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1. Introduction

Compressed sensing has been a very active field of recent research with a wide range of applications, including sig-
nal processing, medical imaging, seismology, and statistics. The goal is to develop efficient data acquisition techniques that
allow accurate reconstruction of highly undersampled sparse signals. It is now well understood that the constrained ¢; min-
imization method provides an effective way for recovering sparse signals. See, e.g., Candés and Tao [6,7], Donoho [11] and
Donoho, Elad, and Temlyakov [12]. A closely related problem is the affine rank minimization problem, where the goal is
to recover a large low-rank matrix based on an observation of an affine transformation of the matrix. Applications include
linear system identification and control, Euclidean embedding, and image compression. See, e.g., Candés and Plan [9], and
Recht, Fazel and Parrilo [18].

More specifically, in compressed sensing, one observes (A, y) with

y=AB+z (1)

where y e R", A e R"™*P with n « p, B € RP is a sparse signal of interest, and z € R" is a vector of measurement errors.
One wishes to recover the unknown sparse signal 8 € RP based on A and y using an efficient algorithm. The affine rank
minimization problem aims to reconstruct a low-rank matrix X based on a known linear map M and an observed vector
b € RY where

b=M(X) +z 2)
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Here M : R™*" — RY is a linear map, X € R™*" is an unknown low-rank matrix of interest, and z € R? is an error vector.
The methods of constrained ¢; and nuclear norm minimization,

(PB) Bzargn}gin{llﬂlht AB—yeB}, 3)
(PR) X*:argmxin{HXII*: M(X)—b e B}, (4)

as convex relaxations to £g and rank minimization respectively, have been shown to be very effective in solving these
problems. Here ||X||, is the nuclear norm of X, which is defined to be the sum of the singular values of X, and B is a
bounded set determined by the noise structure. For example, 8 = {0} in the noiseless case and B is the feasible set of the
error vector z in the case of bounded noise.

One of the most commonly used frameworks for sparse signal and low-rank matrix recovery is the Restricted Isometry
Property (RIP). See Candés and Tao [6] and Recht et al. [18]. A vector is said to be k-sparse if | supp(v)| < k, where supp(v) =
{i: vi # 0} is the support of v. In this paper, we shall use the phrase “r-rank matrices” to refer to matrices of rank at most r.
In compressed sensing, the RIP requires subsets of certain cardinality of the columns of A to be close to an orthonormal
system. The RIP conditions for the signal and matrix recovery are similar and we shall state them together to save space.
Let A € R™P be a matrix and let M : R™" — RY be a linear map. For integers 1 <k < p and 1 <r < min{m, n}, define the
restricted isometry constants (RIC) 8,? and (SrM to be the smallest non-negative numbers such that for all k-sparse vectors
B and all r-rank matrices X,

(1= 811813 < IABIZ < (1+80) 1813, ()
(1= M)IXIZ < JMEO)Z < (1+8M)1X11% 6)

where [ X2 = inzj is the squared Frobenius norm of X = (x;j).

A major focus of compressed sensing is to find explicit and simple conditions under which the sparse signals can be
recovered exactly using a computational efficient algorithm. A variety of sufficient conditions on the RIP for the exact/stable
recovery of k-sparse signals and r-rank matrices have been introduced in the literature. Sufficient conditions for the signal
recovery include 8§k <+/2 =1 in Candés [5], SQ}C < 0.472 in Cai, Wang and Xu [2], d5x < 0.493 in Mo and Li [15] and

8,’:‘ < 0.307 in Cai, Wang and Xu [4]; for the matrix recovery, sufficient conditions are 84}4 <+/2—1 in Candés and Plan

[9], 82! < 0.607, 83! < 0.558, 8! < 0.4721 in Mohan and Fazel [16], 85! < 0.4931, 6" < 0.307 in Wang and Li [20]. On
the other hand, negative results have also been obtained. In the case of signal recovery, Davies and Gribonval [10] and Cai,
Wang and Xu [4] showed respectively that it is impossible to recover certain k-sparse signals when 82{ > +/2/2 and when

8,':‘ = 2",:—_11 < 0.5. For matrix recovery, Wang and Li [20] proved that nuclear norm minimization cannot recover exactly all

rank r matrices in the noiseless case when SrM =1/3 or 8{\;‘ =+/2/2 + ¢, where ¢ is arbitrarily small.
Among those RIP conditions, the ones on 8,’:‘ and SrM are arguably the most natural for the reconstruction of k-sparse

signals and r-rank matrices, respectively. The main goal of this paper is to establish a sharp condition on 5? and SrM.
Specifically, we show that in the noiseless case (z= 0) the conditions

5,§‘<% and 5,{"‘<% (7)
are sharp respectively for the exact recovery of k-sparse signals based on (1) and for the exact recovery of r-rank matrices
based on (2). These conditions are also sharp for the stable recovery in the noisy case. That is, under the condition 8,? <1/3,
all k-sparse signals can be exactly recovered via the constrained ¢; minimization (3) in the noiseless case and can be stably
recovered in the noisy case. Furthermore, it is not possible to do so in general if 8,’:‘ > 1/3. Similarly, for the recovery of
r-rank matrices using the constrained nuclear norm minimization based on (2), the condition 5/"‘ < 1/3 is sharp. To the
best of our knowledge, (7) is the first sharp RIP condition.

