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Compressed Sensing and Affine Rank Minimization
Under Restricted Isometry

T. Tony Cai and Anru Zhang

Abstract—This paper establishes new restricted isometry con-
ditions for compressed sensing and affine rank minimization. It
is shown for compressed sensing that 6;3 + B,fk < 1 guaran-
tees the exact recovery of all k sparse signals in the noiseless case
through the constrained £; minimization. Furthermore, the upper
bound 1 is sharp in the sense that for any € > O, the condition
6;;‘ —I—O,‘:k < 1+ €is notsufficient to guarantee such exact recovery
using any recovery method. Similarly, for affine rank minimiza-
tion, if 6 + 8 < 1 then all matrices with rank at most 7 can be
reconstructed eiactly in the noiseless case via the constrained nu-
clear norm minimization; and for any € > 0, 6 0:\;‘ <1l+4e€
does not ensure such exact recovery using any method. Moreover,
in the noisy case the conditions §;* + 19,‘;‘,,e < 1and &M + 0;{‘;‘ <
1 are also sufficient for the stable recovery of sparse signals and
low-rank matrices respectively. Applications and extensions are
also discussed.

Index Terms—Affine rank minimization, compressed sensing,
Dantzig selector, constrained £; minimization, low-rank matrix
recovery, constrained nuclear norm minimization, restricted
isometry, sparse signal recovery.

I. INTRODUCTION

OMPRESSED sensing has received much recent atten-
tion in signal processing, applied mathematics and sta-
tistics. A closely related problem is affine rank minimization.
The central goal in these problems is to accurately reconstruct
a high dimensional object of a certain special structure, namely
a sparse signal in compressed sensing and a low-rank matrix
in affine rank minimization, through a small number of linear
measurements. Interesting applications of compressed sensing
and affine rank minimization include coding theory [1], [13],
magnetic resonance imaging [22], signal acquisition [16], [29],
radar system [4], [21], [32] and image compression [27], [30].
In compressed sensing, one wishes to recover a signal 3 € RP
based on (A, y) where

Here A € R™*? is a given sensing matrix and z € R"™ is the
measurement error. In affine rank minimization, one observes

y=M(X)+2 2)
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where M : R™*™ — R? is a known linear map, X € R™*" ig
an unknown matrix, and z € R? is an error vector. The goal is to
reconstruct X based on y and the linear map M. In these prob-
lems, the dimension is typically much larger than the number
of measurements, i.e., p > n and min(m,n) > q. A rather
remarkable fact is that, when the signal 3 is sparse and the
matrix X has low rank, they can be reconstructed exactly in
the noiseless case and stably in the noisy case using computa-
tional efficient algorithms, provided that the sensing matrix A
and the linear map M satisfy certain restricted orthogonality
conditions.

For the reconstruction of 5 and X, the most intuitive ap-
proach is to find the sparsest signal or the lowest-rank matrix
in the feasible set of possible solutions, i.e.,

0, subject to A3 —yeB
subject to M(X) —y e B

minimize || 3|

minimize rank(X),

where ||3||o denote the ¢5 norm of 3, which is defined to be
the number of nonzero coordinates, and 5 is a bounded set
determined by the error structure. However, it is well-known
that such methods are NP-hard and thus computationally infea-
sible in the high dimensional settings. Convex relaxations of
these methods have been proposed and studied in the literature.
Cand¢s and Tao [13] introduced an #; minimization method for
the sparse signal recovery and Recht, et al. [27] proposed a nu-
clear norm minimization method for the matrix reconstruction,

6}

arg min{||3||; subject to AG —y € B}, ?3)
8

;

X, = arg min{|| X||. subject to M(X) —y € B}, (4)
X

where || X || is the nuclear norm of X which is defined to be the
sum of all singular values of X. Here B = {0} in the noiseless
case and B is the feasible set of the error vector z when z is
bounded. These methods have been shown to be effective for
the recovery of sparse signals and low-rank matrices in a range
of settings. See, e.g., [13], [14], [18], [27], [15].

One of the most commonly used frameworks for compressed
sensing is the Restricted Isometry Property (RIP) introduced in
[13]. The RIP framework was later extended to the affine rank
minimization problem by Recht et al. in [27]. A vector is said
to be k-sparse if [supp(v)| < k, where supp(v) = {3 : v; # 0}
is the support of v. We shall use the phrase‘“r-rank matrices” to
refer to matrices of rank at most . For matrices X = (z;;) €
R™*™, and Y = (y;;) € R™*", define the inner product of X
and Y as (X, Y) = trace(XTY) = 37", 30 wijyi;. The

norm associated with this inner product is the Frobenius norm,

1X||r = (X, X) = /372 Yi) 2%, The following defi-
nitions are given by [13], [27], [23].
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Definition 1.1: Let A € R"*? and let 1 < k, k1,ky < p
be integers. The restricted isometry constant (RIC) of order £ is
defined to be the smallest non-negative number §;* such that

(1= 6) 18112 < 11BNz < (1 +6) 18113 (5)

for all k-sparse vectors 3. The restricted orthogonality constant
(ROC) of order (k1, k2) is defined to be the smallest non-nega-
tive number 6, such that

[{ABL, AB2)| < O, 1, 15112018212 (6)

for all £y -sparse vector (31 and ks-sparse vector 32 with disjoint
supports.

Similarly, let M : R™*" — RP be a linear map and let
1 < r,r1, 7o < min(m. n) be integers. The restricted isometry
constant (RIC) of order 7 is defined to be the smallest non-neg-
ative number 6! such that

(1= &M IXNF < IMEOIE < L+ 67 I1XIE - (O

for all m x n matrix X of rank at most r. The restricted or-
thogonality constant (ROC) of order (r1,72) is defined to be
the smallest non-negative number 9,{\1’1 such that

2

®)

for all matrices X; and X5 which have rank at most r; and
respectively, and satisfy X X, = 0 and X; X7 = 0.

In addition to RIP, another widely used criterion is the
mutual incoherence property (MIP) defined in terms of
p = max;; [{Ai, A;}|. See, for example, [19], [7]. The MIP is
a special case of the restricted orthogonal property as pp = 61 3
when the columns of A are normalized.

Roughly speaking, the RIC §;' and ROC §;} , measure
how far subsets of cardinality k of columns of A are to an or-
thonormal system. It is obvious that o and 0, , are increasing
in each of their indices. It is noteworthy that our definition of
ROC in the matrix case is different from the one given in [23].

