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Summary. This paper aims to develop an optimality theory for linear discriminant analysis in the
high-dimensional setting. A data-driven and tuning-free classification rule, which is based on an
adaptive constrained ¢; minimization approach, is proposed and analyzed. Minimax lower bounds
are obtained and this classification rule is shown to be simultaneously rate optimal over a collection
of parameter spaces. In addition, we consider classification with incomplete data under the missing
completely at random (MCR) model. An adaptive classifier with theoretical guarantees is introduced
and optimal rate of convergence for high-dimensional linear discriminant analysis under the MCR
model is established. The technical analysis for the case of missing data is much more challenging
than that for the complete data. We establish a large deviation result for the generalized sample
covariance matrix, which serves as a key technical tool and can be of independent interest. An
application to lung cancer and leukemia studies is also discussed.

Keywords: Adaptive classification rule; constrained ¢; minimization; high-dimensional data;
linear discriminant analysis; missing data; optimal rate of convergence.

1. Introduction

Classification is one of the most important tasks in statistics and machine learning with appli-
cations in a broad range of fields. See, for example, [Hastie et al|[2009]. The problem has been
well studied in the low-dimensional setting. In particular, consider the Gaussian case where one
wishes to classify a new random vector Z drawn with equal probability from one of two Gaus-
sian distributions N, (1, %) (class 1) and Np(pe,X) (class 2). In the ideal setting where all the
parameters @ = (1, g2, X) are known, Fisher’s linear discriminant rule, which is given by
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where § = po — pq, and Q = X1 is the precision matrix, is well known to be optimal |[Anderson,
2003|. Fisher’s rule separates the two classes by a linear combination of features and its misclas-
sification error is given by Ropi(8) = ® (—1A), where ® is the cumulative distribution function
of the standard normal distribution and A = v/ T4 is the signal-to-noise ratio.

Although Fisher’s rule can serve as a useful performance benchmark, it is not practical for
real data analysis as the parameters p, o and ¥ are typically unknown and need to be esti-
mated from the data. In applications, it is desirable to construct a data-driven classification rule
based on two observed random samples, X{l), ...,X,(lll) i Np(p1,X) and X1(2)7 ...,X,(fz) iid
N,(p2,%). In the conventional low-dimensional setting, this is easily achieved by plugging in
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Fisher’s linear discriminant rule the corresponding sample means and pooled sample covari-
ance matrix for the parameters w1, o and X respectively. This classification rule is asymptoti-
cally optimal when the dimension p is fixed. See, for example, |/Anderson| [2003].

Driven by many contemporary applications, much recent attention has been on the high-
dimensional setting where the dimension is much larger than the sample size. In this case, the
sample covariance matrix is not even invertible and it is difficult to estimate the precision matrix
). The standard linear discriminant rule thus fails completely. Several regularized classification
methods, including the regularized LDA [Wu et al., |2009|, covariance-regularized classification
|[Witten and Tibshirani, 2009], and hard thresholding [Shao et al., 2011|, have been proposed
for classification of high-dimensional data. However, all these methods rely on the individual
sparsity assumptions on  (or X) and d. A fundamental quantity in LDA is the discriminant
direction 3 = 6 and a more flexible assumption is the sparsity of 8. In particular, [Cai and Liu
[2011], [Mai et al.,| [2012] introduced a direct estimation method for the high-dimensional LDA
based on the key observation that the ideal Fisher’s discriminant rule given in depends on the
parameters 1, pto and X primarily through 8 = 8. They proposed to estimate the discriminant
direction @ directly instead of estimating ¥ and  separately, under the assumption that 3 is
sparse. The proposed classification rule was shown to be consistent.

Despite much recent progress in methodological development on high-dimensional classifica-
tion problems, there has been relatively little fundamental study on the optimality theory for
the discriminant analysis. Minimax study of high-dimensional discriminant analysis has been
considered in |Azizyan et al. [2013] and |Li et al. [2017] in the special case where the covariance
matrix ¥ = 1 for some o > 0. However, even in this relatively simple setting there is still a gap
between the minimax upper and lower bounds. It is unclear what the optimal rate of convergence
for the minimax misclassification risk is and which classification rule is rate optimal under the
general Gaussian distribution. The first major goal of the present paper is to provide answers
to these questions. Furthermore, although the problem of missing data arises frequently in the
analysis of high-dimensional data, compared to the conventional low-dimensional setting, there
is a paucity of methods for inference with incomplete high-dimensional data. The second goal
of this paper is to develop an optimality theory for high-dimensional discriminant analysis with
incomplete data and to construct in this setting a data-driven adaptive classifier with theoretical
guarantees.

Given two random samples, X£1)7 ...,X,(lll) iid. Np(p1,X) and X{2)7 ...7X,(,22) iid Np(p2, X)),
we wish to construct a classifier C' to classify a future data point Z drawn from these two
distributions with equal prior probabilities, into one of the two classes. Given the observed data,
the performance of the classification rule is measured by the misclassification error

Ro(C) = Po(label(Z) # C(Z)), (2)

where 6 = (1, 2, Y), Pg denotes the probability with respect to Z ~ LN, (p1,X) + 2N, (p2, X)
and Z is independent of the observed X’s. label(Z) denotes the true class of Z. For a given
classifier C, we use the excess misclassification risk relative to the oracle rule (1), Re (C) = Ropi (0),
to measure the performance of the classifier C. Let n = min{ny,ns}. We consider in this paper
a collection of the parameter spaces G(s, M, ;) defined by

g(SaMnyp) = {9 = (/J'lvu‘% E) D1, 2 € vaz € Rpxpa X - Oa
1Bllo < 8, M < Apin(E) < Amax(E) < M, M, , <A <3M,,,}, (3)

where M > 1 is a constant, M, , > 0 can potentially grow with n and p, and Anax(X) and
Amin(2) are respectively the largest and smallest eigenvalue of ¥. The notation ¥ > 0 means
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that ¥ is symmetric and positive definite. Recall that A = vVdTQ8 and B = Q4. The sparsity
constraint ||8[|o < s, according to the oracle rule (T]), implies the belief that only a limited number
of covariates have discriminating power and contribute to the classification task. In addition,
our lower bound results in Theorem [7] show that this sparsity assumption is necessary in general
without further constraints of parameter space. Furthermore, we also assume the eigenvalues of
the covariance matrix ¥ are bounded from below and above. This assumption is commonly used
in high-dimensional statistics, ranging from high-dimensional linear regression |[Javanmard and
Montanari, 2014], covariance matrix estimation |Cai and Yuan, [2012], classification |[Cai and Liu,
2011 and clustering |Cai et al.| 2018].

Combining the upper and lower bounds results given in Section [3] leads to the following
minimax rates of convergence for the excess misclassification risk.

THEOREM 1. Consider the parameter space G(s, M, ), s and p approach infinity as n grows

n
slogp

to infinity, and M, , = o( ) with n — oo,

(a) If My, is a fized constant not depending on n and p, then for any constant o € (0,1), we
have

inf{r:ir}f sup P(Rg(é)—Ropt(ﬁ) Zr) <1—a} - slogp’
C 0€G(s, My p) n

(b) If M, , = 00 as n — oo, then for sufficiently large n and any constant o € (0,1),

inf {r tinf  sup P (Rg(é) — Ropt(6) > r) <1- a} = slogp Ce—(Fro(W)M;
C 0¢€G(s,My,p) n

It is worth noting that M, , represents the magnitude of A, which is interpreted as the
signal-to-noise ratio. As shown in the second case, when the signal-to-noise ratio grows, the
classification problem becomes easier and our result precisely characterizes that the convergence
rate is exponentially faster with an additional factor exp (— (1/8 +o(1)) M2 ).

Furthermore, we propose a three-step data-driven classification rule, called AdaL DA, by using
an adaptive constrained ¢; minimization approach which takes into account the variability of
individual entries. This classification rule is shown to be simultaneously rate optimal over the
collection of parameter spaces G(s, M, ,,). To the best of our knowledge, this is the first optimality
result for classification of high-dimensional Gaussian data. Furthermore, in contrast to many
classification rules proposed in the literature, which require to choose tuning parameters, this
procedure is data-driven and tuning-free.

In addition, we also consider classification in the presence of missing data. As in the conven-
tional low-dimensional setting, the problem of missing data also arises frequently in the analysis
of high-dimensional data from in a range of fields such as genomics, epidemiology, engineering,
and social sciences [Libbrecht and Noble, [2015, White et al) [2011} |Grahaml [2009]. Compared to
the low-dimensional setting, there are relatively few inferential methods for missing data in the
high-dimensional setting. Examples include high-dimensional linear regression |Loh and Wain-
wright), 2012|, sparse principal component analysis |Lounici, [2013|, covariance matrix estimation
[Cai and Zhang| [2016], and vector autoregressive (VAR) processes |Rao et al| [2017]. In this
paper, following the missing mechanism considered in the aforementioned papers, we investigate
high-dimensional discriminant analysis in the presence of missing observations under the missing
completely at random (MCR) model.

We construct a data-driven adaptive classifier with theoretical guarantees based on incom-
plete data and also develop an optimality theory for high-dimensional linear discriminant analysis
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under the MCR model. The technical analysis for the case of missing data is much more chal-
lenging than that for the complete data, although the classification procedure and the resulting
convergence rates look similar. To facilitate the theoretical analysis, we establish a key technical
tool, which is a large deviation result for the generalized sample covariance matrix. This is re-
lated to the masked covariance matrix estimator considered in |Levina and Vershynin| [2012] and
Chen et al. [2012], see further discussions in Section This technical tool can be of indepen-
dent interest as it is potentially useful for other related problems in high-dimensional statistical
inference with missing data.

The proposed adaptive classification algorithms can be cast as linear programs and are thus
easy to implement. Simulation studies are carried out to investigate the numerical performance
of the classification rules. The results show that the proposed classifiers enjoy superior finite
sample performance in comparison to existing methods for high-dimensional linear discriminant
analysis. The proposed classifiers are also illustrated through an application to the analysis of
lung cancer and leukemia datasets. The results show that they outperform existing methods.

The rest of the paper is organized as follows. In Section 2] after basic notation and definitions
are reviewed, we introduce an adaptive algorithm for high-dimensional discriminant analysis with
the complete data and then propose a more general procedure for the setting of incomplete data.
Section [3]studies the theoretical properties of these classification rules and related estimators. In
addition, minimax lower bounds are given. The upper and lower bounds together establish the
optimal rates of convergence for the minimax misclassification risk. Numerical performance of
the classification rules are investigated in Section [4] and an extension to the multiple-class LDA
is discussed in Section[5} The proofs of the main results are given in Section[6} Technical lemmas
are proved in the Supplementary Material [Cai and Zhang] [2018].