Various oracle inequalities have been given in the literature for the constrained ¢1/nuclear norm minimization estimators,
known as the Dantzig Selector, in the setting of Gaussian noise. See, for example, Candés and Tao [7] and Cai, Wang and
Xu [3] for the sparse signal recovery and Candés and Plan [9] for the matrix recovery under the condition 5‘{\;’ <v/2-1.In
this paper we derive oracle inequalities for both sparse signal and low-rank matrix recovery under the condition 8,? <1/3
and M < 1/3.

Besides providing a sharp condition on 8,? and 8/\’1, the same techniques can also be used to sharpen other RIP conditions

such as 8§k and (Sé\r’t. We show that, in the noiseless case, 8;}( < 1/2 and 85\{1 < 1/2 are respectively sufficient for the exact

recovery of k-sparse signals based on (1) and for the exact recovery of r-rank matrices based on (2).

The rest of the paper is organized as follows. Section 2 reviews basic notations and definitions and states some useful
facts on the null spaces. Section 3.1 then introduces a technically important tool called the Division Lemma, which is used
in the detailed analysis for both the signal and matrix recovery. Sections 3.2 and 3.3 separately analyze the sparse signal
recovery and low-rank matrix recovery, in both the noiseless and noisy settings. Section 4 provides oracle inequalities for
Gaussian noise under the conditions 6,? < 1/3 and 8{‘/‘ < 1/3, and discusses other RIP conditions. The proofs of the main
results are given in Section 5.
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2. Notations and preliminaries

In this section, we introduce basic notations and definitions that will be used throughout the paper, and state some facts
on the null spaces that will be used later.

For a vector v = (vq,...,vp) € RP, define vpaxk to be the vector v with all but the largest k entries in absolute values
set to zero, and let V_maxky = V — Vmaxcy. For a matrix X € R™" (without loss of generality, assume that m < n), let
a; >a; > --- > ap be its singular values and let X = 2’171:1 aiuiviT be the singular value decomposition of X. We define
Xmax(r) = erzl aiuiV,'T and X_maxr) = X — Xmax(r) = Z;'n:r+1 aiuiVlT-

For 0 < o < oo define the £, norm of a vector v € RP as ||v|q = (Zf:] [vi|®)1/®. In addition, ||v|le = sup;|v;| and
Ivilo = |supp(v)|. For matrices X = (x;j), Y = (yij) € R™*", define the inner product of X and Y as (X,Y) = trace(XTY) =

>_im1 X -1 Xijyij. The norm associated with this inner product is the Frobenius norm, [|X||r = /(X, X) = /3L 37 X

Note that R™*" associated with this inner product is a Hilbert space. The spectral norm of a matrix X € R™*" is defined as
[ X1l = supgern [IXBll2/118l2, which is equal to the largest singular value of X.

For a linear map M : R™" — RY, we denote its adjoint operator by M* : RY — R™*" so that for all X € R™" and
b eRY, (X, M*(b)) = (M(X),b),,. For any given norm |- | in an inner product space (R™*", (-,-)), the dual norm |- |4 is
defined as | X|g = max{(X,Y): |Y|=1]}. It is well known that the dual norm of the Frobenius norm is itself and the nuclear
norm and spectral norm are dual norms of each other. The null spaces of a matrix A € R"*P and a linear map M : R™*" —
RY are denoted respectively by AV'(A) and N'(M), i.e, N(A)={B eRP: AB =0} and N (M) = {X e R™": M(X)=0}.

Finally, we introduce a useful tool for providing conditions for the exact recovery. Stojnic, Xu and Hassibi [19] gave a
necessary and sufficient condition on the null space for the exact recovery of k-sparse signals in the noiseless case. It was
shown that one can recover all k-sparse signals 8 using (3) with B = {0} if and only if for all 8 € N'(A) \ {0},

||,3max(k)||1 < ||,8—max(k)||1- ()
Oymak and Hassibi [17] gave a similar result for the exact recovery of r-rank matrices in the noiseless case. One can recover
all r-rank matrices X using (4) with B = {0} if and only if for all X € A'(M)\ {0},

||Xmax(r)||* < ||X—rr1ax(r) [l ()

Based on these results, one can consider the recovery problem by investigating the null spaces of A and M instead of
checking the original definition of exact recovery, which often simplifies the problem.

3. Sharp RIP conditions for sparse signal and low-rank matrix recovery

With the preparations given in Section 2, we establish in this section the main results of this paper - a sharp RIP bound
for the exact recovery of sparse signals and low-rank matrices in the noiseless case and the stable recovery in the noisy case.
A unified treatment is given for the sparse signal recovery and low-rank matrix recovery. We first introduce in Section 3.1
an elementary but important technical lemma which we call the Division Lemma, and then discuss the main results for
sparse signal recovery in Section 3.2 and the low-rank matrix recovery in Section 3.3.

3.1. Division Lemma

As discussed in Section 2, we will establish the RIP condition for the exact recovery using the null space properties of A
and M. In order to relate the general elements in the null space with the RIP condition whose constraint is on the sparse
vectors and low-rank matrices, a natural approach is to divide these elements into sums of sparse or low-rank components.
Consequently, we introduce the Division Lemma below, which is a key technical tool for the proof of the main results.