Sufficient conditions in terms of the RIC and ROC for the
exact recovery of k-sparse signals in the noiseless case include
B+ O + O3 < V[BL 655 + 6 < 1[14]; 61, +
92{,1.51« <1 [5]9 61 95r + ek,l.ng < 1[6], and 65}, < T
when 67 = 0 [19], [20], [7]. Sufficient conditions for the exact
recovery of r-rank matrices include do; 4o+ LHHQ,,‘M,.,,@,‘ <1

where 2o < 3 < 4 [23]. It is however unclear if any of these
conditions can be further improved.

In this paper we establish more relaxed RIP conditions for
sparse signal and low-rank matrix recovery. More specifically,
we show that the condition

[(M(X1), M) < 0174, 1X0 |1 Xl 7

©)

guarantees the exact recovery of all k-sparse signals in the
noiseless case via the constrained ¢; minimization (3) with
B = {0}. Furthermore, we show that the constant 1 in
(9) is sharp in the sense that for any ¢ > 0, the condition
6 + 0, < 1+ € is not sufficient to guarantee such exact
recovery using any method. Similarly it is shown that the
condition

b4, <1

sM oMt <1 (10)
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is sufficient for the exact reconstruction of all »-rank matrices
in the noiseless case through the constrained nuclear norm min-
imization (4) with 5 = {0}, and that for any ¢ > (), the con-
dition 6™ + 6 < 1 + ¢ is not sufficient to guarantee such
exact recovery using any method. Moreover, in the noisy case
the conditions (9) and (10) also guarantee the stable recovery of
sparse signals and low-rank matrices respectively. In addition
to the sufficient conditions (9) and (10), extensions to the more
general RIP conditions are also considered.

The new RIP conditions are weaker than the known RIP con-
ditions in the literature. The techniques and results developed in
the present paper have a number of applications in signal pro-
cessing, including the design of compressed sensing matrices,
signal acquisition, and analysis of compressed sensing based
radar system. We discuss these applications in Section V.

The rest of the paper is organized as follows. In Section II,
we first introduce the basic notations and definitions and then
present the main results for both sparse signal recovery and low-
rank matrix recovery. Extensions of the results 6;* + 8 e <1
and 6 + 61 < 1 to the more general RIP conditions are also
considered. Section III discusses the relationship between our
results and other known RIP conditions. Section IV illustrates
some applications of the results in signal processing. The proofs
of the main results are given in Section V.

II. NEw RIP CONDITIONS

We present the main results in this section. It will be first
shown that the conditions 6 + 67, < 1 and 6 + 621 < 1
are sharp for the exact recovery in the noiseless case and stable
recovery in the noisy case. The more general RIP conditions
will be considered at the end of this section.

Let us begin with basic notation. For v € R, v,ax(1) is de-
fined as the vector v with all but the largest & entries in absolute
value set to zero, and v_ (k) = V—Upax(k)- Foramatrix X €
R™*™ (without loss of generality, assume that m < n) with
the singular value decomposition X = >_." | a,u;v] where the
singular values «a; are in descending order (11 > g > e >
a2 0, we define Xynaxiry = 2orq @iuiv] and X_ oy =
X — Xiax(r)- We should also note that the nuclear norm ||-||
of a matrix equals the sum of the singular values, and the spec-
tral norm ||-|| of a matrix equals its largest singular value. Their
roles are similar to those of /1 norm and £, norm in the vector
case, respectively. For a linear operator M : R™*" — R?, we
denote its dual operator by M* : R — R™*",

It follows from [25] that the results for the low-rank matrix
recovery are parallel to those for the sparse signal recovery. So
we shall present the results for the two problems together in this
section. The following theorem shows that the conditions (9)
and (10) guarantee the exact recovery of all k-sparse signals
and r-rank matrices through the constrained #; minimization
and constrained nuclear norm minimization respectively.

Theorem 2.1: Let 3 € R” be a k-sparse vector and y = Af.
If 63 + 67 ix < 1, then [3 = 3, where {3 is the minimizer of
3) w1th B = {()} Similarly, let X be an r-rank matrix and
y = M(X). If 6" + 61 < 1, then X, = X, where X, is the
minimizer of (4) with B = {()}.

We now turn to the noisy case. Although our main focus is
on the recovery of sparse signals and low-rank matrices, we
shall state the results for general signals and matrices that are
not necessarily sparse or low-rank.
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We consider two bounded noise settings: ||z||l2 < ¢, and
|AT 2|l < € (signal case) and ||M*(2)|| < e (matrix case).
The case of Gaussian noise, which is of significant interest in
statistics, can be essentially reduced to the bounded noise case.
See, for example, Section 4 in [6] for more discussions. In the
theorems below, we shall write & for 6;* and ;! and write § for
8;',. and 0k - We first consider the case where the ¢> norm of
the error vector z is bounded.

Theorem 2.2: Consider the signal recovery model (1) with
||z|]2 < €. Let 5 be the minimizer of (3) with B = {z € R :
z||l2 < n} for some n > e. Ifé‘,,;’1 +6i~'47k < 1 forsomek > 1,
then

- 2(1+6
18— Bl < ﬁ(e%—n)
2||/ﬁ— rnax(k)“l \/50
+ NG (1—5—9“ NCE))

Similarly, consider the matrix recovery model (2) with ||z||2 <
€. Let X,. be the minimizer of (4) with B = {z € R? : ||z]|]2 <
n} for some n > e. If § + 61 < 1 for some r > 1, then

2(1 +8)

. — <>
1. - xjr < YOy
2 ||X7 max(r) || * \/59
1].
- NG 1-6—4 + (12)

We now consider the case where the error vector z is in a
polytope defined by ||A7 2]l < € and || M*(2)|] < e. This
case is motivated by the Dantzig Selector method considered in
[14] for the Gaussian noise case.

Theorem 2.3: Consider the signal recovery model (1) with
|AT2||oc < €. Let 3 be the minimizer of (3) with B = {z €
R™: | AT z]|oo < 7} for somen > €. If ;' +6;}, < 1 for some
k > 1, then

2%k
16— 8lla < 2 (4
2”/37nlax(k’)||1 \/59
TR (159“ - (13

Similarly, suppose we have the signal and matrix recovery
model (2) with ||[M*(2)|] < e. Let 3, X. be the minimizer of
(4) with B = {z € R? : | M*(2)|| < n} for somen > e. If
sM + 6 < 1 for some r > 1, then

2r
. — < —F
X~ XJir € 2 (et m)
2||X7max(r)||* \/59
1].
M et (14)

Theorems 2.1, 2.2, and 2.3 shows that the conditions
5t + 9,:‘ . < Land M + @M < 1 are respectively sufficient
for the exact and stable reconstruction of sparse signals and
low-rank matrices via the constrained #; minimization and
nuclear norm minimization. The following theorem shows that
the upper bound 1 in these conditions is in fact sharp.