2. Methodology

In this section, we firstly introduce an adaptive algorithm for high-dimensional linear discrim-
inant analysis with the complete data. This algorithm is called AdaLDA (Adaptive Linear
Discriminant Analysis rule). We then propose a data-driven classifier, called ADAM (Adaptive
linear Discriminant Analysis with randomly Missing data), for the incomplete data under the
MCR model.

2.1.  Notation and definitions

We begin with basic notation and definitions. Throughout the paper, vectors are denoted by
boldface letters. For a vector € RP, the usual vector g, ¢1,¢5 and f,, norms are denoted
respectively by |xl|o, [|Z||1, ]|z and ||z]l«. Here the £y norm counts the number of nonzero
entries in a vector. The support of a vector « is denoted by supp(x). The symbol o denotes
the Hadamard product. For p € N, [p] denotes the set {1,2,...,p}. For j € [p], denote by e;
the j-th canonical basis in R”. For a matrix ¥ = (0i;)1<i,j<p € RP*P, the Frobenius norm is

defined as [|X[[r = />, ; o7, and the spectral norm is defined to be [|Zfl2 = sup|z,=1 [[Xz]l2.

The vector (o, norm of the matrix ¥ is |X|. = max; ;|oy;|. For a symmetric matrix ¥, we use
Amax(X) and Amin () to denote respectively the largest and smallest eigenvalue of ¥. ¥ = 0
means that ¥ is positive definite. For a positive integer s < p, let T'(s) = {u € R? : |luge|; <
|lusl|l1, for some S C [p] with |S| = s}, where ug denotes the subvector of w confined to S. For
two sequences of positive numbers a,, and by, a, < b, means that for some constant ¢ > 0,
an < cby, for all n, and a,, < b, if a, < b, and b, < a,. We say an event 4, holds with high
probability if hnnl, ioréf P(A,,) = 1. Finally, cg, c1, ¢z, C,C1, Cs, ... denote generic positive constants
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that may vary from place to place.

The complete data Xl(l), e Xr(tll) and X§2), e Xr(?z) are independent realizations of X() ~
Np(p1,%) and X@ ~ N,(p2,¥). We assume n; < ny and define n = min{n,ns}. In our
asymptotic framework, we let n be the driving asymptotic parameter, s and p approach infinity
as n grows to infinity. The missing completely at random (MCR) model assumes that one
observes samples {Xfl)7 . Xf,ll)} and {X§2), . Xy(i)} with missing values, where the observed
coordinates of Xt(k) are indicated by an independent vector St(k) € {0,1}? for t = 1,...,ny,
k =1,2, that is,

Xt(f) is observed if St(f) =1 and Xt(f) is missing if St(;c) =0;teng,jep,k=12 (4
Here Xt(;c) and St(f) are respectively the j-th coordinate of the vectors Xt(k) and St(k). Gen-
erally, we use the superscript “x” to denote objects related to missing values. The incom-
plete samples with missing values are denoted by XM)* = {Xl(l)*,...,Xr(Lll)*} and X®@* =
2) % 2)%
(x® L xP
Regarding the mechanism for missingness, the MCR model is formally stated as below. This

assumption is more general than the one considered previously by |[Loh and Wainwright| [2012]
and |Lounici| [2013].

ASSUMPTION 1. (Missing Completely at Random (MCR)) S = {St(k) e {0,1}?: t=1,...,ng,

k=1, 2} is independent of the values oth(l) and Xt(Q) fort=1,...ng, k=1,2. Here St(k) can

be either deterministic or random, but independent of Xt(l) and Xt(z).

A major goal of the present paper is to construct a classification rule C in the high dimensional
setting where p > n for both complete and incomplete data.

2.2. Data-driven adaptive classifier for complete data

We first consider the case of complete data. In this setting, as mentioned in the introduction,
a number of high-dimensional linear discriminant rules have been proposed in the literature.
In particular, |Cai and Liu| [2011] introduced a classification rule called LPD (Linear Program-
ming Discriminant) rule by directly estimating the discriminant direction 8 through solving the
following optimization problem:

Burp = argmin {18111 + subject to [$8 ~ (12 — fu)llow < A} (5)

where fi1, fi2, 3 are sample means and pooled sample covariance matrix respectively, and A, =
C'y/logp/n is the tuning parameter with some constant C'. Based on Bpp, the LPD rule is then
given by

2, (Z- 8B 8pp >0

Crpp(Z) = { (6)
The LPD rule is easy to implement and |Cai and Liul [2011] proves the consistency of LPD
when the tuning parameter )\, is appropriately chosen. However, it has three drawbacks. One
major drawback of the LPD rule is that it uses a common constraint A, for all coordinates of
a = XA),B — (fig — f11). This essentially treats the random vector a as homoscedastic, while in
fact a is intrinsically heteroscedastic and the coordinates could have a wide range of variability.
The resulting estimator BLPD obtained in of the discriminant direction B has yet to be
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shown as rate optimal; secondly, the procedure is not adaptive in the sense that the tuning
parameter A, is not fully specified and needs to be chosen through an empirical method such as
cross-validation. The third drawback is that the LPD rule Cppp does not come with theoretical
optimality guarantees.

To resolve these drawbacks, we introduce an adaptive algorithm for high-dimensional LDA
with complete data, called AdaLDA (Adaptive Linear Discriminant Analysis rule), which takes
into account the heteroscedasticity of the random vector a = $8 — (fia — f11). AdaLDA is
fully data-driven and tuning-free and will be shown to be minimax rate optimal later. Before
we describe the classifier in detail, it is helpful to state the following key technical result which
provides the motivation for the new procedure.

LEMMA 1. Suppose {Xt(l)};il and {Xt@)}{gl are i.3.d. random samples from N,(p1,X) and

Np(p2,X) respectively with ¥ = (045)1<ij<p. Let § = po — 1, B = Q8, A = /BT and
a = f),@ — (fia — f11), where f1, f1o, S are sample means and pooled sample covariance matrix
respectively. Then

n—1

2 .
Var(aj) = W(O’jjA2+5]2-)+EO'jj7 j= 1,...,p.

Furthermore, with probability at least 1 — 4p~?,

log p 25A2 _
|aj|§4 n~,/0’jj'< 9 +1 5 j=1,...,p. (7)

A major step in the construction of the AdaLDA classifier is using Lemma [I] to construct an
element-wise constraint for £ — (fiz — f12), which relies on an accurate estimation of the right
hand side of . In , 0;; can be easily estimated by the sample variances 6;;, but A? is harder
to estimate. In the following, we begin by constructing a preliminary estimator B, estimating A?
by |87 (f12 — f11)|, and then applying Lemma (1] to refine the estimation of 8. The data-driven
adaptive classifier AdaLDA is constructed in three steps.

Step 1 (Estimating A?). Fix \g = 25/2, we estimate 3 by a preliminary estimator

B :arggnin 181l

. 3 o lo - A .
subject to |e; (Zﬂ — (2 — Nl)) |<4 % /655 (MoB (2 — fn) + 1), j € [p].
(8)
Then we estimate A2 by A2 = |87 (jip — f11)].

Step 2 (Adaptive estimation of 3). Given A2?, the final estimator Badarpa of B is con-
structed through the following linear optimization

BadaLpa = argmin 8|1
B

. 3 L /1o R A ,
subject to |ejT (E,@ = (faz — I,L1)> | <4 ip “4/G5;(AAZ+1), j€[pl. (9)

Step 3 (Construction of AdaLDA). The AdaLDA classification rule is obtained by plugging
Badarpa into Fisher’s rule ,

1, (Z- %)TBAdaLDA <0,

N « 10
2, (Z- %)T/@AdaLDA > 0. (10)

CadaLpa(Z) = {
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Note that there is a square root on A? (or AQ) in both and @D, but this square root is
removed in . Intuitively, by removing the square root in , Step 1 becomes a linear program,
which provides a computationally efficient but sub-optimal estimator. This estimator is then
refined to be rate-optimal in Step 2 by adding back the square root. This two-step idea is in the
similar spirit as that in|Cai et al.|[2016] for adaptive estimation of precision matrices. Despite this
similarity in the ideas for the construction procedures, the problem considered and the technical
tools applied in the present paper are very different from those in |Cai et al.| [2016].

This classification rule does not require a tuning parameter and the estimator BAdaLDA is
solved by optimizing a linear program with an element-wise constraint, adapting to individual
variability of £8 — (fiz — f11). Tt will be shown in Section |3|that the AdaLDA classification rule is
adaptively minimax rate optimal. Our theoretical analysis also shows that the resulting estimator
[3' AdalDA 1S rate optimally adaptive whenever )\g is a sufficiently large constant. In particular, it
can be taken as fixed at Ao = 25/2, which is derived from the concentration inequality given in
Lemma [1

REMARK 2.1. Note that the optimization problems and @ are both linear programs, so
the proposed AdalLDA rule is computationally easy to implement. In contrast, the LPD uses a
universal tuning parameter A\, = C'y/logp/n, whose value is usually chosen by cross-validation.
This tuning procedure is computationally costly. In addition, cross-validation tends to overfit
|[Friedman et al.l 2001]. Therefore, estimator obtained through cross-validation can be variable
and its theoretical properties are unclear, while the AdaLDA procedure does not depend on any
unknown parameter and the estimator will be shown to be minimax rate optimal.

2.3. ADAM with randomly missing data

We now turn to the case of incomplete data under the MCR model. To generalize AdaLDA
to the incomplete data case, we proceed by firstly estimating pq, po and X. The following
estimators follow the idea in [Cai and Zhang [2016], and for completeness, we present their
proposed estimators below. Let

’I’L(k) Z S(k)S(k

? Gol<ig<pk=12
t=1

(k)=

Here 1, jth

is the number of vectors Xt(k) in which the i*" and j!* entries are both observed. In

addition, we denote n(k) Ef)* for simplicity and

ny = Injnkln(f)*. (11)

In the presence of missing values, the usual sample mean and sample covariance matrix can
no longer be calculated. Instead, the “generalized sample mean” is proposed, defined by

niy

. . . s 1 (1) o1 )
P = (i1 )i<i<p  With  fig; = O Z )St(1)7 l<i<p;
i t=1

2 = (fgi)i<i<p  With iy, = 2)* ZX Z)SS), 1<i<p.

The “generalized sample covariance matrix” is then defined by 3= (6 2])1<1 j<p With

ni

X 1 1) 1 1) s, 2 _ 5@ g@
i e, @ (Z(Xt(i) — @)X = i)st S| +Z DX = i5,)81 S > :
ij i

+ nzg t=1

Q>
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For these generalized estimators, we have the following bound under the MCR model.