Lemma 3.1 (Division Lemma). Let r and m be positive integers with m > 2r. Let a1 > a; > a3 > --- > a > 0 be a sequence of
non-increasing real numbers satisfying

Zaw> Z aw. (8)
w=1

w=r+1

Then there exist non-negative real numbers {s;j}1<i<r,2r+1<j<m Such that

.
ZS,’]:G], V2r+1<j<m, 9)
i=1

and
1 r m
Z Ay > Gryi + sii, V1<i<r. (10)
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The proof of Lemma 3.1 is simply by induction on m. The Division Lemma can be illustrated as in the following table.
Each row is an inequality; every element in the first row equals the sum of remaining elements in the same column:

a a Ik ar Z | 4 ari2 e Gy + aori1 e am
ar/r ay/r ar/r > ar41 + $1,2r+1 S1,m
a/r a/r - a/r = ar42 +  S22r1 s Sam

: : . : > + : :
ap/r a/r o ar/r Z aor + Sr.2r+1 - Sr.m

3.2. Sparse signal recovery

We begin with the noiseless case (z =0) of the sparse signal recovery model (1). In this case, The commonly used ¢4
minimization method is by (3) with B = {0}. We shall present the sharp RIP condition on 8,’;‘ for the exact recovery of all
k-sparse signals for any given integer k > 2.

The following theorem shows that the condition 8,? < 1/3 is sufficient for the exact recovery of k-sparse signals in the
noiseless case.

Theorem 3.1. Suppose the measurement matrix A € R"*P satisfies 8,? < 1/3 for some integer 2 < k < p. Let y = AB where 8 € RP
is a k-sparse vector. Then the minimizerB of (3) with B = {0} recovers B exactly, i.e., 3 =8.

The result below shows that the condition 8,’;‘ < 1/3 is sharp for the exact recovery in the noiseless case.

Theorem 3.2. Let 2 < k < p/2. There exists a measurement matrix A € R"™*P with 8,? = 1/3 such that for some k-sparse signals
y, n € RP with y #n, Ay = An. Consequently, it is not possible for any method to exactly recover all k-sparse signals 8 based on
(A, y) with y = AB. In particular, the £1 minimization (3) with B = {0} cannot recover all k-sparse signals.

Theorems 3.1 and 3.2 together show that the condition 8,? < 1/3 is sharp for all 2 <k < p/2.

Remark 3.1. In the above theorems, the case k =1 is excluded because the RIP cannot provide any sufficient condition for
the exact recovery via the constrained ¢; minimization in this case. Take, for example, n=p —1 > 1. Let A € R™*P with
AB = (B1— P2, B3, Ba, ..., Bp)" for any B = (B1, B2, B3, ..., Bp)" € RP. Then for all 1-sparse vectors S,

p
1ABI3 = B — 28182 = 1815,
i=1

which implies the restricted isometry constant (Sf = 0. However, b = Ay = An where y = (1,0,...,0) and n =
(0,-1,0,...,0) are both 1-sparse signals. Thus it is impossible to recover both of them exactly relying only on the in-
formation of (A, b). In particular, the ¢; minimization (3) with 8 = {0} cannot recover all 1-sparse signals. Since 84 =0, the
RIP cannot provide any sufficient condition in this case.

We shall now turn to the noisy case of the sparse signal recovery model (1). The noiseless case provides much insight
to the noisy case. In this case the error vector z is nonzero and we shall consider two bounded noise settings

B2(n) = {z: l|zll2 < n}. (11)
BPS () ={z: |ATz|  <n}. (12)

The case of Gaussian noise, which is a canonical model in statistics, can be treated similarly. See Remark 3.2 below. In
the noisy case we shall also consider more general signals 8 which are not necessarily k-sparse. Decompose B = Bmax) +
B—max(ky- The £; norm minimization approach for recovering 8 in these bounded noise settings is by solving (3) with
B=B%() or B=BP5(n).

We first consider the stable recovery of 8 with the error z in a bounded ¢, ball.

Theorem 3.3. Consider the signal recovery model (1) with ||z||2 < ¢. Let B be the minimizer of (3) with B = B () defined in (11)
for some n > €.1f§ =) < 1/3 withk > 2, then

Vv2(1+9) 2v/2(28 + /T =38)8) +2(1 = 38) 1B maxaw 1

8 —Bl2 <
16— Bl < (e +m+ — e

(13)
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In particular, for all k-sparse signals S8,

N V2(146
18~ plo< Y20 D e 1,

The result is similar if the error z is in the bounded set ||ATz||o, < &. The £; minimization method with B = BPS is
called the Dantzig Selector. See Candés and Tao [7].

Theorem 3.4. Consider the signal recovery model (1) with |ATz||« < €. Let 3 be the minimizer of (3) with B = BPS (1) defined in
(12) for some n > €.1f § =84 < 1/3 with k > 2, then

~ 2k 2ﬁ(28+m)+2(1 —38) 18- max Il
18— Bl < Lo+ + — o (14)

Remark 3.2. Since Gaussian noise is essentially bounded, the results for the signal recovery in Theorems 3.3 and 3.4 can
be directly applied to the Gaussian noise case. Interested readers are referred to Section 4 in [2] and Lemma 5.1 in [1] for
details.

3.3. Low-rank matrix recovery

We now turn to the affine rank minimization problem. As mentioned before, the results are parallel to those for the
sparse signal recovery. As in Section 3.2, we begin with the noiseless case. The ideas and results can be extended to the
noisy case later. Consider the matrix recovery model (2) with z = 0. The nuclear norm minimization method in this case is
given by (4) with B = {0}. The goal is to recover the matrix X whose rank is at most r.