Theorem 2.4: Let1 < k < p/2. There exists a sensing matrix
A € R™*? such that 6;' +63' , = 1 and for some k-sparse signals
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u, v € RP with u # v, Au = Aw. Consequently, there does not
exist any method that can exactly recover all k-sparse signals 3
based on (A, y) withy = AS.

Let1 < r < min(m, n)/2. There exists a linear map M such
that $:*' + # = 1 and for some matrices U, V € R™*" with
rank(U), rank(V) < r, and M(U) = M(V). Therefore, it is
impossible for any method to recover all -rank matrices exactly
based on (M, y) with y = M(X).

Remark 2.1: Theorem 2.4 implies that for any € > 0, ;' +
67, < 1+c¢ fails to guarantee the exact recovery of all k-sparse
signals. These results immediately show that for any € > 0, the
condition §;! —I—HAk < 1+eor§M 46 < 1+eisnotsufficient
to ensure in the noisy case stably recovery of all k£-sparse signals
and all r-rank matrices.

Remark 2.2: The results on the bounded noise case can be
applied to immediately yield the corresponding results for the
Gaussian noise case by using the same argument as in [5], [6].
We illustrate this point for the signal recovery. Suppose z ~
N,.(0,02) in (1). Define BPS = {z : || ~ < ov2logp}
and B2 = {z : ||2]|2 < oy n+ 2y/nlog n} Then with prob-

ability at least 1 — —L— the Dantzig selector 3PS given by
T lo
(3) with B = BPS satisfie

satisfies

\/_ (r\/Zk logp
+2||/3—max(k)||1 <

1675 = Bl <

V20
1-6-

7 €+1), (15)

and the ¢, constraint minimizer ,3"‘2 defined in (3) with B = B2

satisfies
" 2:/2(1+ 6 —
18% = 8]z < %”\/ n+ 2\/”10g7l
2”67 max(k)”l \/5'9
- 1], 1
+ N R + . (16)

with probability at least 1 — 1/n. We refer readers to [5], [6] for
further details.

A. Extensions to More General RIP Conditions

We have shown that the conditions §;* + 5,;47 . < land M +
9;“;5 < 1 are sufficient respectively for sparse signal recovery
and for low-rank matrix recovery. The same techniques can be
used to extend the results to a more general form,

62+ Capily < 1,

2k —a 2k
N

s+ Ca,.b,r%“fi <1,

where Cyp 1 = max{ —“ }, 1<a<k, (17)
a

7 —a
d "},15(19«. (18)

2r —a

Vab a

Theorem 2.5: In the noiseless case, Theorem 2.1 holds with
the conditions 6 + 67}, < 1 and 67{"' 6 < 1 replaced by
(17) and (18) respectively.

In the noisy case, we have the following two theorems parallel
to Theorems 2.2 and 2.3.

where O p » = max {
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Theorem 2.6: Consider the signal recovery model (1) with
llz]l2 < e. Let 3 be the minimizer of (3) with B = {z € R" :
[z]la < n} for some > €. If 65 + Cop bz}, < 1 for some
positive integers « and b with 1 < a < £, then

5 2(1+ )k/a
-0l < XL
16— Al < Y )
+ 2”/67 max(lc)”l
2kC, 1
x V2Copit 1) )
(1_(5_Ca,b,k€)(2k_a) \/Z
Similarly, z|l2 <
e. Let X.. be the minimizer of (4) with B = {z € R? : ||z]|2 <

n} for some n > . If & + C, 4.-821 < 1 for some positive
integers @ and b with 1 < a < r, then

2(14+6)r/a
X, —X||p < X—""TF"(¢
I - xle < 2D
+ 2||X— max('r)”*

\/ﬁcavb,re 1
x ((1 TS Cop b)) W) - (20)

Theorem 2.7: Consider the signal recovery model (1) with
AT 2] 0 S e. Let 3 be the minimizer of (3) with B = {z €
R™ || o < n} forsomen > e. If 6 +Ca,b,kc9mb < 1 for
some positive integers a and b with 1 < a < k, then

R 2k
_ < v \
1Bl < 5 (et )
+ 2”}&}7 max (k) Hl

V2kC, p 10 1
x bk +—1]. @D
(1 —6— Oa_’b’kg)(Qk - (L) \/F
Similarly, suppose we have the signal and matrix recovery

model (2) with ||M*(z)|| < e. Let 8, X, be the minimizer of
(4) with B = {z € RI . |IM*(2)]| < n} for some np > e. If

51+ Ca 027 < 1 for some integers o and b with 1 < o < r,
then
VEr
X - X|lpL—mF—F— '
1.~ Xl < g e+ )
+ 2||X7 max(r) ||*

\/Q—TCa,b,re 1
X ((1 5= CarO)2r—a) W) - (22)

The next theorem shows that the upper bound 1 in the condi-
tions 62 + Cy p 102, < 1 and 6 + Cyp .0, < 1 cannot be
further improved.

Theorem 2.8: Let1 < k < p/2,1 < a < k,and b > 1.
Let Cq 11 be defined as (17). Then there exists a sensing matrix
A € R™*? such that 62 + C,, 5 107!, = 1 and for some k-sparse
signals 1, v € RP with u # v, Au = Awv. Consequently, there
does not exist any method that can exactly recover all k-sparse
signals (3 based on (A, y) withy = AS.
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Similarly, let 1 < r < min(m,n)/2.1 < a < kandb > 1.
Let C, ¢ ;- be defined as (18) Then there exists a linear map M
such that ' + C 5,821 = 1 and for some matrices U, V €
R™*™ with rank(U), rank(V) < r, and M(U) = M(V).
Consequently, it is impossible for any method to exactly recover
all r-rank matrices based on (M, y) with y = M(X).