LEMMA 2. Let & = py — p1, B = Q8, A = V6TQ8 and a* = £8 — (f1y — f11). Then
conditioning on S, we have with high probability,

. log p :
a5l <4/ = -,ﬁajj-(\/64A2+1), j=1,..p. (12)

min

REMARK 2.2. Although the above result has a form that is similar to Lemmall] its derivation
is quite different and relies on a new technical tool, the large deviation bound for 3. This
is of independent interest and is related to that of the masked sample covariance estimator
considered in |Levina and Vershynin| [2012] and |Chen et al|[2012]. In particular, the masked
sample covariance estimator considered in [Chen et al.| [2012] applies the mask matrix to the
sample covariance maxtrix, while our proposed estimator ¥ can be interpreted as applying the
mask matrix to each 4.i.d. sample, and thus is more general. The proof of Lemma[2] uses the idea
of Lemma 2.1 in |Cai and Zhang| [2016], but yields a sharper bound. The detailed proof is given
in Section A.3.2 in the supplement |[Cai and Zhang) 2018|.

We propose to estimate (3 adaptively and construct ADAM (Adaptive linear Discriminant
Analysis with randomly Missing data) in the following way:

Step 1 (Estimating A?). Fix \; = 64. We estimate 3 by a preliminary estimator

B =argmin [|B]1
B

. - . . [logp - . . .
subject to |e;r (E,B — (faz — u1)> | <4 o \/05 (MBT (2 — f11) + 1), 5 € [p].

(13)

Then we estimate A% by A*2 = |87 (f1y — f11)].

Step 2 (Adaptive estimation of 3). Given A*2 the final estimator BADAM of B is con-
structed by the following linear optimization problem

Bapan = argﬁmin 1B]l1

: o . N /1o A A .
subject to \e;-r (Eﬁ — (faz — /,I,l)> | <4 n*g? /65 (AMA2 +1), j € [p]. (14)

Step 3 (Construction of ADAM). Given the estimator Bapawm of the discriminant direction
3, we then construct the following ADAM classification rule by plugging Bapawm into the
oracle rule :

1, (Z- %{LZ)IBADAM <0,
2, (Z—#8FH2) Bapam > 0.

éADAM(Z) = { (15)

As shown in Section [3, Capan has the similar theoretical performance as CadalDA.-

REMARK 2.3. The ADAM algorithm is designed for the MCR model. Extensions to other
missing mechanism such as missing not at random (MNAR) is possible but challenging. In such
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a setting even parametric models are often not identifiable [Miao et al., 2016, Robins and Ritov,
1997|. Several authors have studied the problem of identification under MNAR with different
conditions [Rotnitzky and Robins, [1997, |Sun et al., |2016, Tchetgen Tchetgen and Wirth) [2017].
The consistency of our algorithm only relies on consistent estimation of the mean vectors and
the covariance matrix. Therefore, if the means and the covariance matrix can be estimated
consistently under some MNAR model, for example, by using EM algorithm and imputing the
missing values [Schneider] 2001], we can then construct a consistent classification rule based on
these estimators. However, such imputation techniques are computationally intensive |[Lounici,
2014].

3. Theoretical properties of AdaLDA and ADAM

In this section, we develop an optimality theory for high-dimensional linear discriminant analysis
for both the complete data and the incomplete data settings. We first investigate the theoretical
properties of the AdaLDA and ADAM algorithms proposed in Section [2] and obtain the upper
bounds for the excess misclassification risk. We then establish the lower bounds for the rate of
convergence. The upper and lower bounds together yield the minimax rates of convergence and
show that AdaLDA and ADAM are adaptively rate optimal.

3.1. Theoretical Analysis of AdaLDA

We begin by considering the properties of the estimator Badarpa Of the discriminant direction
3. The following theorem shows that BAdaLDA attains the convergence rate of M, ,+/slogp/n
over the class of sparse discriminating directions G(s, My, ) defined in . The matching lower
bound given in Section 3.3 implies that this rate is optimal. Therefore, AdaLDA adapts to both
the sparsity pattern of 3 as well as the signal-to-noise ratio A.

THEOREM 2. Consider the parameter space G(s, My ) with M, , > cr for some ¢, > 0.
Suppose Xl(l)7 ...,szll) i Np(p1, %), X1(2)7 ...,X7(122) i N,(p2,X) and ny < ny. Assume that
Mn,pq/‘“o% = o(1). Then

slogp

sup  E[|Badarpa — Bll2] < M, .
0€G (s, My, ) n

We then proceed to characterize the accuracy of the classification rule éAdaLDA7 measured

by the excess misclassification risk Rg(C') — Ropt(0). Note that the conditional misclassification
rate of Caqarpa given the two samples can be analytically calculated as

. (- N?)TBAdaLDA
\/B;{daLDAZIéAdaLDA

_ (B — Ml)TﬁAdaLDA
\/B;ArdaLDAEBAdaLDA

where i = (fi; + f12)/2 and ®(-) =1 — ®(-). R
We are interested in the excess misclassification risk Rg(Cadar.pa) — Ropt(#). That is, we

)

)

. 1 1
Ro(Cadarpa) = §‘I> +5

compare C’AdaLD A with the oracle Fisher’s rule, whose risk is given by

de 1
Ropt(6) . Ro(Co) = @ <2A) .
The following theorem provides an upper bound for the excess misclassification risk of the

AdaLDA rule.
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THEOREM 3. Consider the parameter space G(s, My, ,,) with M, , > cr, for some cg, > 0 and
assume the conditions in Theorem[2 hold.

(a) If My, , < Cy for some Cy, > 0, then there exists some constant C' > 0,

. A slogp 1
f P Re(Carda — R, (0) < C- >1-—-8p .
eeg(lsr,an,,,) ( 0(CAdarDA) pt(0) . ) P

(b) If My, ,, = o0 as n — oo, then there exist some constant C > 0 and §,, = o(1), such that

inf P <Rg(éAdaLDA) — Ropt(0) < C - e~ (5H0MI, ‘Slogp> >1-8p L
0cG(s,Mn p) n

REMARK 3.1. The results in Theorem [3]improve the convergence rate of the misclassification
risk of the LPD rule given in |Cai and Liul [2011]. Consider the first case where M, , is a
constant not depending on n and p, Theorem 3 of |Cai and Liu| [2011] shows that the convergence
rate is Ro(Crpp) — Ropi(0) = Op((slogp/n)'/?), while Theorem [3| here shows a faster rate
Op((slogp/n)) when M, , is a constant. Indeed, this improvement is due to a careful analysis
of the misclassification error. In the proof of Theorem [3] it can be seen that the first order
approximation error is vanishing, and only the second order approximation error, which has
a faster convergence rate, remains. The lower bounds given in Section 3.3 show that both
convergence rates in Theorem |3| are indeed optimal.

Similarly, upper bounds on the relative misclassification risk can be obtained.

PROPOSITION 3.2. Consider the parameter space G(s, M, ,,) with M, , > cr, for some ¢, > 0
and assume the conditions in Theorem[3 hold.

(a) If My, < Cy for some Cy, > 0, then there exists some constant C' > 0,

P (RG(CAdaLDA) —Ron0) _ 5. Slogp) >1-gp .

0eG(s,My p Ropt(a) B n

(b) If My, ,, = 00 as n — oo, then there exist some constant C' > 0, such that

p (RG(éAdaLDA) — Ropi(0)
ROpt (9)

inf
0€G(s,Mn,p)

slo
SC'Mi,p' ngp> > 1_8p_1-

REMARK 3.3. The results in Proposition 3| show that the relative misclassification risk has a
worse convergence rate when the magnitude of signal-to-noise ratio M, ;, becomes larger. This
is expected as when M, ,, becomes larger, the classification problem itself becomes easier and
the oracle misclassification risk is very small, making the oracle classification rule harder to be
mimicked.

3.2.  Theoretical Analysis of ADAM
We now investigate the theoretical properties of the ADAM procedure in the presence of missing
data. Similar rates of convergence for estimation and excess misclassification risk can be obtained,
but the technical analysis is much more involved under the MCR model.

Under the MCR model, suppose that the missingness pattern S € {0,1}"1*P x {0,1}"2%P is
a realization of a distribution F. We consider the distribution space ®¥(ng;n,p) given by

U(ng;n,p) = {F : Psur (cing < niyin(S) < comg) > 1 —p '},

min

for some constants c¢1,cy > 0, and nj;, () is defined for S as in (1I)).

min
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REMARK 3.4. This distribution space includes the missing uniformly and completely at ran-
dom (MUCR) model considered in [Loh and Wainwright| [2012], Lounici| [2013] and |Lounici

[2014]. More specifically, MUCR model assumes each entry Xi(”;) (k € [2],i € [nk],d € [p])
is missing independently with probability €. As shown in Section A.6 in the supplement, when

(1715)2 logp — o(1) as n — oo, the MUCR model is in the distribution space ¥(n(1 — €)2;n, p).

n
In addition, this distribution space allows a more general variant of MUCR model that each
entry Xl.(”;) is missing independently with different probabilities egf). If we assume ¢; - € <

. k k ~ L .. .
min; ; x ez(»j) < max; jk egj) < ¢35 - € for some constants ¢, ¢ > 0, then use the similar technique,

this missingness pattern is included in ¥(n(1 — €)?;n, p) when ﬁ” 105;) =o(1) as n — oo.

The following two theorems provide respectively the convergence rates for the discriminating
direction estimator Bapam and the excess misclassification rate of Capan over the parameter
space G(s, M, ) for @ and the distribution space ¥(ng;n,p).

THEOREM 4. Consider the parameter space G(s, M, ,) with M, , > ci for some ¢, > 0
and the distribution space W (ng;n,p) with M, , Slof” = o(1). Suppose Xl(l),...,Xy(Lll) and

X{Q),...,Xr(i) are i.4.d. samples from Np(p1,%) and N,(pe,X) respectively. Assuming that
Xf(l),...,ngl) and XT(Q),...,XZgZ) defined in 1s observed and Assumption 1 with S =
{St(k)}te[nk],ke[z] holds. Then the risk of estimating the discriminant direction 3 by ADAM
satisfies

R slogp

sup  E[|Banant — Bll2] S My py/ 2P
6€G (s, Mn,p) Nno
Fe¥(no;n,p)

THEOREM 5. Suppose the conditions of Theorem [J] hold.
(a) If My, < Cy for some Cy, > 0, then there exists some constant C' > 0, such that

slogp
No

inf. P <Ro(éADAM) — Ropt(0) < C-
0€G(s,Mn,p)

) >1-—12p L
Fe¥(no;n,p)

(b) If M, , = 00 as n — oo, then there exist some constant C' > 0 and 6, = o(1), such that

. 1
inf P Ro(Capant) — Ropt(8) < C - e GHomMI,  ZO08P) 5 3 19,1
0€g(s,Mn p) o

Fe¥(no;n,p)

In the complete data case, we have ng = n, so the rates of convergence shown in Theorem
and Bl match those in Theorems 2l and [3
Similarly, upper bounds for the relative misclassification risks can be obtained.