For the same reason as in the signal recovery problem, we shall only consider the case r > 2. The following two theorems,
which are parallel to Theorems 3.1 and 3.2, are the main results in this paper for the low-rank matrix recovery. Theorem 3.5
shows that the condition 8\ < 1/3 is sufficient for the exact recovery of r-rank matrices.

Theorem 3.5. Suppose 2 < r < min(m, n). Let X be a matrix of rank at most r and let b = M (X). If SrM < 1/3, then the solution X,
of the nuclear norm minimization (4) with B = {0} recovers X exactly, i.e, X, = X.

The following theorem shows that the condition SrM < 1/3 is sharp. These results together establish the optimal bound
on §M for the exact recovery in the noiseless case.

Theorem 3.6. Let 2 < r < min(m, n)/2. There exists a linear map M with (SrM = 1/3 such that for some matrices X, Y € R™" with
rank(X), rank(Y) <r, M(X) = M(Y). Consequently, there does not exist any method that can exactly recover all matrices of rank
at most r based on (M, b) with b = M(X). In particular, the nuclear norm minimization (4) with B = {0} cannot recover all r-rank
matrices.

We should note that the result above is stronger than Theorem 1.2 in Wang and Li [20] as it shows that there exists
some linear map M with (SrM =1/3 such that all methods, not just nuclear norm minimization, fail to recover all rank r
matrices in the noiseless case.

Remark 3.3. The reason for excluding the case r =1 in the two theorems given above is the same as that in the signal
recovery problem: the RIP cannot provide any sufficient condition in this case for the exact recovery through the nuclear
norm minimization. An example is given as follows. Let m,n > 2 and let the linear map M : R™*" — R™—2 pe defined by

T
M(X) = (%11 — X22, X12 + X21, X13, - . ., X1n, X23, - .., X2n, X31, - - - , Xmn)

for X = (xij) e R™*". Then for all matrices X such that rank(X) <1,

m n
IMEOJ2 =332 — 20011302 — x12%21) = X2
i=1 j=1

This implies the restricted isometry constant S,M = 0. In addition, one can check that X = diag(1,0,...,0), Y =
diag(0, —1,0,...,0) are both of rank 1. In addition, b = M(X) = M(Y). This means that the exact recovery is impossi-
ble based on (M, b) in the noiseless case. Hence the RIP cannot provide a sufficient condition to ensure the exact recovery
of all matrices with rank at most 1.
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We now turn to the noisy case. As in the signal recovery problem, we also consider bounded noise in two settings

B2(m) ={z: |zl <n}. (15)
BPS () = {z: |[M*z| <n}. (16)

We shall also consider general matrices that are not necessarily exactly low-rank. Decompose X = Xmax() + X—max). The
nuclear norm minimization method is to recover X by solving (4) with B = B (n) or B = B3 ().
We first consider the case where the error z is in a bounded ¢, ball, ||z < &.

Theorem 3.7. Consider the affine rank minimization problem (2) with | z|l» < €. Let X,. be the minimizer of (4) with B = B ()
defined in (15) for some n > €. If(Sr/\’1 < 1/3 withr > 2, then

1X: = Xlp < Y2 f(j ;‘” (6 4y 2B+ (11__338;8) 2039 ”X“j;““*. (17)

For matrix recovery under the model (2) with the error bound || M™*(z)|| < &, we have the following similar result for
the matrix Dantzig Selector.

Theorem 3.8. Consider the affine rank minimization problem (2) with | M*(2)|| < €. Let X, be the minimizer of (4) with B = BPS ()
defined in (16) for some n > €. IférM < 1/3 withr > 2, then

J2r 2+/2(28 + /(T =38)8) +2(1 — 38) | X— maxq) Il
I1Xe — XlIF < (e+m+ . (18)
1-138 1-138 Jr

We omit the proof of Theorem 3.8, which is essentially the same as that of Theorem 3.7.

Remark 3.4. Similarly as in the sparse signal recovery problem, the results for the low-rank matrix recovery in Theorems 3.7
and 3.8 can be extended to the Gaussian noise case. The readers are referred to Lemma 1.1 in Candés and Plan [9] for details.

4. Oracle inequalities and RIP conditions on ka and 85’\;‘

Oracle inequality provides great insight into the performance of a procedure as compared to that of an ideal estimator. It
was first introduced in Donoho and Johnstone [14] in the context of statistical signal processing using wavelet thresholding.
This method has since been applied in many other problems. In particular, various oracle inequalities have been given in
the literature for the constrained ¢1/nuclear norm minimization procedures. See, for example, Candés and Tao [7], Cai, Wang
and Xu [3], and Candés and Plan [9]. Theorem 4.1 below provides oracle inequalities for sparse signal and low-rank matrix
recovery under the condition (S,'f <1/3 and (SrM < 1/3 given in this paper. The technique is analogous to the one used in

Candés and Plan [9], along with Lemma 4.1 given below, Theorems 3.4 and 3.8.