Same as Theorem 2.4, Theorem 2.8 implies that in the noisy
case stably recovery of all k-sparse signals and all r-rank ma-
trices cannot be guaranteed by 6;4 + C,J,yb#kef_b < 1+ ceor
M 4+ Cop M < 1+ € forany e > 0. '

Remark 2.3: We established the more general RIP conditions
o2 + Ca,_,b,rﬁﬁb < 1and &M + Ca,b,rea b < 1. For fixed a,
among these conditions, the one withb = 2k —a orb = 2r —a
is the weakest. We shall illustrate this for the signal case. By
Lemma 5.4,

(Sa + Oa,?k:fa,kaa,Qkfa

2k —a
< 6(1 Ca e—a (1 o~ 1 a min —a
S Oa 1 a2t ’k\/nun{b 2k — a} {b,2k—a}

2k —
:(Sa+ @
a

2k —a p
\ min{b,2k — a} a.min{b,2k —a}

= éa + Ca.h.,kﬂa,min{b,zkfa} < 6a + Ca,b,kga,b

Hence, for all b > 1, 6, + Capibap <
6a + Ca,?kﬁfa,k:‘ga,Qkfa < L

1 implies

III. RELATIONSHIP TO OTHER RESTRICTED
ISOMETRY CONDITIONS

In the last section, we have established the sufficient condi-
tions 65 + 6}, < 1 and &M + 621 < 1 for the exact recovery
in the noiseless case and stable recovery in the noisy case. We
discuss in this section the relationships between these condi-
tions and other restricted isometry conditions introduced in the
literature.

By the simple fact that for &1 < ko and &} < &5, 64 < 6A
and ()k & S K)k > it is easy to see that the cond1t10n 6 +
04k <1 1sweakerthan6A+9Ak+t9 op <1, 65,403, < 1,
6itsp + 005, < 1and 81y, + 61_25,“,( < 1, which were
mentioned in the introduction. Note that setting @ = b = 1 in
the condition 6, + C, 5 10,5 < 1 yields a sufficient condition
67 + (2k — 1)#1.1 < 1 which is more general than the MIP
condition #11 < 5z when §;* = 0 given in [19] and [20] for
the noiseless case and [7] for the noisy case.

There are also several sufficient conditions in the literature
that are based on the RIC § alone, such as &, + 305 < 2
[10], 654 < v/2 — 1 [11]; 85 < 0.472 [6]; 6 < 0.307 [8];
635 < 0.493 [26] and &7+ < 1/3 and &35, < 1/2 [9]. For the
matrix recovery, sufficient conditions include 674 < /2 — 1
[15]; 628 < 0.607, 61 < 0.558, and 857% < 0.4721 [23];
o3t < 0.4931 and &M < 0.307 [31], and 6™ < 1/3 and
05 < 1/2 [9]. In particular, Cai and Zhang [9] showed that
64 < 1/3 and 6 < 1/3 are sharp RIP conditions for the
exact recovery. It is interesting to compare these results on 63,
83y, 61, and 621 with 5 + 65}, < 1and M + 6} < 1.
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The following lemma provides a bound for the ROC ¢ in
terms of the RIC ¢ and can be used to compare different RIP
conditions.

Lemma 3.1: Let A € R™*?. Then we have

26;?, when £ is even, k > 2;
A 2k )
Oree < 75?, whenk is odd, £ > 3. (23)
VEZ -1
In addition, both coefficients, 2 in the even case and Je1 In

the odd case, cannot be further improved.
In the matrix case, suppose M : R"*" — RY is a linear map,
then

20M, when 7 is even, r > 2;
M -
< 2r . .
9’"7” = 7(5,/\/' when 7 is odd, r > 3. @4
vr?—1
In addition, the coefficient 2 in the even case cannot be further

improved.
With Lemma 3.1, we can naturally obtain the following result
which shows that the conditions &;' +6;}, < 1 and 6" +6:1 <
1 are mostly weaker than the RIP conditions 6;* < 1/3 and
§M < 1/3 respectively.
Proposition 3.1: 1f §; < 1/3 for some integer k > 2, then
ot + Hﬁk <1, when £ is even;
2k

— = when £ is odd.
3vVE2 —1

) 1 1

(25)

Similarly in the matrix case, if 6 < 1/3 for some integer
r > 2, then

M4 9;,\’/,{ <1, when £ is even,;

1
M+ HM <3 + when £ is odd.

2r ~ 14 1
N R
(26)

Sufficient conditions in terms of 635, and 63 are also com-
monly used in the literature. To the best of our knowledge,
the weakest bounds on 63}, and 3, for the exact recovery are
855 < 1/2 and 832! < 1/2 given by Cai and Zhang [9]. It is easy
to see that the conditions 8;' + 65, < 1 and §M + 6,11 < 1
given in the present paper are strictly weaker than these condi-
tions respectively.

Proposition 3.2: 1f 635 < 1/2 for some integer k > 1, then

St 40y < L
Similarly, if 62* < 1/2 for some integer r > 1, then
sM oM < 1.

This is an immediate consequence of the results given in
Section IT and the following lemma given in [15].

Lemma 3.2: Suppose A € R"*P and M is a linear map from
R™>" to RY, then

ot < 637 @7)
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IV. APPLICATIONS

As mentioned earlier, compressed sensing and affine rank
minimization have a wide range of applications. The techniques
and results developed in this paper naturally have a number
of applications in signal processing, including the design of
compressed sensing matrices, signal acquisition, and analysis
of compressed sensing based radar system. We discuss some of
these applications in this section.

An important problem in compressed sensing is the design of
sensing matrices that guarantee the exact recovery in the noise-
less case and stable recovery in the noisy case. Different types of
matrices have been shown to satisfy the previously known suf-
ficient RIP or MIP conditions with high probability. Examples
include i.i.d. Gaussian matrices [13], [14], general random ma-
trix satisfying concentration inequality [3], Toeplitz-structured
matrices [2], structurally random matrices [17] and the matrices
from transmission waveform optimization [32]. These matrices
are thus provably suitable for compressed sensing. A direct con-
sequence of the weaker RIP condition obtained in this paper is
that a smaller number of measurements are required to guar-
antee the exact or stable recovery of sparse signals.

Take for example i.i.d. Gaussian or Bernoulli random ma-
trices. Theorem 5.2 in [3] shows that if a random sensing matrix
A = (a;;) € R™¥P satisfies

iid iid | 1/+/n. w.p. 1/2
a;; ~ N(0,1/n), or a; ~ {_/1\//;5 WII; 1§2,
- v/ 3/n w.p. 1/6
1id

or a;; ~ g0 w.p. 1/2,
—+/3/n w.p.1/6

A

™

then for any positive integer m < n and 0 < ¢ < 1, the RIC §
of the matrix A satisfies

y 12ep\™ 28
P& <t)>1-2 ( — ) exp (—n (E -=)) @

It is helpful to compare the condition §;* + #;}, < 1 in terms of
these random sensing matrices to the best known RIP conditions
in the literature: 65 < 1/3 and 25, < 1/2[9]. Suppose for some
given 0 < € < 1 one wishes the sensing matrix A to satisfy the
RIP condition ;! < 1/3 or 63}, < 1/2 with probability at least
1 — €. Then, based on (28), for given k£ and p the number of
measurements n must satisfy respectively