PROPOSITION 3.5. Suppose the conditions of Theorem[{] hold.

(a) If My, , < Cy for some Cy, > 0, then there exists some constant C' > 0,

inf P (R“’(CADAM) —Ron®) _ . 510gp> >1-12p7,

6€G(s,Mn, p) Ropt(e) - n
Fe¥(no;n,p)
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(b) If My, ,, — 00 as n — oo, then there exist some constant C' > 0, such that

) — Ropi (0 1
g p [ RelCanan) = Ropt(0) o ppa  5108P) 5y
0€G(s,Mn,p) Ropt(a) P n
Fe¥(no;n,p)

In addition, in the special case of MUCR model, Theorem 4] and [5| imply the following result.

COROLLARY 1. Under the conditions of Theorem 8 and consider the MUCR model with miss-
ing probability e. If (Mﬁ’pm% Y, lo%) . (1715)2 = o(1), then the risk of estimating the discrim-
inant direction 3 by ADAM over the class G(s, M, ,) satisfies

N slogp
sup  E[|Bapam — Bll2] £ Mnpy| —7——3-
0€G(s,My.,) PV n(l—e)?

Moreover, there exist constant C' > 0 and 6, = o(1), such that the excess misclassification risk
over the class G(s, My, ) satisfies

slogp

) A —(g+0n)M2 506D
o )P(RH(CADAM)Ropt(e)SO'G e n(l—e)?

) >1—13p~ L
0eG (s, M

This result shows that, although the sample size only loses a proportion of €, the convergence
rates for the estimation risk and misclassification rate shrunk at the rate of n(1 — €)? under the
MUCR model.

3.3.  Minimax lower bounds

To understand the difficulty of the classification problem and the related estimation problem as
well as to establish the optimality for the AdaLDA and ADAM classifiers, it is essential to obtain
the minimax lower bounds for the estimation risk and the excess misclassification risk. In this
section, we only state the results for the missing data setting as the complete data setting can be
treated as a special case. The following lower bound results show that the rates of convergence
obtained by AdalLDA and ADAM algorithms are indeed optimal, for both estimation of the
discriminant direction 8 and classification.

THEOREM 6. Consider the parameter space G(s, M, ) with M, , > cr for some ¢ > 0

and the distribution space ¥(ng;n,p) with My p4/ slgp — (1), For any ng > 1, suppose 1 <

no
s < o(g) and 10350(% = O(1). Then under MCR model, the minimaz risk of estimating the
discriminant direction B over the class G(s, My, p) and ¥(ng;n,p) satisfies

. 4 slogp
f sup E{I8— Bl 2 M) TBL.
B 6€9(s,Mn,p) ngo

Fe¥(no;n,p)

THEOREM 7. Consider the parameter space G(s, My, ,) with M, , > ci for some c;, > 0

and the distribution space ¥ (ng;n,p) with Mn,m/w = o(1). For any ng > 1, suppose 1 <

no
s < o(gg;) and lolgo(if/gs) = O(1). Then under the MCR model, the minimax risk of the excess
misclassification error over the class G(s, My, p) and ¥ (ng;n,p) satisfies that
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(a) If My, < Cy for some Cp > 0, then for any o > 0, there are some constants Cy, > 0 such

that |
inf  sup  P(Re(C) — Rope(8) > Co - 20y > 1 .
C 0€G(s,Mp,p) no
Fe¥(no;n,p)

(b) If My, ,, = o0 as n — oo, then for any o > 0, there are some constants Co, > 0 and
0n = 0(1) such that

. N I
inf  sup  P(Re(C) — Ropy(6) > C, - o~ (B H)ME w)
C  6€G(s,Mn,p) No
Fe¥(no;n,p)

>1—-a.

*

REMARK 3.6. In the complete data case, n},;, = min{ni,n2} = n, so Theorems [6] and [7]
together with Theorems 1-4 imply that both AdaLDA and ADAM algorithms attain the optimal
rates of convergence in terms of estimation and classification error.

We should also note that the proof of Theorem [7is not straightforward. This is partially due
to the fact that the excess risk Rg(C) — Ropt(0) does not satisfy the triangle inequality that is
required by standard lower bound techniques. A key technique here is to make a connection to

an alternative risk function. For a generic classification rule C, we define

Le(C) =Po(C(Z) # Co(Z)), (16)

where Cg(Z) is the Fisher’s linear discriminant rule in . The following lemma enables us to

reduce the loss Rg(C) — Ropt(0) to the risk function Lg(C').

LEMMA 3. Let Z ~ %Np(ul, ¥)+ %Np(ug, X)) with parameter @ = (u1, po, 3). If a classifier
C satisfying Lo(C) = o(1) as n — oo, then for sufficiently large n,

Ro(C) — Ropt(8) > ~——

Lemma [3{ shows the relationship between the risk function Rg(C) — Rept(#) and a more

“standard” risk function Lg(C'), who has the following property which served the same purpose
as the triangle inequality.

LEMMA 4. Let @ = (u,—p, 1) and 0 = (1, —f1, I,) with ||ula = ||zl = A/2. For any
classifier C, if || — ]|z = o(1) as n — oo, then for sufficiently large n,

1 2 -
Lo(C) + Lg(C) > Ze_A B — |2

Using Lemmas [3] and [, we can then use Fano’s inequality to complete the proof of Theorem
The details are shown in Section [

In addition, similar minimax lower bounds for estimating 3 and the excess misclassification
error can be established under the MUCR model. The following result shows that the convergence
rates in Corollary [I] are minimax rate optimal.

THEOREM 8. Under the conditions of Theorem [0 and MUCR model with missing probability

€, and further assume that ((Mﬁp‘”o%) \Y 10%) . (1_16)2 = o(1), then the minimaz risk of
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estimating the discriminant direction 3 by ADAM over the class G(s, M,,,) under the MUCR
model satisfies

. N slogp
inf  sup E[|B—-8l2] 2 Mppy| ————-
B 0cG(s,M,.,) L 2] P\ n(1—e)?

Moreover, if M, , — oo and € <1 —cpg for some cg € (0,1), the minimax risk of the misclassi-
fication error over the class G(s, My, ) satisfies that for any «,d > 0, there are some constants
Cy > 0, such that

« 1
inf  sup  P(Rp(C) = Ropt(8) > - e GH0ML, . 08Py 5 g
C 0eG(s. M, ) n(l—e)

4. Numerical results

The proposed AdaLDA and ADAM classifiers are easy to implement, and the MATLAB code is
available at https://github.com/linjunz/ADAM. We investigate in this section the numerical
performance of AdaLDA and ADAM using both simulated and real data.

4.1. Simulations

In all the simulations, the sample size is n; = ny = 100 while the dimension p varies from 400, 800
to 1200. The probability of being in either of the two classes is equal. We consider the following
six models for the covariance matrix ¥ and the discriminating direction (3.

Model 1 Erdés-Rényi random graph: Let Q = (@;j) where @;; = u;;0;5, 0;; ~ Ber(p) being
the Bernoulli random variable with success probability p = 0.2 and u;; ~ Unif[0.5,1] U
[—1,-0.5]. After symmetrizing Q, set Q = Q + {max(—dmin(Q),0) + 0.05}1, to ensure the
positive definiteness. Finally, ) is standardized to have unit diagonals and ¥ = Q~'. The
discriminating direction 3 = (5/+/s,...,5//5,0,...,0)T is sparse such that only the first
s entries are nonzero.

Model 2 Block sparse model: @ = (B + 61,)/(1 + 6) where b;; = b;; = 10 x Ber(0.5) for
1<i<p/2,1<j<p;by; =bj; =10 for p/2+1<i<j<p;by; =1for1l<i<p. Here
0 = max(—@min(B),0) + 0.05. The matrix € is also standardized to have unit diagonals
and ¥ = Q7! The discriminating direction 8 = (2//5,...,2/1/5,0,...,0)T where the

first s entries are nonzero.

Model 3 AR(1) model: (%;;)pxp, with ¥;; = 0.9/"77l. The discriminating direction 8 =
(2/v/5,...,2/4/5,0,...,0)" where the first s entries are nonzero.

Model 4 Varying diagonals model: We first let (X;;),x, with 3;; = 0.9, Then we
add d = (10,10,10,10,10,Us,...,U,) to the diagonal entries of X, where Us, .Uz, ...,U,
ii.d. ~ U(0,1). The discriminating direction 8 = (1/4/s,...,1/4/5,0,...,0)T where the
first s entries are nonzero.

Model 5 Approximately sparse 3: Let (X;;)pxp with ¥;; = 0.9/"7l. The discriminating
direction B8 = (0.75, (0.75)2, (0.75)3, ..., (0.75)P) T being approximately sparse.

Model 6 Sparse § and ¥: Let Q = (B +61,)/(1 + 6) where b;; = bj; = 10 x Ber(0.2) for
1<i<p/2,i<j<p;by =bj =10forp/24+1<i<j<p;b; =1forl <i<p. Inother
words, only the first p/2 rows and columns of  are sparse, whereas the rest of the matrix is
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not sparse. Here ¢ = max(—@min(B),0) 4+ 0.05. The matrix  is also standardized to have
unit diagonals and ¥ = Q~!. The mean difference vector § = (2/+/s,...,2//5,0,...,0)T
where the first s = 10 entries are nonzero. Finally, let 3 = Q9.

Given the covariance matrix ¥ and the discriminating direction 3 generated by the model
above, the means are p; = (0,...,0)" and gy = pu; — XB. The missing mechanism is chosen
such that each entry Xj; is observed with probability p =1 — € € (0,1). We change the missing
proportion € from 0 to 0.2. We apply AdaLDA rule when the data is complete, i.e. € = 0,
and apply ADAM rule when ¢ > 0. The AdaLDA rule is then compared with the LPD [Cai
and Liul 2011], SLDA [Shao et al) 2011], FAIR [Fan and Fan, |2008|, and NSC [Tibshirani
et al. 2002| rules whose tuning parameters are chosen by five-fold cross-validation over the
grid {\/logp/in, %\/Iogp/n,2\/logp/n7 ..., 5y/logp/n}. We also note that one commonly used
method, the Naive Bayes rule is a special case of the NSC rule with tuning parameter Ap = 0,
so it’s not included in the comparison. In the following tables, the fitting times (in seconds) on
a regular computer (Intel Core i7-3770, 3.40 GHz) and misclassification errors (in %) of different
algorithms are recorded. The misclassification error of a classifier Cis computed as

N
% > 1{label(Z)) # C(Z)},

where Z;’s are N fresh samples from the same distribution as the training data. Here we let
N = 200 and Z; are drawn from the two classes with the same probability. Due to different
signal-to-noise ratios across different models, the misclassification rates for the Fisher’s rule vary
in different models. For each setting, the number of repetition is set to 100.