Theorem 4.1. Given the signal recovery model (1), suppose z ~ N, (0, o2I) and the signal B € RP is k-sparse. Assume that /§ is the
minimizer of (3) with B = {z: |ATz| o <A =40/(2/3)logp}.If 8} <1/3 withk > 2, then
1B — Bl <
B—Bl3 3

512
— o min .2,02 19
(13812 ng,.: (87 7) o)

1

Jmlogp’

Similarly, for the matrix case (2), suppose z ~ Ng(0, o21) and rank(X) < r. Assume that X, is the minimizer of (4) with B =
{z: IM*@D| <Ar= 160\/(1/3) log(12) max(m, n) }. If(SrM < 1/3 withr > 2, then

with probability at least 1 —

X — X% < 21%l0g12 Zmin(az(X) max(m, n)o?) (20)
* FX 31— 38%\4)2 : i , s
with probability at least 1 — e €™ where ¢ > 0 is an absolute constant, and o;(X), i =1, ..., min(m, n) are the singular values

of X.

We should note that the main ideas for the proof here are essentially the same as those for the proof of Theorem 2.6 in
[9], where readers can find more details. Finally, it is noteworthy from these oracle inequalities that in the case of 8 =0 or
X =0, i.e,, the input signal or matrix is identically zero, the Dantzig Selector recovers the zero input exactly by zero with
high probability in the Gaussian noise case.
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In addition to providing the sharp condition on 8,’:‘ and (SrM, the techniques developed in this paper can also be applied to

sharpen other RIP conditions such as (Sé‘k and 62/‘;‘ for the exact/stable recovery of the sparse signals and low-rank matrices.

Since 87, < 1 is known as a necessary condition for the model identifiability (see Lemma 1.2 in [6]), much previous attention
has been on the bounds for Sﬁ‘k and (Sfr/l as the sufficient conditions for the recovery of the sparse signals and low-rank
matrices. Applying the same method as that used in the previous section on 5{‘/‘ and 8,?, we have the following theorem

A M
for 65, and 85" .

Theorem 4.2. Suppose 1 < k < p. Let y = AB for a k-sparse vector 8 € RP. Ifafk < 1/2, then the minimizerﬁ of (3) with B = {0}
recovers 3 exactly, i.e., ﬁ =p.

Similarly, suppose 1 < r < min(m, n) and let b = M(X) for some matrix X with r-rank. If(SZ/‘r/‘ < 1/2, then the minimizer X,
of (4) with B = {0} recovers X exactly, i.e., X, = X.

To the best of our knowledge, these are the best bounds on ka and Sé\r” available as a sufficient condition for the exact
recovery of the sparse signals and low-rank matrices, respectively. Note that Davies and Gribonval [10] proved that it is not
possible to exactly recover all k-sparse signals in the noiseless case when 84, > +/2/2. Hence, the upper bounds on 85, are
necessarily less than +/2/2. There is still a gap between the two bounds 1/2 and +/2/2 on 5§k. It is an interesting future
project to close this gap.

It is also noteworthy that Zhang [21, Remark 1] proved for some concave penalty p, the estimator

P
B= argmin(lly - XBI3+_ p(8il, A))
s i=1
recovers k-sparse signals exactly in the noiseless case with a suitable choice of A under the condition 8y, < 1/2 or 83, < 2/3.
The constrained ¢; minimization estimator B defined in (3) with B = {0} is straightforward to compute. In contrast, the
concave penalized minimization estimator requires a good choice of the tuning parameter A and is not as easy to implement.
It is also interesting to consider conditions on 8;?( and 85/;/‘ for some integer s > 1. The following result provides conve-

nient bounds on 55/}< and 8;?4 in terms of 8,’:‘ and BrM respectively. It is also useful for the proof of Theorem 4.1.

Lemma 4.1. For all matrix A € R"P and k > 2, s > 2, we have 8;1 <(2s — 1)5,?‘. Similarly, for all linear map M : R™*" — RY and
r>2,s5>2, wehave s} < (2s — 1)sM.

5. Proofs

In this section we shall first prove the main results. The proofs of some of the main theorems rely on a few additional
technical lemmas. These technical results are collected and proved in Section 5.9.

5.1. Proof of Theorem 3.5

The key to the proof of this theorem is parallelogram identity, since it provides equality rather than inequality in the
estimation in £, norm as we shall see later.

By (x%), we only need to show for all R € N'(M)\{0}, it satisfies ||Rmaxr)ll+ < IR max(r) [l

Suppose there exists R € N'(M) \ {0} such that ||[Rmax(r)lls = IR—max)ll«. Assume R has SVD decomposition R =
Z?l:] aiuiTv,-, a1 >a > --- > apy. Since we can set a; = 0 if i > m, n, without loss of generality we can assume that m,n >r.

By Lemma 3.1, we can find {sij}1<i<r.2r+1<j<m Satisfying (9) and (10).