n > 162 [k(log(p/k) + 4.6) — log(e/2)]
and

log(e/2
n > 153.6 |k(log(p/k) + 3.5) — %

On the other hand, it is easy to see that §;} + 0}, < 1isimplied
by 6; + 83, < 1 which is in turn implied by the condition
671 < 0.4 and 855, < 0.6. Note that for given k and p, n > ny
with

ny = 115.4[k(log(p/k) + 4.4) — log(e/4)]

guarantees 5;;‘ < 0.4 with probability at least 1 — ¢/2, and
n > 1o wWith
log(c/4)

ny = 1111 | k(log(p/k) +3.3) — ===
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ensures &3 4 < 0.6 with probability at least 1 — ¢/2. Hence,
o;, A4 (5 . < 1 holds with probability at least 1 — ¢ if the number
of measurements n satisfies

n > max{ni, na}. (29)
Therefore, for large £ and p, the required number of measure-
ments to ensure 07 + 631, < 1 is less than 71.2% (115.4/
162) and 75.1% (115.4/153.6) of the corresponding required
number of measurements to ensure 8;- < 1/3 and &5, < 1/2,
respectively.

The results given in this paper can also be used for certain
theoretical analysis in signal processing. One example is the
signal acquisition problem studied in [16]. Davenport et al. [16]
considered acquiring a finite window of a band-limited signal

x(t) given by
z(t) = V(o) = Z )y (1)
=0

where 1;(t) = 2™ (i is the imaginary unit) are the Fourier
basis functions, and o = [ao,al ..... . ap_1] 18 k sparse. Sup-
pose the measurements y1, . . . , ¥, are acquired as

p—1
yj = (@i(t),x(t)) + 2 = <<Z>.f(t), >, ozzt/fz(t)> +z
=0

al{d; (1), () + 2 = Zrﬂa; +z

1=0

|
—

P

I

I
=

where z is measurement error. Then it can be written as

y=Ra+z, (30)
which is exactly (1). When R = (r;;) with r;; i.i.d. Gaussian
or Bernoulli, as discussed above, the measurement matrix 12
satisfies the RIP condition of order & or 2k with high probability
provided that

n = koklog(p/k), 31
in which case stable recovery of the signal z(#) can be achieved
through ¢; minimization.

The lower bound of ¢ in (31) is typically computed through
simulations [16], [29]. Our results yield a theoretical lower
bound for kg, namely x9 > 115.4 based on (29). It is also
helpful to provide an upper bound for the error of recovery.
Suppose that z ~ N,,(0,02) and Condition (31) is satisfied.
Then (15) and (16) yield that the Dantzig selector and /;
constraint minimizer given in Remark 2.2 satisfy, with high
probability,

[&(5)P° = 2(®)]2 = |aP% - alls
— max( k)”l
< Ciov/klogp + ("
1 gp \/E
0 = ()l = 16
||Oé, max(k)”l

where ', Cy, Cy are constants specified in Remark 2.2.
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In addition, the results obtained in this paper are also useful in
the analysis of compressed sensing based radar system [4]. Sup-
pose the object of interest is represented by w(¢) and the trans-
mitted radar pulse for detecting the object is s7(¢). Then the re-
ceived radar signal is sg(t) = ¢ [ s7(¢t — 7)u(r) dt. Baraniuk
and Steeghs [4] discretizes this equation and the compressed
sensing based radar model then becomes

N
sr(mDA) = ¢ Zp(mD — n)u(nA),

n=1

m=1,...,.M

which is the same as the compressed sensing model (1) in the
noiseless case. Whether it is possible to recover the signal u(t)
with accuracy requires checking the condition on the matrix
A = (@mn)arx 5 With @y, = p(mD — n). Weaker RIP condi-
tion makes it easier to guarantee the recovery of the signal u(%).

V. PROOFS

We now prove the main results of the paper. Throughout this
section, we shall call a vector an “indicator vector” if it has only
one non-zero entry and the value of this entry is either 1 or —1.

We first state and prove a key technical tool used in the
proof of the main results. It provides a way to estimate the
inner product {«, 4) and (X7, X») by the ROC when only one
component is sparse or low-rank.

Lemma 5.1: Let k1, ko < pand A > 0. Suppose «, 8 € RF
have disjoint supports and « is k1 -sparse. If ||5]]1 < Ak2 and
I8]lse < A, then

(Ac, AB) < 07 4, llallz - A/

Letry,ro < min{m,n} and A > 0. Suppose X;, Xo € R™*"
satisfy X Xo = 0, X;XJ = 0, and rank(X;) < 7. If
| X2l < Arz and || X32]| < A, then

(M(X1), M(X2))| < 04 1 X2l - A/ra.

Proof of Lemma 5.1: We first state the following result
which characterizes the property of X and Y when X7Y = 0
and XY7 = 0. The result follows directly from Lemma 2.3 in
[27] and we thus omit the proof here.

Lemma 5.2: For X, Y € R™*" XTy = 0, XYT =0
if and only if there exist orthonormal bases {u; € R™ : 1 <
i < m} and {v; € R™1 < i < n} such that the singular value
decompositions of X and Y have the form

— E A
X = @;u;v;

€T

(32)

(33)

and Y = Z b/LL,ULT

t€Ts

where 17 and 7% are disjoint subsets of {1,...,
CL,j,bj > 0.

We shall only prove the signal case in Lemma 5.1 as the proof
for the matrix case is essentially the same. Suppose ||5||o = {,
then 3 is an [-sparse vector. When ! < ko, by the definition of

min{m,n)},

(Skl koo

[(A(@), AN < 6, wollellzliBllz < 6 ,llallz /B2

since || 8||oc < A. Thus (32) holds for { < k.