According to the simulation results in Tables the proposed AdaLLDA algorithm, which
is purely data-driven and tuning-free, has a much shorter fitting time than that of LPD, which
requires choosing tuning parameters via cross-validation. In addition, due to the element-wise
constraints in the optimization, the AdaLDA algorithm adapts to the heteroscedasticity of a in
Lemmall] and has a better, if not comparable, performance than that of the LPD algorithm with
optimally chosen tuning parameters and outperforms all the other methods. This advantage is
further demonstrated in Model 4, where the diagonals of covariance matrices ¥ vary significantly.
According to Table [ the AdaLDA algorithm has a significant improvement over the LPD rule.
Furthermore, we considered simulation settings where 3 is not sparse. In Table [5] the AdaLDA
algorithm still performs well and outperforms all the other methods when 3 is approximately
sparse in Model 5. Under Model 6 where § and ¥ are individually sparse and ¥ is diagonally
dominant, which is a setting favoring SLDA and FAIR. In this setting, the numerical performance
of AdaLLDA is not as good as SLDA and FAIR, but the differences are small.

In addition, we also investigate the numerical performance of ADAM for incomplete data.
According to Table[6] which shows the performance of ADAM across different missing proportions
e under Model 1, ADAM does not lose much accuracy in the presence of missing data when the
missing proportion € is small. As expected, the misclassification errors of ADAM grows when e
increases. Since the pattern of the performances of ADAM are similar across different models,
the simulation results of ADAM under Models 2-6 are given in the supplementary material.

4.2. Real data analysis

In addition to the simulation studies, we also illustrate the merits of the AdaLDA and ADAM
classifiers in an analysis of two real datasets to further investigate the numerical performance of
the proposed methods. One dataset, available at www.chestsurg.org, is the Lung cancer data
analyzed by Gordon et al. (2002). Another dataset is the Leukemia data from high-density
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Table 1. Misclassification errors (%) and model fitting times for Model 1 with complete data

(s,p) AdaLDA LPD SLDA FAIR NSC Oracle

(10,400) | 17.50(1.51) | 18.50(0.42) | 42.77(1.89) | 30.42(1.34) | 34.05(1.21) | 12.60(0.51)
[0.585] [55.02s] [2.185] [1.40s] [42.565]

(20,400) | 19.73(0.54) | 20.65(0.72) | 41.60(2.10) | 25.92(0.71) | 26.87(0.75) | 11.05(0.61)
[0.585] [49.73s] [2.50s] [2.965] [43.54s]

(10,800) | 20.15(1.24) | 25.37(1.62) | 41.46(2.14) | 29.55(0.81) | 33.60(1.01) | 15.13(0.42)
[3.395] [187.03s] [8.74s] [5.155] [111.60s]

(20,800) | 28.30(1.07) | 29.10(1.63) | 43.68(2.49) | 31.58(0.97) | 31.62(0.86) | 14.30(0.74)
[3.355] [195.59s] [7.185] [5.62s] [115.155]

(10,1200) | 26.10(0.73) | 26.32(0.80) | 42.26(2.45) | 31.78(0.75) | 34.73(0.71) | 16.00(0.60)
[9.90s] [531.74s] [28.215] [21.43s] [244.57s]

(20,1200) | 32.96(1.72) | 35.70(1.68) | 44.23(2.65) | 37.48(2.31) | 36.67(1.01) | 18.90(0.58)
[9.94s] [493.315] [28.143)] [26.415] [244.285)]

(10,1600) | 24.40(0.52) | 28.44(2.41) | 43.14(3.16) | 32.48(0.89) | 34.55(0.99) | 19.90(0.51)
[21.775] 809.22s] [56.78s] [34.365] [333.84s]

(20,1600) | 26.20(0.71) | 30.87(2.05) | 44.24(2.49) | 38.52(2.56) | 35.15(0.92) | 17.35(0.39)
[21.75s] | [1019.35s] | [54.92s] [34.64s] [421.865]

Table 2. Misclassification errors (%) and model fitting times for Model 2 with complete data

(s,p) AdaLDA LPD SLDA FAIR NSC Oracle

(10,400) | 11.88(0.16) | 12.57(0.15) | 14.05(0.66) | 17.52(0.70) | 17.58(0.78) | 11.35(0.56)
[0.59s] [66.8s] [3.12s] [1.56s] [38.52s]

(20,400) | 10.53(0.94) | 11.28(0.67) | 12.03(0.43) | 12.28(0.41) | 12.25(0.40) | 7.40(0.45)
[0.62s] [71.85] [1.72s] [1.255] [37.155]

(10,800) | 13.40(1.01) | 16.60(1.78) | 15.10(0.66) | 18.48(0.72) | 21.98(0.67) | 13.35(0.64)
[3.44s] [232.64s] [9.52s] [5.77s] [114.5s]

(20,800) 13.45(0.98) | 16.85(1.75) | 14.48(0.68) | 15.28(0.75) | 16.53(0.68) | 9.85(0.41)
[3.34s] [245.62s] [8.58] [5.93s] [111.565]

(10,1200) | 15.20(0.21) | 17.57(1.04) | 18.20(0.26) | 18.88(0.53 | 21.68(0.73) | 12.93(0.50)
[9.87s] [577.16s] [17.16s] [11.08s] [243.50s]

(20,1200) | 14.27(0.82) | 15.20(0.87) | 17.40(0.42) | 15.93(0.71) | 17.68(1.01) | 9.72(0.28)
[9.90s] [600.765] [18.725] [9.67s] [245.755]

(10,1600) | 14.38(0.43) | 15.74(1.01) | 15.35(0.42) | 16.08(0.73) | 22.07(0.68) | 11.77(0.42)
[21.87s] | [1215.31s] | [29.02s] [18.88s] [420.08s]

(20,1600) | 15.74(0.65) | 17.60(1.47) | 16.46(0.53) | 16.97(0.71) | 19.90(0.81) | 12.03(0.30)
[21.75s] | [1212.03s] | [30.26s] [17.165] [413.555]
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Table 3. Misclassification errors (%) and model fitting times for Model 3 with complete data

(s,p) AdaLDA LPD SLDA FAIR NSC Oracle

(10,400) | 27.98(0.90) | 29.65(1.12) | 33.77(0.88) | 37.15(1.16) | 30.00(1.00) | 23.12(0.82)
[0.61s] [79.425] [3.43s] [0.62s] [38.225]

(20,400) | 35.17(0.82) | 36.40(0.80) | 40.45(0.71) | 43.73(0.85) | 37.78(0.90) | 29.08(0.93)
[0.625] [73.49s] [2.50s] [2.65s] [37.75s]

(10,800) | 28.45(0.80) | 34.75(0.79) | 34.83(0.66) | 42.18(1.10) | 31.87(0.67) | 22.50(0.50)
3.36s] [255.77s] [10.14s] [5.77s| [112.40s]

(20,800) 34.25 (0.68) | 41.52 (0.67) | 41.85 (1.32) | 44.98 (1.46) | 39.13 (0.68) | 29.83 (0.49)
[3.39s] [250.27s] [9.52s] [5.15s] [113.40s]

(10,1200) | 28.23(0.59) | 34.10(1.05) | 34.53(0.83) | 41.08(0.87) | 30.15(0.56) | 21.15(0.72)
[9.81s] [903.35s] [24.18s] [14.98s] [250.96s]

(20,1200) | 34.65(0.95) | 41.68(1.33) | 41.53(1.48) | 46.45(1.05) | 38.07(1.42) | 28.05(1.15)
[9.93s] [929.33s] [24.03] [16.0s] [256.52s]

(10,1600) | 27.88(0.89) | 34.13(1.02) | 35.57(1.23) | 41.32(1.12) | 30.73(0.78) | 22.17(0.58)
[21.71s] [1321.28s] [27.92s] [17.78s] [414.58s]

(20,1600) | 33.45(0.72) 37.82(0.50) 41.80(1.52) 46.05(1.13) 38.70(0.95) | 27.65(0.42)
[21.06s] [1864.71s] [41.03s] [28.70s] [478.12s)

Table 4. Misclassification errors (%) and model fitting times for Model 4 with complete data

(s,p) AdaLDA LPD SLDA FAIR NSC Oracle

(10,400) | 10.80(0.45) | 16.03(0.57) | 23.87(1.04) | 16.27(0.58) | 12.33(0.77) | 8.18 (0.40)
[0.595] [77.95s] [5.30s] [2.345] [38.02s]

(20,400) | 16.42(0.68) | 24.05(0.62) | 32.27(0.90) | 23.20(1.01) | 20.50(0.80) | 11.22(0.59)
[0.60s] [78.06s] [4.685] [2.62s] [37.755]

(10,800) | 12.03(0.57) | 21.17(0.70) | 29.00(0.81) | 23.95(0.40) | 17.20(1.00) | 10.05(0.33)
[3.415] [252.72s] [7.33s] [6.08s] [111.58]

(20,800) | 18.48(0.85) | 25.40(0.75) | 36.20(0.71) | 26.28(0.69) | 26.22(0.53) | 11.20(0.72)
[3.355] [249.07s] [9.675] [5.155] [111.34]

(10,1200) | 13.98(0.58) | 21.90(0.82) | 28.63(0.49) | 25.52(0.48) | 17.40(0.70) | 9.27(0.42)
[9.89s] [630.88s] [15.91s] [12.32s] [244.53s]

(20,1200) | 21.70(0.90) | 29.77(0.46) | 34.33(0.64) | 28.40(0.88) | 25.82(0.72) | 10.70(0.61)
[9.955] [631.24s] [14.82s] [9.675] [245.78s]

(10,1600) | 13.90(0.42) | 22.07(0.65) | 27.05(0.71) | 28.73(0.90) | 20.20(0.37) | 11.67(0.49)
[21.29s] [1846.61s] [40.565] [27.77s] [480.78s]

(20,1600) | 23.95(1.03) | 29.57(0.92) | 34.60(0.78) | 28.98(1.09) | 23.05(0.45) | 15.90(0.82)
[21.56s] [1215.36] [27.46s] [17.47s] [414.57s]
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Table 5. Misclassification errors (%) and model fitting times for Model 5 (the first four rows) and 6
(the last four rows) with complete data