1. When r is even, suppose

r/2 r 3r/2 2r
Ri1 = Y Riy = apy T Ryt = .yl Roy — py T
1= aju;v; , 12= aju;v; , 21 = ajuiv; , 2= aju;v; ,

i=1 i=r/2+1 i=r+1 i=3r/2+1

m r/2 m r
T T

= Y (Sownt) ram 3 (3 s an

j=2r+1 \i=1 Jj=2r+1 \i=r/2+1

then M(Rq11 + R12 + R21 + R22 + R31 + R32) = M(R) = 0. By the parallelogram identity,
2 2
[M(=R11 4+ Roz + R32)||” 4+ [ M(—R12 + Ra1 + R31) |

1
= §[||M(—R11 — R12 +Ro1 +Ra2 +R31 + R32)||2 + | M(=R11+ Ri2 — Ra1 + Roz — R31 + R32)||2]
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1 1 1
=3 [HM(an +2R12) ||2 +3 |M(=2R11 = 2R21 — 2R31) ||2 +3 [ M(2R12 + 2R22 + 2R32) ||]
=2|M(R11 + R12)||2 + | M(R11 4+ Ro1 + R31)||2 + | M(R12 4+ Rz + R32)H2~ (22)
We use Lemma 5.2 by setting

g=h=r/2, bi =a;,¢ci = —aiyrp2,di=ai1r, V1<i<r/2,
ejZZSi,jJrzr, tij=Sijyor, 1<i<r/2, 1< j<m—2r,

then we get

[M(R11 + Ra1 + R31)H2 — [ M(=Ri2 4+ Ra1 + R31)||2

>(1—5%)<:X/2]:a$+ Brf (a,+ > sl]>2) 1+8M) ( Z al + Brf (a,+ > su>2). (23)

i=r+1 j=2r+1 i=r/2+1 i=r+1 j=2r+1

Similarly,
| M(R12 4+ Raz2 + R32)H2 - HM(_RH + R+ R32)H2

1—3M< Z a? + Z (a;—i— i 5ij>2)

i=r/2+1 i=3r/2+1 j=2r+1

—(1+5{‘4)<§a%+ i (ai—i— i s,-,-)2>. (24)

i=1 i=3r/2+1 j=2r+1
Let the right-hand side of (22) minus the left-hand side. Along with (23), (24), we get

0 = RHS — LHS
r r 2r m 2
2(1 —5%)(2#) —28M Y a? - 25{‘4( > (a,- + > sij) )
i=1 i=1 i=r+1 j=2r+1

r r 2
2(1-26M) ) af - 25%(@)
i=1
r
>2(1-35M)> af.
i=1

The last two inequalities are due to (10) and the Cauchy-Schwarz inequality. It contradicts the fact that R # 0 and
sM<1/3.
2. When r is odd, r > 3, note

(r+1)/2 r
Ri1=a T Ry = ayT Riz = T
11 =0a1u1vy, 12 = aiuiv; , 13 = aiuiv; ,
i i=(r+3)/2
Gr+1)/2 o
Ry = T Roy — sy T Ryz — iyl
21 = Ar41Ur41Veg g, 2= ajuiv; , 23 = aju;v; ,
i=r+2 i=(3r+3)/2
m m (r+1)/2 m or
T T T
R31 = Z S1jUjVij, R3p = Z Z S,’j)UjVj, R33 = Z Z Sij Jujv;. (25)
j=2r+1 j=2r+1\  i=2 j=2r+1 \i=(r+3),2

Note X1 = —R11+ R21+R31, X2 = —R12+ R22 + R23, X3 = —R13+ R34+ R33, we can easily show the following equality
Mo |F + 4| Mmoo + 4 mos)|
= | M1 + X2 = X)|° + [ M(=X1 + X2 + X3)||*
+ MG = X+ X)|* + MO+ X2+ X3) . (26)
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By the fact that M(R) =0, (26) means

| M(=R11 + Ra1 + R31)”2 + | M(=R12 + Rz + R32)”2 + || M(=R13 + Ra3 + R33)H2
= [M(Ri2+Ri3+Rn + R31)H2 + [ M(R11 +Ri3+ Rz + R32)H2
+ | M(R11 + Ri2 4+ Rz + R33)||2 + | M(R11 4+ Ri2 + R13)H2- (27)

Similarly as in the even case, by Lemma 5.2 we have

| M(R12 4+ Ri3 4+ Ra1 + R31)”2 — [ M(=Ri1 + Ra1 + R31)”2

Za +(ar+1+ Y s ,) } +6M)[ (ar+1+ i 51,]-)2}, (28)

Li=2 j=2r+1 j=2r+1

| M(R11 4 Ri3 4+ Ry2 + Rzz)”2 — [ M(=Ri2+ R + Rzz)”2

(r+1)/2 2
2(1—8%\’1 a? + Z a? + Z (a,+ Z 511>:|

L i=(r+3)/2 i=2 j=2r+1

> (13

~

~

r+1)/2 (r+1)/2 2
1+8’Vl |: Z a + Z <a,—|— Z 511) :| (29)
j=2r+1

[ M(R11+ Ri2 + Raz + R33)|| — [ M(=R13 + Rz + R33)||2

>(1-6M |:(r+21):/2a + Z <ai+ i 5ij>21|

i=(r+3)/2 j=2r+1

—(1+5,M){ Xr: a? + Xr: <ai+ i si,-)z}. (30)

i=(r+3)/2 i=(r+3)/2 j=2r+1

Let the right-hand side of (27) minus the left-hand side, we can get

0> (1-8M) [3Za +Z<ar+z+ 2 SU)} (1+57) [Za +Z<ar+1+ 2 s”)?

j=2r+1 Jj=2r+1

:2[(1—25/‘4 ;a —8M2<ar+1+ > su>2}

j=2r+1

r .
2(1 —zarM)Zaf - zarﬂ/‘r(@)
i=1
r
>2(1-38M)> a?.
i=1

The last two inequalities are due to (10) and the Cauchy-Schwarz inequality. It contradicts the fact that R # 0 and
sM<1/3.

