 e
= 132568, — 0.307 — o5,

18 = Bll2 <

The theorem is proved. ]
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