Now consider the case [ > k». We shall prove by induction.
Assume that (32) holds for/ — 1. For {, suppose 3 can be written
as Xy = Z,lizl ciug, where ¢ > ¢o > -+ > ¢ > 0, {u;
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are indicator vectors (defined in the beginning of this section)
with different supports. Notice that 25:1 e <Ak < (I=1)A,
)

leDE2{1<j<l—1:¢cj+ejpr+-+a<(—HA),

which means D) is not empty. We can pick the largest element
j € D, which implies
c;+eipr+-+a< (l—]))\7

Cir1t+Cjpa+ -+ > (I—g3-1)A (34)

(It is noteworthy that even if the largest 7 in D is{ — 1, (34) still
holds). Define

(35)

Jj—1

l
duv . .
Yo = ——— E cith; + E deu; e R?, 7 <i<L
Zi:j di i=1 i=j 7w
(36)

It is easy to check that le:j Var 4, Zf:J G =

(1—§)Yi_; di. By (34), forall j < w < |,

! )
Zi:j—i—lci =g

1w > d; =
T =% =T —; 7
1 .
i — (=3 —1DA
Z ZL—J-‘rl ( J ) > 0.
L—3j
We also have
oy
[ Yellr = == ci + (1= j)dw
Zi:j di i=1
= 7 ¢ + c;
Zi:j d; i=1 i=j
dur dw
= IBlh £ ko,
>y di imj di
and
oy oy
[[Y2e || so = max { ——Cly G- 1, du,}
2 i di D i

d'w A dlb (Zi:] Ci) < dw
l ? . l — 14
2= di (1-j) (ZZ:J- di) iy di

The last inequality follows from the first part of (34). Finally
since ., is (I — 1)-sparse, we can use the induction assumption,

A

<max

i
(A, AB)| < [{Acr, Ayay)

w=y
‘L4
<82 el > ﬁfng
w=j =3 7t
= Hfl,kg ||()é||2)\\/ kg
which gives (32) for /. O
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Proof of Theorems 2.1 and 2.5: 1t suffices to prove The-
orem 2.5 as Theorem 2.1 is a spacial case of Theorem 2.5. We
first state two lemmas. Lemma 5.3, which characterizes the null
space properties, is from [28] and [24]. Lemma 5.4, which re-
veals the relationship between ROC'’s of different orders, is from
[6].

Lemma 5.3: In the noiseless case, using (3) with B = {0}
one can recover all k-sparse signal 3 if and only if for all €

N(A\{0},

2||h1[1ax(k) ||l < ||h||1

Similarly in the noiseless case, using (4) with B = {0} one
can recover all matrices X of rank at most  if and only if for

all R € N(M)\{0},

2||R1nax(r'>”* < ||R||*

Lemma 5.4: For any & > 1 and positive integers k1, k2 such
that sk is an integer, then

Hkl,;l,kg < \/ﬁak‘ka

As mentioned before, by [25], the results for the sparse signal
recovery imply the corresponding results for the low-rank ma-
trix recovery. So we will only prove the signal case. By Lemma
5.3, it suffices to show that for all vectors h € A (A) \ {0},
||hmax(k)||1 < ”hfmax(k')Hl- )

Suppose there exists i € N (A)\ {0} such that || paxxylli >
17— max(iy 1 Let b = 378 ciug, where {¢;}r_; is a non-neg-
ative and non-increasing sequence; {u;}’_; are indicator vec-
tors (defined at the beginning of this section) with different sup-
ports in R?. Then we have 3°F_ ¢; > >y i1 Ci- Hence,

”hmax(u) || 1

||h‘— IIldX(a)Hoc = Ca+1 S

Z?:l G
a

and '
k p k—a
A max(a)”l = L_zu;rl Ci +‘i:zk;1 c; < A LZ:;(’L +Lz:;(’t
k—a ks
< " ;Q-FE;(’[
2k —a

a ||hmax(a)H1~

We set A = w k1 = a, ky = 2k — a, It then follows
from Lemma 5.1 that

‘<A(hma,x(u)): A(h— max(a))>|
4 hnlax a
< 0;1_,1,2k7(1, vV 2k — aHhmax(a)H? : M

) {2k — a
Se;ﬁ,?kfa, THhmaX(a)Hg'
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On the other hand, Lemma 5.4 yields

2k —a P
min{b, 2k — a} a,min{b,2k—a}

2k —
Smax{ 2 a71}9a7b.

6(1,2]67(1 S

Hence,

0= <A(hmax(a))f A(h)>|
> [(A(hmax(a)): Alhmas(@)))| = (A max(a) )

2k —
(1 - 6A) ”hde(u)”2 a 2k a
2k —a

[2k —
> (1—(5;1—111&)({ N . - a } 9;:1:1,) ||hu1ax(a)”3

= (1 - 6;4 - Ca,b,kgib) ”hmax(u)”%

(h, max(n))>|

”hmdx(a) ”2

which contradicts the fact that & # 0 and 6.} + C,, 4, kﬂf,b < 1.

Proof of Theorems 2.2, 2.3, 2.6 and 2.7: Again, it suffices
to prove Theorems 2.6 and 2.7. We need the following Lemma
5.5 from [9] which provides an inequality between the sums of
the pth power of two sequences of nonnegative numbers based
on the inequality of their sums.

Lemma 5.5: Supposem > r, a1 > ag > ---
doioq@i > .- i a;i. Thenforallp > 1,

> A, > 0,and

i af < 27: al. 37)
j=r+1 i=1

More generally, suppose A > 0, a1 > ag > -+
Simiai+A >0 L a,, then forallp > 1,

m T [
>, p§7<f“ LHaf+é) .
“i T

r
J=r+1

> Gm > 0, and

(38)

We first prove Theorem 2.2. Set . = /3 —fand R = X,—X.
The following inequalities are well known,

||h7 max(k')”l S ||hmax(k‘)”1 + 2”}@7 lnax(k:)Hl
and ||R, maX(r)H* < ||Rmax(r)||* + 2||X7 max(r)”*-

See, for example, [18] (signal case) and [31] (matrix case).
Again, we show the signal case only. By the boundedness of z
and the definition of the feasible set for 3,

|AR|l2 < [Ah = yll2 + |y — ABll2 < e +n. (39)

On the other hand, suppose h = > 7_, c;u;, where {c; }r_, are
non-negative and non-decreasing, {u; }*_; are indicator vectors
with different supports. Then

m

k
> e <> e+ 2B maxiill-

i=k+1 i=1

(40)
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Hence,

Z?: C; ||h'max a)”l
”h, max(a)”oo = Cq+1 S 1 = (
a a
< ||h'max(a)||1 2”/87 max(k)”l
- a 2k — a
and
k p
||h’7 max(a)”l = Z ¢+ Z Ci
i—at1 i=k41
b —a o
>~ k ; ¢+ Lz:; ¢ + 2”/87 max(k) ||1
k—a e b —
S ZCZ'"_ gzci +2||/6—max(k)||1
i=1 i=1
2k —a
- a ||h1[1ax(u)||1 + 2“/6— max(k) Hl
Now set A — ”hn]az(a)”l + 2\|,*3—21]:a_xa(k)||17 ky = a,and ky =

2k — u. Lemma 5.1 then yields

|< (hmﬁx(a)) A(hfmax(a))”
u 2k aV 2k — ”HhmaX(a)HZ

h’max (a 2|5 max
) (n CWELAAY
a

2k —a
On the other hand,

|<Ah’7Ahmax(u)>| S HAhH?HAhmax(a)”?