Method AdaLLDA LPD SLDA FAIR NSC Oracle

p =400 | 27.98(0.66) | 31.68(0.46) | 46.72(0.83) | 34.68(0.61) | 31.90(0.60) | 18.55(0.56)
[0.61s] [84.19s] [4.28] [2.03s] [39.23]

p =800 | 29.50(0.73) | 34.15(1.03) | 46.30(0.64) | 37.20(0.87) | 33.63(0.96) | 19.35(0.73)
[3.37s] [253.535] [10.76s] [7.49s] [112.385]

p=1200 | 27.43(1.25) | 36.40(0.78) | 46.68(0.82) | 39.20(0.74) | 33.45(0.72) | 18.53(0.88)
[10.00s] [642.98s] [15.76s] [12.01s] [248.86s]

p=1600 | 27.38(0.64) | 37.82(0.65) | 47.30(0.80) | 41.38(1.12) | 35.98(1.11) | 20.62(0.68)
[21.67s] [1314.695] [26.83s] [17.94s] [424.20s]

p =400 | 18.27(0.74) | 28.52(0.70) | 20.60(0.64) | 18.98(0.68) | 21.12(0.78) | 4.77(0.25)
[0.60s] [66.94s] [4.84s] [4.62s] [37.66s]

p=2800 | 19.10(0.99) | 26.68(2.06) | 21.30(0.89) | 18.82(0.73) | 21.10(0.61) | 4.30(0.23)
[3.34] [202.69s] [7.18] [5.62s] [111.74s]

p=1200 | 18.50(0.83) | 25.60(2.12) | 18.90(0.60) | 17.25(0.52) | 20.18(0.73) | 4.25(0.33)
9.93] [514.57s] [15.60s] [11.39s] [244.46s]

p=1600 | 18.23(1.08) | 24.65(1.94) | 18.80(0.68) | 17.32(0.60) | 22.95(0.76) | 4.62(0.24)
[21.65s] [1105.70s] [27.46s] [17.32s] [420.25s]

Table 6. Misclassification errors (%) and model fitting times for Model 1 with missing
proportion e

Method ADAM AdaLDA
(s, p)\e 0.2 0.15 0.1 0.05 0
(10,400) | 20.55(0.91) | 19.70(1.11) | 19.20(1.34) | 18.40(0.78) | 17.50(1.51)
[0.68s] [0.65s] [0.66s] [0.65s] [0.58s]
(20,400) | 24.95(1.34) | 23.60(0.26) | 23.67(0.10) | 21.28(0.91) | 19.73(0.54)
[0.67s] [0.665] [0.64s] [0.64s] [0.585]
(10,800) | 26.28(1.10) | 25.30(0.72) | 22.15(0.74) | 21.18(1.08) | 20.15(1.24)
[3.60s] [3.60s] [3.505] [3.595] [3.305]
(20,800) | 34.00(1.02) | 33.55(1.56) | 32.97(1.14) | 31.90(0.95) | 28.30(1.07)
[3.63s] [3.61s] [3.64] [3.60s] [3.355]
(10,1200) | 30.62(1.12) | 30.39(1.08) | 29.65(1.72) | 27.42(1.16) | 26.10(0.73)
[10.56s] [10.73s] [10.56s] [10.533] [9.90s]
(20,1200) | 35.62(0.81) | 34.10(1.62) | 33.95(0.91) | 33.77(1.04) | 32.96(1.72)
[10.515] [10.54s] [10.52s] [10.52] [9.945]
(10,1600) | 33.47(1.59) | 30.53(0.79) | 27.40(1.61) | 26.40(1.52) | 24.40(0.52)
[23.015] [22.94s] [23.115] [23.12s] [21.77s]
(20,1600) | 37.40(0.91) | 33.79(0.74) | 32.70(1.12) | 31.77(1.01) | 26.20(0.71)
23.00s| [22.955| [23.015] [22.963| [21.755|
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Table 7. Classification error of Lung cancer data by various methods
ADAM(_o1) ADAM(_g05 AdaLDA LPD SLDA FAIR NSC
Testing error  5.53% 3.22% 2.09% 211% 4.88% 3.64% 7.30%

Table 8. Classification error of Leukemia data by various methods
ADAM(._o1) ADAM(_g05 AdaLDA LPD SLDA FAIR NSC
Testing error  8.47% 7.53% 2.94% 3.09% 5.76% 2.94% 8.82%

Affymetrix oligonucleotide arrays that was previously analyzed in Golub et al. (1999), and is
available at www.broad.mit.edu/cgi-bin/cancer/datasets.cgi. These two datasets were frequently
used for illustrating the empirical performance of the classifier for high-dimensional data in recent
literature. We will compare AdaLDA and ADAM with the existing methods.

4.2.1. Lung cancer data
We evaluate the proposed methods by classifying between malignant pleural mesothelioma (MPM)
and adenocarcinoma (ADCA) of the lung. There are 181 tissue samples (31 MPM and 150
ADCA) and each sample is described by 12533 genes in the lung cancer dataset in Gordon et
al. (2002). This dataset has been analyzed in Fan and Fan (2008) using FAIR and NSC. In this
section we apply the AdaLDA and ADAM rules to this dataset for disease classification. When
ADAM rule is used, we make each entry in the dataset missing uniformly and independently with
probability €. In the simulation, given the small sample size, we choose ¢ = 0.05 and ¢ = 0.1.
The sample variances of the genes range over a wide interval. We first compute the sample
variances for each gene and drop the lower and upper 6-quantiles to control the condition number
of 3. The average misclassification errors are computed by using 5-fold cross-validation for
various methods with 50 repetitions. To reduce the computational costs, in each repetition, only
1500 genes with the largest absolute values of the two sample ¢ statistics are used. We then apply
all the aforementioned methods to this reduced dimensional dataset. As seen in the Table[7] the
classification result of AdaLDA is better than existing methods, including LPD |Cai and Liu,
2011], SLDA [Shao et all |2011], FAIR |[Fan and Fan| [2008], and NSC |Tibshirani et al., 2002]
methods, although only 1500 genes were used. Moreover, in the incomplete data case, ADAM
still has satisfactory accuracy.

4.2.2. Leukemia data

Golub et al. (1999) applied gene expression microarray techniques to study human acute leukemia
and discovered the distinction between acute myeloid leukemia (AML) and acute lymphoblastic
leukemia (ALL). There are 72 tissue samples (47 ALL and 25 AML) and 7129 genes in the
Leukemia dataset. In this section, we apply the AdaLLDA rule to this dataset and compare the
classification results with those obtained by LPD [Cai and Liuj 2011], SLDA [Shao et al. [2011],
FAIR [Fan and Fan, 2008|, and NSC |Fan and Fan| |2008] methods. Same as the analysis of lung
cancer data, when ADAM rule is used, we make each entry in the dataset missing independently
with probability e € {0.05,0.1}

As in the analysis of the lung cancer data, we first drop genes with extreme sample variances
out of lower and upper 6-quantiles. Similar to the analysis of the lung cancer data, the average
misclassification errors are computed by using two-fold cross-validation for various methods with
50 repetitions, and to control the computational costs, we use 2000 genes with the largest absolute
values of the two sample ¢ statistics in each repetition. After the application of all methods to
the same reduced dimensional dataset, classification results are then summarized in Table|8] The
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AdaLDA has the similar performance as the LPD rule and FAIR, as obtain the misclassification
error of about 3%. In contrast, the navie-Bayes rule misclassifies 20.59% testing samples and
SLDA misclassifies 5.76% testing samples. [Fan and Fan| [2008] report a test error rate of 2.94%
for FAIR and a test error rate of 8.82% for NSC proposed by |Tibshirani et al.| [2002]. In the
presence of missing data, ADAM misclassifies 7.53% and 8.47% testing samples when the missing
proportion is 0.05 and 0.1 respectively.

5. Extension to multiple-class LDA

We have so far focused on the two-class high-dimensional LDA. The procedure can be extended
to the following K-class setting:

X0 XB N (D), for k=1, K.

For ease of presentation, we focus on the complete data case in this section. For an inde-
pendent observation Z drawn from these K distributions with prior probabilities 7y, ..., 7k, let
Li(Z) =mp - |27 Y2 exp(—=1/2(Z — px) " (Z — px)). Then

P(Z | label(Z) = k) - P(label(Z) = k) B Ly(Z)
S P(Z |label(Z) = k) - P(label(Z) = k) i, Li(2)

P(label(Z) = k | Z) =

)

and the oracle classification rule is given by

L (Z
Co(Z) =argmaxP(label(Z) = k | Z) = argmax Ly (Z) = arg max +(Z)
ke(K] ke(K] vex] L1(2) an
= arg max log(Lk(Z)) = arg max Dy,
kE[K] L1(Z) ke[K]

where Dy = 0 and Dy, = (Z — #5) T By 4 log(Z) for k = 2,..., K, with By, = Q(pr, — 1)
A similar data-driven adaptive classifier, called K-class AdaLDA, can then be constructed

based on the estimation of 3, ..., Bx and Ay = ,/ﬁ,IZBk, as follows.
Let fur, k € [K] and 3 be the sample means and pooled sample covariance matrix respectively.
Step 1 (Estimating A?). Fix Ao = 25/2. For k = 2,..., K, we estimate 35 by a preliminary

estimator

Br =arg min || 3]s
B
105]? ) \/a (/\O,BT([”@‘ —f)+1),j5€ [p]
(18)

subject to |e;-r (flﬂ — (e — ﬂ1)> | <4

Then we estimate A? by A? = |8 (ju, — )], k=2,.., K.

Step 2 (Adaptive estimation of 3;). Given A2, the final estimator Bk of By is constructed
through the following linear optimization

B zarggnin 1811

. - R . lo N A )
subject to le] ($8 = (u — ) | < 4/ 22 \Jo5,(0AT +1), €. (19)
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Step 3 (Construction of K-class AdaLDA). The K-class AdaLDA classification rule is ob-
tained by plugging 3; into Fisher’s rule 7
CK—AdaLDA(Z) = arg max Dy, (20)
ke[K]
where D; = 0 and D, = (Z — %)Tﬁk + log(7g/71) with 7x = ny/ Zjil n; for
k=2, K.

For theoretical analysis, we consider the following parameter space Gx (s, My, ,) defined by

K

gK(S;Mn,p> = {0 = (71-1; TR 15 - MK Z) R € Rp7ﬂ-k € (07 1- 6)7Z7Tk = 1,2 S RPXP,E - O,
k=1
||/6kHO S 57M71 S Amin(z) S )\max(z) S M, Mn,p S A S 3Mn,p}a
where M > 1 and ¢ € (0,1/2) are some constants, M,, , > 0 can potentially grow with n and p.

Theoretical properties of K-class AdaLDA can be established by applying the same technical
argument as before.

THEOREM 9. Consider the parameter space Gi (s, M, ) with M, , > ci, for some ¢ > 0.
Suppose ka), ...,X,(L]Z) i1 Np(pg,X2) for k=1,...,K. Assume that M, ,+/ sl()Tgp =o0(1). Then
for k € [K],

slogp

sup  E[||Br — Brlla] S My :
oeg(37M7L,p) n

The following theorem provides an upper bound for the excess misclassification risk Ry (C’K_ AdaLDA)—
Ropt(0) of the K-class AdaLDA rule.