5.2. Proof of Theorem 3.1

The proof of Theorem 3.1 is essentially the same as that of Theorem 3.5. By (%), we only need to show for all 8 €
N (A)\ {0}, it satisfies ||Bmaxio 11 < 18- max(o -

For the convenience of presentation, we call a vector with 1 or —1 in only one entry and zeros elsewhere as the indicator
vector.

Suppose there exists B € N'(A) \ {0} such that ||Bmax) l1 < |B=maxgll1- Then B can be written as

p
B=Y au;
i=1
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where {ui}ip:] are indicator vectors with different support in RP; {al-}f’:1 is a non-negative and decreasing sequence. Since
we can set a; =0 if i > p, without loss of generality we can assume that p > k.
By Lemma 3.1, we can find {sij}1<i<k,26+1<j<p Satisfying (9) and (10) with a modification of notations.

1. When k is even, suppose

k/2 k 3k/2 2k
Buu=) aui, Pu= Y au, Pa= Yy au, fn= Yy au,
i=1 i=k/2+1 i=k+1 i=3k/2+1

p k/2 p 3
Bai= ) (Zsijuj>a Ba= ). ( > Sijuj> (31)
i=1

j=2k+1 j=2k+1 \i=k/2+1

then A(B11 + B12 + B21 + P22 + B31 + B32) = AB = 0. By the parallelogram identity,

|A(=B11 + Baz + B32)|* + | A(=Br2 + Ba1 + Ban) |

1

= §[||A(—/3n = B12+ Ba1 + B2z + B3 +ﬂ32)||2 + |A(=B11 + B2 — B21 + B2z — B +,332)||2]
1 2 1 2 1

=35 [HA(Zﬂll +2812)|" + 2 |A(=2B11 —2B21 — 2831 | + 5 |A2B12 + 282 + 2/332)“

=2|A(Bn +/312)||2 + || A(B11 + B2 +/331)H2 + |A(B12 + B2z +,332)||2. (32)

Similarly as in the matrix case, we use Lemma 5.2 and get

A1+ Bar + B31) |* = || A(=Bi2 + Ba1 + B31) |

>(1-80) (kf:a + ka <a,»+ Xp: s,-,->2> (1+35f ( Z a? + ka (al+ > s,,)z). (33)

i=k+1 Jj=2k+1 i=k/2+1 i=k+1 Jj=2k+1

Similarly,

|AB12 + B2z + Bs2) | — | A(=Bu1 + Baz + B32) |

>(1-87 ( > a+ ik: (ai+ Xp: Sij)z)

i=k/2+1 i=3k/2+1 j=2k+1

k/2 2k p 2
+8k (Za + Z (ai+ Z Sij) ) (34)

i=3k/2+1 j=2k+1

Let the right-hand side of (32) minus the left-hand side. Along with (33), (34), we get

0= RHS — LHS
Kk ! 2 p 2
>2(1- 5,?)<Zai2> 250y af - 28,?( > (a,- + > si,) )
i=1 i=1 i=k-+1 j=2k+1

k k 2
A 2 A i=1 i
2(1-28) ) a? —25f k('T)

i=1

k
2(1-388) > af.

i=1

The last two inequalities are due to (10) and the Cauchy-Schwarz inequality. It contradicts the fact that 8 # 0 and
84 <1/3.
k
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2. When k is odd, k > 3, note

(k+1)/2 k
Bui=aur,  Pu= Z aiui,  Pi3= Z aju;,
i i=(k+3)/2
(3k+1)/2 2k
B21 = Ap1Upsts Ba2= Z aiu;, B2z = Z aiu;,
i=k+2 i=(3k+3)/2
p P kD)2 p 2k
ZED ORTTIESS o S o) NSRS o i o 33)
j=2k+1 j=2k+1\ i=2 j=2k+1 \i=(k+3)/2

Note y1 = —B11 + B21 + B31, Y2 = — P12 + B2z + P23, ¥3 = —P13 + P23 + B33, We can easily show the following equality

Al Ay1 I + 4l Ayall* + 4l Ays|®
= A +v2 =y |+ [ACy + 2+ )|+ A = v+ v P+ A + 2+ )| (36)
By the fact that AB =0, (36) means
|A(=B11 + Bar + B3D) |* + | A(=Bi2 + Baz + B32) | + | A(=Brz + Bas + B33) |
= |A(B12 + B13 + a1 + /331)”2 + || A(B11 + B13 + Bz + fJ’32)H2
+ || A(B11 + Br2 + B3 + ,333)H2 + |AB11 + Br2 + ﬂl3)”2- (37)

Similarly as in the even case, by Lemma 5.2 we have

|A(B12 + B13 + B + 1‘331)”2 — [ A(=B11 + Ba1 -1-,331)”2

2 » 2
Za +<l11<+1+ Z $1 ]) } +5k)|: (ak+1+ Z 51,j> } (38)
Li=2 j=2k+1 j=2k+1

|A(B11 + B13 + B2z + B32) ||2 — |A(=B12 + B2z + B32) ||2

(k+1)/2 2
2(1—8,<) aj + Z a+ Yy <a,+ > su>}

L i=(k+3)/2 i=2 j=2k+1

Z (1 _Sk

v

(k+1)/2 (k+1)/2 2
1+8k |:Z a + Z <al+ Z s,j> :| (39)