< (E+77)V 1+5||]lnlax(a)||2‘ (41)

Now we denote 8, 21, as 6, then

( +77 V1+ ||hmax(a)”2
> ‘<Ah Ahlndx(a >|

H "max(a) ||2 - ‘(Ah, max(a)» Ahmax(a))'
( - 6)||hmaX(a H2 HHhmaX(a)HQ

maxia 2 S—Inax
m<| ()”1 n H/ (k)”l
a

2k — a
. a N

> (1 . — 9) ||hmax(a)H%

- é”hmax(a) H2

z
z

Na——

2k —

2”/3— Inax(k)”l
V2k—a

Hence

V1+6(e+m)
§—/(2k —a)/ab
0 2[|6_ wax(iyll1
1—(5—\/(216—(1,)/(1,9~ V2k—a

hnla.x a)llZ S
[ rmax(a) |2 n

_|_

(42)
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Applying Lemma 5.5 with p = 2 and A = 2||h_ ax(r) |1 yields

2”/87 max (k) H 1

IA
-
S
+

k

2”67 max(k)”l
2y o 4

IN

IN

2k~ 5, 28— maxw I
7;& + \/E( )
2(1 + §)k/ale +n)
T 1-86—+/(2k—a)/ab
. ( VoKl 2 +i)
1-6—+/(2k—a)/ad V2k—a Vi
X 18- wax(iyll1-

Finally, it follows from Lemma 5.4 that

2k —a p
min{b, 2k — a} a,min{b,2k—a}

2k —a
< max — 12044

= ——C, bbb
% —q “hHETeb
So
21+ 6)k/ale + 7
Il < Y2LE Db ole 1)
1—6—Copit
+ 2”,8— Inax(k)”l
« V2kC, p 10 + 1
(16— Capp0)2k—a) V&)’

which finishes the proof of Theorem 2.2.
The proof of Theorem 2.7 is basically the same, where we
only need to use the inequalities

IAT Ahlloo < [[AT(AB = 9)lloo + 1AT (g — AB)l|oo
<(e+m)
and
(AR, Ahmax(a))] = [hhax(m) AT ARl
< Mmas(a) 11 14T ARl

S \/aHhmax(n,) ||2(‘E + 7])

instead of (39) and (41). O
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Proof of Theorem 2.4 and 2.8: Again, it suffices to prove
Theorem 2.8. We first prove the signal case. Set

2k
1 1
hy = diag m,...,m()....,() € RP.

Since ||21]|2 = 1, we can extend h; into an orthonormal basis
{h1,..., h,} of R?. Define the linear map A : R¥ — R? by

9 P

forall z = }_7_, ¢;h;. The Cauchy-Schwarz Inequality yields
that for all a-sparse vector

a
[ )] < - Lyl < /ol

Note that
- 2
L2 = 2 _ 212 2
Il =3 et = 5 gy (el =)
2 2 2
— 212 = [z h .
3~ aramy (1B~ 16 ha)P)
So
a/(2k) 2 2
1-— z||5 < ||Ax
(1- 20 ) el < 14013
a/(2k) 2
<l1 x
< (14 5220 ) el
which implies 51 < ;%G
Now we estimate 06’3,). For any a-sparse vector

and b-sparse vector z, € RP with disjoint supports,
write 1 = Y b, c;h; and 2o = ¥ d;hi, we have
STACTONN o T P (z1,2) =0
2—a/(2k) Lai=1 "t 1,42 : ] )

1) When b < 2k — a, The Cauchy-Schwarz Inequality yields

that
o] = [(hr, 21)] < /5l |
c1| = b1, L1)| = o Zill2
b
and - |di| = [(ha, 22)] < /5 llzall2.
So
2 —a/(2k
#KAZIQ,AJL‘QH
L vab
= cidi| =] - erdy| < eyal EUELESTE
i=2 ’
and consequently 8, ;, < %JW . ‘é‘i—b Hence

/ 2k) 2%k —a [2k—a
6‘4 Ca 49A < L & i \/
e TCap ity < 2 a/(2k) Fax Vab a
9 Vab

= YT <
T ai2k) 2k =
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2) When b > 2k — a, ifx; = 0 or zo = 0, it is clear that
(44.’1}1, A£E2> =0< C||.L1||2||.L2”2 for anyC > 0. Without
loss of generality, we assume that z; and x» are non-zero
and are normalized so that ||z1|]2 = ||z2]l2 = 1. Since
z1 and z» are a, b-sparse respectively and 21 and x5 have
disjoint supports, it follows from the Cauchy-Schwarz In-
equality that for all A > 0,

a
1| = [{h1,z1)| < 1/ ﬁ”fl’lHQ =

and
a
i+ %—a "
a a
= A X :t A < A :t 4 =g
‘<}71,T2 k_a’l‘1>‘_ T2 2k—0,T1 ,
2k
= Il 5l =
Hence,
2—af(2k
#\(AJ@,A:L‘QH
= Z(:idi = | — c1dq]
i=2
[ a a
= | me d —cy|, |dy — :
(max{ vt 2% —a | % —a t }
o
Yt 18
<ol (5 “
erl - c
=1 2k —a 2% —a "
2
a [k ol + k
= — — |C —_—
2k —a 2a ! 2y/a(2k — a)
< a(2k — a)
- 2k
where the last inequality is due to the facts that |¢;] <
va/(2kyand a < k. So
2 a(2k — a)
9(1 b =
2~ a/(2k) 2k
and
af(2k) 2k—a [2k—a
b+ Cupnbt, < —0 4 e )
+ bkal,_z a/(zk)—l—mcmx N "
2 a(2k — a) <1

2-a/(2k) 2%

To sum up, we have shown (5 + Cuy k@ < 1. Furthermore,

ab =
let
k
——
vw=1(1,...,1,0,...) and
k
—— ——
v={(0,...,0,—-1,...,—1,0,...),

so u and v are both k-sparse and Au = Aw, since A(u—v) = 0.
Suppose y = Ax1 = Ax,, then the k-sparse signals « and v are
not distinguishable based on (y, A). Finally, 52+ C, ; 9214,{; <1
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is impossible by Theorem 2.5, we must have 6;;1 + C,,,,;hkeﬁb =
1. This finishes the proof for the signal case. '

For the matrix case, the proof is essentially the same as the
signal case. First we present the following lemma which can
be regarded as an extension of the Cauchy-Schwarz Inequality
(B, X) < ||B|lp||X||r with a constraint on rank{B).