THEOREM 10. Consider the parameter space G (s, My, p) with M, , > cr, for some ¢, > 0
and assume the conditions in Theorem [ hold.

(a) If My, , < Cy for some Cy, > 0, then there exists some constant C' > 0,

: A slogp -
f P | Ro(Ck—Ada — Ropt(0) < C- >1—-8p .
eegKl(E,Mn,p) < 0(CK—AdaLDA) pt(0) n > p

(b) If M, , — 00 as n — oo, then there exist some constant C' > 0 and 6, = o(1), such that

inf P (RG(OKAdaLDA) — Ropt(e) <C- 6_(§+6")M721=P - slogp) >1-— 8p_1.
0€G K (s,My,p) n
REMARK 5.1. Multi-class sparse discriminant analysis has been considered in the literature
[Witten and Tibshirani| 2011} |Clemmensen et al., 2011} |[Mai et al., [2019]. However, there are no
theoretical justification for the methods in Witten and Tibshirani| [2011] and [Clemmensen et al.
[2011], and [Mai et al|[2019] only shows consistency. In contrast, our result gives an explicit
convergence rate.

6. Proofs

In this section, we prove the main results, Theorem [2 B] @] [5} [6] and [] Theorem 1 follows
from Theorems [3] and [} Since ny < ng, without loss of the generality we shall assume n; =
ng = n in the proofs. For reasons of space, the proofs of the technical lemmas are given in the
Supplementary Material |[Cai and Zhang] [2018].
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6.1.  Proof of Theorem|2
To prove Theorem [2| we begin by collecting a few important technical lemmas that will be used
in the main proofs.

6.1.1. Auxiliary Lemmas

LEMMA 5. Suppose X, ..., X, i.i.d. ~ Np(p,X), and assume that i, S are the sample mean
and sample covariance matriz respectively. LetT'(s) = {u € R? : |luge |1 < |lusl|l1, for some S C
[p] with |S| = s}, then with probability at least 1 —p~!,

. slogp
sup u' (4 —p) Sy EP,
u€l(s) n
- 1
TS - N < /282
u,vel(s) n

LEMMA 6. Suppose ¢,y € RP. Let h = x —y and S = supp(y). If ||z|1 < |lyll1, then
h € T'(s) with s = |S|, that is,

|hse[l1 < [hs]l1-

6.1.2.  Main proof of Theorem 2
Recall that Baqarpa is constructed by the following two steps.

Step 1. Estimating A®

o . T /(e A N
B = arg min {\ej (EB — (f2 — m)) | <4

b?t¢a«uwWM—an+nne@@~

(21)
Then we estimate A2 by A2 = (B, fiz — f11)].

Step 2. Adaptive estimation of 3. Given AQ, the final estimator ,C:]AdaLDA of B is constructed
by the following linear optimization problem

. . N R R lo . a . .
BAdaLDA = argﬂmln {|‘3jT (Eﬁ — (2 — m)) | <4/ ip A/ A0 A% + 64, § € [p]} :
(22)

Firstly, let’s show the consistency of estimating A2. Recall the definition of 8 and using
Lemma |5, we have with high probability at least 1 — 3p~1,

(B-BTSB-B) <IB-8)(5B-8)|+1(B-B)T(E-)B)|+|(B-8)(5-)
<1 = BI1I56 ~ 8l + 1B~ B)T (5~ 2)(B - B+ 1B - B) (5 - 2)B)
+1(8-8)" (6~ 9)]
VB~ Bl 158 — dllos + 18— B2/ L 15 - Bl

~ slogp ~ slogp
+ 118 - Bll2 18llz + 118 = Bl

n n

(23)
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where the third inequality uses Lemma |5 and the fact that 3, B-08¢€ I'(s). In fact, B is a
feasible solution to due to Lemma |1] and thus ||3]|1 < ||3]/1. Then by Lemma @ we have
B — B €T(s). In addition, ||3]|o < s, so we have 3 € ['(s).

In addition, by standard derivation of the accuracy of sample variance, since M ! < Apin X)) <
Amax(X) < M, by using the union bound technique, we have with probability at least 1 — p~1

logp
max |6 — 0ui] S A/ —,
1€[p] n

which implies with probability at least 1 — p~!

)

)

max|0“| < 2M.
i€(p]

In addition, since A > M,, , > ¢, > 0, then with probability at least 1 — 3p~!

i

196 - 8l <ty L /a5 - (WB (2 — i) + 1
SV EL (B B)T Gz — ) 11+ 4B 18T (i — )|
< b?’mé—mvm—um+MB—@W@—ﬂrﬁu+mn+n

+W (I8 (p2 — p1)| + 1B (2 — p1 — fro + f11)])

logp ., = logp, = logp logp
SV LB - Blla +v5 - EIB - Blla + | Z2EA + /5 22EA,

where the last inequality uses the fact that || — 1|2, [|Bll2 < A, since A = /(2 — p1) TQ(p2 — p1) >

\/MHIIQ NJ1H27 and A = V /BTZ/GZ m"ﬁ”Z
It follows that with probability at least 1 — 6p~!

9

~ ~ 1 - 1 - 1 =
(B=B)T2(B - B £y 2PN - B3+ ZEE B - B3+ [ R A8 - Bl
8P NG - Blla + /222 5 - B
n n
1 - - 1
| EEAIB - Blla + 18— Bl - | 2E
< TR AIG - I+ A - s,

where the last inequality uses the fact that A > M, , > ¢, > 0.
On the other hand, since

+

- - - 1 -
(B=B)"S(B = B) = Anin(®)18 = Bl3 > 77118 - BII3.

We then have, with probability at least 1 — 6p~!

)

|B—mhs¢?fw(Mw Bl +4%),
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Assuming M, , Slf’% = 0(1), which implies Ay/ 21982 — (1), then we have

R A2,/ slogp
1B=8l2 8 ———F—
1— A slogp
Since || 3|1 < |81 and combining with Lemma we then have with probability at least 1—7p~1,
A28 BT 8)|+ 18 (BB _ 8l 16 =8l + 8- 18— Al

A? A2 A2
< Vs lBlz- 116 - 8l + 1012 - 1B — B2
< A2
} logp (A%
< A L-Ay/STEe
S A? = o(1),

. 1
given A > ¢y, and A % =o(1).
Secondly, let’s proceed to showing the accuracy of BAdaLD A. We use B to denote B AdaLDA 11

this subsection for simplicity. By Lemma B lies in the feasible set of (9), so 18l < 118ll:- By
a similar argument as in (23), we have that with probability at least 1 — 3p~!,

(B-8)"S(8-8)
<IB-B)TEB-8)+]|B-B)T(E-%)B)|+](B-8)" (8- 9)|

. R 1 .
SVSIB = Bllz - 158 = dlloe + 18 = Bllz - \| =2 - 18— Bl 29

R 1 N 1
+ 18 = Bll2y| =22 - 1Bll2 + 118 — Bllzy | 2L

. A2 A2
Now since we have |5

probability at least 1 — 10p~ !,

IO 1 ~ 1
198 = lloc < \/ =22 - /6,87 + 2555 < Ay =2E

Then using the fact [(8 — 8)T2(8 — 8)| > Amin(2)||8 — B||3 again, we have with probability
at least 1 — 10p~1,

| = o(1) with probability at least 1 — 7p~!, this implies with

. slogp | 4 slogp | 4
16 - BI3 < Ay 26— Bl + 1/ EL 15 - pJ3.

This implies that there exists some constant C' > 0, such that with probability at least
1—10p~ 1,

R slo
|1Badarpa — Bll2 < CA - \/ ngp.

In addition, since ||BAdaLDAH1 < IB]1 < /plIBll2 < VPM - A, we then have
E[||Badaroa — Bll2]

SE[HﬂAdaLDA o ,@H2 ' 1{HﬂAAdaLDA—ﬁH2>CA~\/7m%}] + E[”'BAdaLDA N 5”2 ' 1{HéAdaLDA_ﬁH2§CA'\/7§l %}]

I I 1
<M A -10p7 4+ CA | ZBL < A28 < gy L [208P
n n n
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6.2. Proofs of Theorem[3

For a vector x € R, we define ||z[|2,s = supjy|,=1 yer(s) |z Ty|. We start with the following
lemma.

LEMMA 7. For two vectors v and ¥, if |7 — Y|l = o(1) as n — oo, and ||v||2 > ¢ for some
constant ¢ > 0, then when n — oo,

. T A .
[vll2 - 40l = T4 =< Iy — 413

We postpone the proof of Lemma|[7] to Section A.6 in the supplement, and continue the proof
of Theorem [3l R
Let 6, = ||B — Bll2 V |1 — p1ll2,s V || o2 — p2l2,s- We are going to show

Ro(C) — Ropt () < e 27/8 . AL 62

Given the estimators w, f1x, and B, the sample Z is classified as

Let A = \/,FZ,@ and i = ‘11;‘22. The misclassification error is
N (B Hl)Tﬁ (ﬂ—ﬂz)TB
o1 (- B 1B) (')

with Rop(0) = %@(—A/Q) 30 (A/Q) Define an intermediate quantity

(- 202y La(20)

P Y :
A A

2

We first show that R* — Rop(60) S e A/BLA. 52. Applying Taylor’s expansion to the two terms
in R* at % and —% respectively, we obtain

w0 =3 (5= ()35 D5 ol o)
(25)

In fact, the remaining term can be written as

(‘SQTAB - %) " (t1,,) + (6;5 - %)2@”(252,”),

- 578/2
where t1 ,,,t2,, are some constants satisfying |t1 .|, [t2.,| are between % and 282

Therefore, the remaining term can be bounded by using the facts that
L = O(— 52) and ®”(t,) = O(e 27 /8A)
2A 2 AT " ’

for |t,| is between £ and l 5/2
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In fact, for the first term, we can obtain this inequality by letting v = £/28 and 4 = El/QB
in Lemma [l Then

a- 2P

IYl2llAllz =~ "4 1.
} 1S <1F-713 25 L.

7”27 ~ n*
E || T = BN

52
In addition, since as d,, — 0, i )Aﬁ/2 — 2 we then have |®"(t,,)| < A= 85 — A28,
Then can be further expanded such that

R* — upe(8) =( ff LAYt () 4 (- AREIEE) co(e L g)

:eXp(—%z) : (—(STABJFA) +O(e*A2/8l-6ﬁ>

.
LR |5£ — Al + o(e—Az/Si -53) <e AR Ls2
A A

~

Eventually we obtain R* — Ropi(0) S A /BA . 52.
To upper bound Rg(C’) — R*, applying Taylor’s expansion to Rg(C’),

1{@(6T§/2)+ (ﬂ—u1)T§—5Tﬁ/2@/(5T§/2)+O(€AQ/SA.afL)}

Re(C) = 5

2

{ (FEBL2) | G BT 9B o A.gg)},

where the remaining term can be obtained similarly as by using the fact

| (o= m) " B—8"5/2
A

| = 0(5,) and [2"()] = O(2"/%4).

In fact, when |A — A| < \\/ (B-B)2(B8—8) <18 —Bl2 < 6, =o(1), we have

(o — i1 — po + p2)B| S 0n

‘(A )" B - 5Tﬁ/2‘
A =24

This leads to

TA o TA TA

L8B2+ (g - HQ)T,B(I),(_
:‘ 5'8/2 - (g —p)TB 4 {Ten )
P TP oD (Y o g2

)
67 3/2
A

)+0(e2/5n2)

Since
0/2—(ft—p1) +6/2+ (fo—p2) =0 — (2 — 1) =0,
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then it follows that
|Ro(C) — R*| S e /5A 62,

Combining the pieces, we obtain

Re(C) = Ropt(0) S e27/8 . AL 62,

Finally, by Lemma [5| and the derivation in Theorem [2, with probability at least 1 — 12p~!,
S Mnym/sm%. In addition, A € [M, p,3M,,]|, we then have with probability at least
1—12p71,
slogp

RB(O) - ROPt(e) S e_MZ"’/g : MS,p T

Now we consider the two cases. On the one hand, when M, , is bounded by Cj, we have

S 1
Ro(C) — Ropy(0) < e Min/s . Z08L

n
On the other hand, when M,, , — co as n grows,
R _(%_%)leby 3 S]ng
Ro(C) ~ Rope(0) S e & " Mgy ZOED,
where % is an o(1) term as n — 0.

n,p

6.3. Proofs of Theorems|4 and[3
We proceed to proving Theorems |4 and under the event {c1ng < nk . (S) < cang} that happens

min

with probability at least 1 — p~!. The results then rely on the following lemma.

LEMMA 8. Consider the MCR model and assume that f, S are the generalized sample mean
and sample covariance matriz respectively. If cyng < n¥. (S) < cang. then with probability at
least 1 — p~1,

. slogp
sup u'(f—p) S/ ;
wel(s) ng
- 1
sup u' (X -2 </ SOBP
u,vel(s) no

Given Lemma [§] the derivation of Theorems [4 is very similar to the case with AdaLDA in
Section [6.1} and [5] can be derived from Theorem [] by using the same logic as in Section [6.2} and
thus are omitted.

6.4. Proofs of the minimax lower bound results (Theorems[6 and[7)

In this section we are going to prove Theorems [6] and [7] We start with providing lemmas that
will be used in the proof.
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6.4.1. Auxiliary lemmas
The proof of Theorem [f] relies on the following Fano’s Lemma.

LEMMA 9 (TsyBAKOV| [2009]). Suppose ©, is a parameter space consisting of M parameters
00,01, ...,0, € O, for some M > 0, and d(-,-) : ©, x O, — Rt is some distance. Denote Pg
to be some probability measure parametrized by 0. If for some constants o € (0,1/8),v > 0,
KL(Pg,,Pg,) < alogM/n for alll <i< M, and d(6;,0;) > for all 0 < i j < M, then

ll’}f sup ]Eei [dei (éaez)] 2 -
0 ic[M]

The proof of Theorem however, is not straightforward, since the excess risk Rg(C)— Rp:(8)
is not a distance as required in Lemma @ The key step in our proof of Theorem [7]is to reduce

the excess risk Rg(C') — Ropi(0) to Le(C), defined in (I6). The following lemma suggests that
it suffices to provide a lower bound for Lg(C), and Lg(C) satisfies an approximate triangle
inequality (Lemma ).

Although Lg(C') is not a distance function and does not satisfy an exact triangle inequality,
the following lemma provides a variant of Fano’s Lemma.

LEMMA 10 (TsyBAKOV| [2009]). Let M > 0 and 6,04, ...,0p € O,. For some constants
o € (0,1/8],7 > 0, and any classifier C, if KL(Pg,,Pa,) < aglog M/n for all 1 <i < M, and
Lo, (C) < vy implies Lg,(C) >~y for all 0 <i # j < M, then

. VM \/W
inf sup Py, (Lg,(C) > v) > ———(1 — 29 — .
at sup Po, (L0, () 279) 2 A (1200 — [0

LEMMA 11 (TsyBAKOV| [2009]). Define A, s = {u: u € {0,1}?, ||ullo < s}. Ifp > 4s, then
there exists a subset {ug,u1,....,un} C Ap s such that ug = {0,...,0}7, pu(ui, u;) > s/2 and
log(M + 1) > £log(2), where pg denotes the Hamming distance.

6.4.2. Proof of Theorem

In this section we prove the lower bound of estimation of 3. First we construct a subset of
the parameter space © that characterizes the hardness of the problem. By Lemma there
exist ug,u1,....,um € Aps = {u € {0,1}? : |Jullo < s}, such that py(u;,u;) > s/2 and
log(M + 1) > £ log(2), denote this collection of u; by A, .. In addition, denote ug = 0,,.

Since lolgoéfs) = O(1), so for sufficiently large p, we have s < p/2. Define by be the p-
Mn,p

dimensional vector with the last s entries being == and the rest being 0, so we have [Iboll2 =

M, . Let r = [p/2]. For u € A, = {ug,uy,...,ur}, let By, be the p x p symmetric matrix

whose ¢-th row and column are both € - u; - J\;,?p for i € {1,...,7}, where € is to be determined

later. The parameter set we considered is
©0 = {0 = (1,2, %) : 1 = bo, 2 = —bo, X = (I, + Bu) Hue A, ,U{0,}}.
For a given u, the corresponding discriminating direction is B, = —2(I, + By, )bo, which implies
18w — Ball3 = 4[(Bu — Ba)bolls = 4pn (u, w)e*|[bo|3 = 2sMy €.

In addition, when ||By|2 = o(1), for sufficiently large n, we have A = {/4b] (I, + By)bo €
(M, 3M,, ), which implies that ©g C G(s, My, ).
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We then proceed to bound K L(Ps, ,Ps, ) for i € [M], where Py, ,Pp, denote the distri-
butions N, (bg, (I, + By,)™ ') and N, (bo, I,) respectively. We then have

1
KL(Pa,, Po,,) = 5 [~ log|L, + Bu,| ~ p+ tr(ly + Bu,))).

Note that 22— is a unit vector. If we take € such that || By, |2 < ||Bullr < V25 - €2 = o(1),
and denote the eigenvalues of I), + By, by 1+ Ay,,...,1 + Ay with Ay, = o(1). We then have

1 p
KL(Po,,.Po,,) = Zlog 1+AN)—p+ > (1+Ay)
Jj=1 Jj=1

—_

1 <& 1
xz;A% = ZHBuH% < 5362

where we use the fact that log(1 4+ 2) < = — IQ—Z when z = o(1). Now let € = ﬁ 2P then
KL(Pe,, ,Ps,,) < alogM/n for a =1/8.
In addition, let v = %Mn,p SIO%, then for 0 < i # j < M and any 8 € RP, such that

I8 = Bu,ll2 < v, we have
. N 1 slogp 1 slogp 1 slogp
||575u} ||2 Z Hﬁu] 7Bu]||27||,6716u1||2 2 5Mn7p\/TloMn7p n - Eanp n =

Then by Fano’s lemma (LemmaEI), we have inf 5 sup;ca E||B — Bu,ll2 = My, SIng
For the incomplete data case with ng > 1, we consider a special pattern of mlssmgness So:

(S80)ij = lf1<i<ng,1<j<p} With probability 1.

Under this missingness pattern, n;,;, = no with probability 1, and the problem essentially
becomes complete data problem with ng samples, which implies

slogp

inf  sup  E[|B - Bll2] 2 Mnp

B 6€g(s,Mn p)
Se¥(no;n,p)

6.4.3. Proof of Theorem[q

We proceed by applying Lemma [10] to obtain the minimax lower bound for the excess misclas-
sification error. We first construct a subset of the parameter space © that characterizes the
hardness of the problem. Let e; be the basis vector in the standard Euclidean space whose first
entry is 1 and zero elsewhere. By Lemma there exist wy,...,uy € A, = {u € {0,1}7 :
,u'e; = 0,||ullo = s}, such that pg(u;, u;) > s/2 and log(M + 1) > glog(”j). Note the first
entry in u; is O for all j =1,..., M.

Define the parameter space

@1 = {0 = ([1,1,/1,2,2) PR = e€u + Aehﬂg = 7/,1,172 = O'ZIP;’U/ c Ap7s},
where € = ov/logp/n, 0 = O(1) and X is chosen to ensure 8 € G(s, M,, ) such that

4)|eu + Ney |3

(1 — p2)"S7 (1 — p2) = 5 = M, p.

g
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To apply Lemma we need to verify two conditions: (i) the upper bound on the KL
divergence between Py, and Py, , and (ii) the lower bound of Lg, (C') + L, (C) for u # v € A, .

We calculate the KL divergence first. For u € fl%s, denote p, = eu + \e;. For 0, =
(K, =, 021,) € O1, we consider the distribution Ny (g, 021,).

Then, the KL divergence between Pg, and Py, can be bounded by

1 slogp
KL(Po, . Po,) < 3l — w3 < - 5L, (26)

In addition, by applying Lemma we have that for any u,v € /lp}S,

A A 1 e slogp
Lo, (C)+ Lg, (C) > ——e Map/8, | 2258
Gu( ) 91,( )2 Mn,pe n

So far we have verified the aforementioned conditions (i) and (ii). Lemma [L0] immediately
implies that, there is some C, > 0, such that

A 1 /sl
inf  sup P(Lg(C) > C, e Mip/8 w) >1-o. (27)
¢ 0€G(s, M, p) My p n

Finally combining with Lemma [3] we obtain the desired lower bound for the excess mis-
classficiation error

> Oyt eM2, /e8P oy

inf  sup  P(Rg(C) — Rops(8) > C,
C 6eG(s,M, ) n,p n

Under this missingness data case, we consider the same missingness pattern Sy as described
in Section with n*. = ng. Then we have

min

R 1 1
inf  sup P(Re(C) — Ropt(0) > Ca—e_MiP/Sw) >1-—q.
B 6€g(s.Mn,p) M p o
Se¥(no;n,p)

This implies that

(a) If M, , < Cy for some Cy > 0, then

A 1
inf  sup  P(Re(C) — Ropt(6) > Coe 5Min . w) >1—o.
C 0eg(s,Mp p) o
Fe¥(noin,p)

(b) If M, , — oo as n — oo, then for any § > 0,

R 1
inf  sup  P(Re(C) — Ropi(6) > Cpe™ GHOML, . w) >1-o.
C 0eG(s,Mn,p) no
Fe¥(no;in,p)
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