Lemma 5.6: Let X € R™*™(m < n) be a matrix with sin-
gular values Ay > Ay > --- > A, then for all B € R"™*" with
rank at most 7,

(B, X)| < ||Bllr

Then the matrix case can be proved by replacing the notations
of vectors in the above proof by matrices and by using Lemma
5.6 instead of the Cauchy-Schwarz’s Inequality in the proof of
the signal case. O

Proof of Lemma 3.1: For k-sparse vectors 3, v € RP with
disjoint supports, we can write them as

B= aie, = b
i€Ty iETy

where a; > 0,b; > 0,77 is the support of 3, T5 is the support of
v, and ¢; is the vector with :th entry equals to =1 and all others
entries equal to zero.

Correspondingly, suppose X,Y € R™*™ with rank at most
r, which satisfies X7Y = XY7T = 0. Lemma 5.2 shows that
they have singular value decompositions

T T
X = E a;u;v; and Y = E biu;v; |

€T 1€T5

where the disjoint subsets 77 and 75 satisfy |T1], |T2| < . We
now consider the even and odd cases separately.

Case 1. k,r > 2 Is Even: We only consider the matrix case.
The proof of the signal case is similar. Without loss of gen-
erality, we assume that X and Y are normalized so || X||p =
IY'||# = 1. Divide T} and 75 into two parts, T3 = T1q U Tio,
T2 = T21 @] T22, such that T117 T12, T217 T22 arc diSjOiIlt and
|T:;] < r/2fori,j € {1,2}. Denote

T T
X; = E a;u;v;  and Y, = E biuv;

€Ty, 1€Ty;
i=1,2.

Then

} [(MX), M)

I A

> M), M)

7,5=1
2
1
= 1 37 MO+ Y)IE — MO - V)l
i,7=1
1 2
S—Z 1+5 Z a37<176,{\4) Z 0?
4 7, IET”UT.” 1€T;;UT;

= 6" (IIXIIF +YIE) =26

and consequently Hxﬂ < 26 . Now in the example provided in

the proof of Theorem 2.4, 1fa = b = k, we have 62 = 1/3,



CAI AND ZHANG: COMPRESSED SENSING AND AFFINE RANK MINIMIZATION UNDER RESTRICTED ISOMETRY

f: = 2/3, which means the coefficient “2” in the inequalities
of the even case in (24) cannot be improved.

Case 2. k,r > 3 Is Odd: For the proof of (23) and (24), we
only show the matrix case as the signal case is similar. Since we
canseta; = 0orb; = 0 fori ¢ Ty or4 ¢ T, Without loss of
generality, we assume that |11 | = r, |Ts| = r, u;, b; might be 0
for: € Th U T5. Also without loss of generality, we can assume
X and Y are normalized so

—
1X|% = ; ] and
i€l
1
VI = 30 =
i€Ts

Then we have

r—1

‘4 (o) (o) <M<X>~,M<Y>>\
=14 () (0 ) )>‘

</\/l (Zauv ),M(Zbuw
HM ( auvt + Z bmﬂ}?)
1IEA

1€Ty 1€Ts
t€EB

2

ACT |A|=(r+1)/2,
BCT |Bl=(r-1)/2

2
‘ (Za U; U Zb UV )
i€CA iEB
<Y {z 2t zb%]
ACT | A|=(r+1)/2 icA i€l

BCT,,|Bl=(r-1)/2

= 26, l((rr__nl/z) ((r —Tl)/2> 20

€Ty

(o) (o) 2 ”1
=25 ) (

r—1
o)
'[7—1/222 )/226?1

1€Ty

=5 () () 7
~i( ) () Tt XY

(r—13)/2
which implies
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Next we will construct an example for the signal recovery in
the odd case where 6}, = \/%6,:‘ # 0. Suppose k > 3 is
odd and 2k < p, denote

=—(1,1,..., 1.0,... R?
/61 \/2]{’(’ s )E
and
k k
1 —— ——
ﬂg:ﬁ(l,l,...,1,—1,...,—1,(),...)ERP. (44)

Similarly as in the proof of Theorem 2.4, we can extend 3; and
2 to an orthonormal basis of R? as {31, f2, ..., 3, }. Then for
0 < XA <1, wedefine A : R? — RP by

P
=V1+ a1 + V1 — Xagfe + Zaiﬁi
i=3

for # = 37 , a;f. Then it is clear that for all 3 € R?,

(1 =NIB1E < 14815 < A+ M]BI3.

Let 3 and v be k-sparse vectors with disjoint supports and
18l2 = llvll2 = 1. Then

(A, Av)|

1 ,
= 7 1B + I3 - 143 = 73|

1+ 1-—
< maX{TW + ’YH% - _Hﬂ - ’YH;

14 A

83— 1

I |ﬂ+vllz}

= T (Ilﬁ\l% +112) = MBIVl

which implies H,j‘ & < AL It can be easily verified that when
k
—_—~—
g=(1,1...

= (0,0,.

we have (A8, Av)| =
ﬂfk = A

Denote /3(i) as the ith entry of 3. Now let us estimate 6;*. For
all k-sparse 3 € RP, suppose 3 = >_¥_, ¢;/3;, then

MIBll2llv]l2. These together imply

14813
p
= (L+ M8, B0 + (1 = MB. o) e+ Y (8, 8:)

i=3
‘</3/ /82> |2)

2

= (18113 + A (|43, B:)1* ~

2k
= 11813 + A (_Z ﬂ(i))

k 2% 2
- (Zﬁ(i)— > ,H(z‘)) /Qk
= i=k+1

—A (Zﬁ(ﬂ) > 86)

i=j+1

=11Alz +
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Suppose 71 = supp(B)N{1,...,k} and Ty = supp(H)N{k+
1,...,2k}, then [T1| + |T2| < k and

k 2k
8@ D0 86
i=1 i=k+1
> Bli)

> B()

€Ty 1€TY
< I BT Y B
€Ty €Ty
T3] - |To| 2
< VB 5 g
€Ty UTs
[T [(k — |T1])
< S———24lI3

2

k-1k+1

2 2
<X == |8l3,
<2 g,

where the last inequality is due to the facts that |Ty| is a non-
negative integer and & is odd. It then follows that for all k-sparse
vector 3 € RP,

) N
1= S I3 < 14813 < | 1+ S ) 818,

It can also be easily verified that the equality above can be
achieved for

(k+1)/2 (k-1)/2 (k-1)/2
—T N~
s=(,...,1,0,...,0,1,...,1,0,...)
Hel?ce o3t = )\.V ’.“2"){1. In summary, 6}, :2k \/%éf i.n our
Sett1ng, which implies that the constant T n (23) is not
improvable. U
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