Jj=2k+1
|AGB1 + Brz + B2z + B33)|* — | A(—Bi3 + B2z + B33) |
(k+1)/2 p 2
1—(3k |: Z Cl + Z (ai—i— Z S,'j) :|
i=1 i=(k+3)/2 j=2k+1

—(1+5?)[ Ii a; + i (ai+ Xp: 5i1>2}~ (40)

i=(k+3)/2 i=(k+3)/2 j=2k+1

Let the right-hand side of (37) minus the left-hand side, we can get

0>(1_5,§)[3Iia$+2k:<ak+i+ i su)z]—(1+5?)[ia?+li<ak+;+ Zp: Suﬂ

i=1 i=1 j=2k+1 i=1 i=1 j=2k+1

[1—25k Zaf—akZ(aH,Jr > 5:1)1

Jj=2k+1
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k k 2
>2(1-250) a? - 23,§*k<Tla'>

i=1

k
2(1-380) ) a?.
i=1

The last two inequalities are due to (10) and the Cauchy-Schwarz inequality. It contradicts the fact that 8 # 0 and
84 <1/3. O
k

5.3. Proof of Theorem 3.6

It is well known that for matrices X, B with the same size, |(X, B)| < || X||r||B|r. The following lemma provides a
stronger result given further constraint on matrix rank.

Lemma 5.1. Let X € R™™(m < n) be a matrix with singular values A1 > Ay > - -+ > A, then for all B € R™*" such that rank(B) <,
we have

(B, X)| < IIBIF

Proof. Since the rank of B is at most r, we can suppose B, X have singular value decomposition B=UXV, X =W AZ,
where U, W e R™M 3 A e R™" VvV Z cR"™™", Then

(B, X)=tr(BTX) =tr (VI 2TUTWAZ) =tr(ZTUTW AZVT) = diag(Z) - diag(UT W aZVT).

Since the rank of B is at most r, diag(X') is supported on the first r entries,

r r n
ZZ‘ > UTWAZVT)?i < |IBlIF ZZ(UTWAZVT)fj: IBIlF|KAZVT,
i=1 i=1 j=1

where we note K € R™" as the first r rows of UTW. In addition,
|KAzZVT |3 =te(VZTATKTK AZVT) = te(AZVTV ZT ATKTK) = tr(A2KT K).

By K is the first r row of an n x n orthogonal matrix, we have tr(KTK) = tr(KKT) = tr(I;) =r and all diagonal elements of
KTK are in [0, 1], then

tr(A%KTK) = ZAZ (KTK), ZAZ

In summary,

(B, X)| < IIBIlF|[KAZVT| . <IIBlF

It is noteworthy that the signal version of this lemma simply holds by the Cauchy-Schwarz inequality.
Now we construct an example for Theorem 3.6, then check the feasibility by the lemma above. Note

2r

z_/—
]
dlag< ) e R™M,
Suppose H = (R™*", || X||r) is the Hilbert with inner product (-,-). Since || Xi][r = 1, we can extend X; into a basis
{X1,..., Xmn}. Define M : R™*" — R™M a5

M(X>=\/§ > aiXi (41)
i=2

for all X = Y"1 a; X;.
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Then by Lemma 5.1, for all matrices X with rank at most r, we have

(X, X1 <4/ —||X||F—f||xuy,

M0 |5 = Za ||X||F—a1) (X112 = X, X0 [).

wl-b

Thus,

2 2 2_4 2 M

SIXIE < [MEO[; < SIXIE - 8700 <173,
Notice that

2

—_——
| M(diag(1,...,1,0,...,0)]> = 3

%r:%H(diag(l,...,1,0,...,0))‘

| M(diag(1, -1,0,...,0)) |2 = g = g”diag(l, ~1,0,...,0)|

we can conclude that (SrM = 1/3. Finally, suppose
r r r
. —— . —— ———
X =diag(1,1,...,1,0,...,0), Y =diag(0,...,0,-1,-1,...,-1,0,...,0).

Then X, Y are both matrices of rank r such that X —Y € A'(M), M(X) = M(Y). Therefore, it is impossible to recover both
X and Y only given (b, M), which finishes the proof. O

5.4. Proof of Theorem 3.2

Again, the proof to this theorem is essentially the same as that of Theorem 3.6. Note

2k

——
1 1
= —,...,—,0,...,0) eRP.
A («/Zk 2k )

Suppose H = (RP, || - ||2) is the Hilbert with inner product (-, -). Since ||81]l2 =1, we can extend g1 into a basis {81, ..., Bp}.
Define A:RP — RP as

i
ap= 2> an (42
i=2

for all B = Zf:] a; Bi.

Then by the Cauchy-Schwarz inequality, for all k-sparse vectors y, we have

1
|(v, B1)| <181 - Tsuppiy) l21l¥ N2 < \/;Ilyllz,

4
Ay I3 =3 Za— (Iy I3 —af) = g(nyn%—\(y,ﬂn\z).
Thus,

2 4
§||y||% <IAYI5 < §||y||%, St <1/3.

Notice that

2

P 2 2 2 — e
||A(1,...,1,0,...,O)||2=§k=§||(l,...,1,0,...,0) .

8 4
||A(1,—1,0,...,0)||§=§ =§||(1,—1,o,...,0)||§

we can conclude that 8,’? = 1/3. Finally, suppose
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k k k
—_—— —_——
y=(1,1,...,1,0,...,0), n=(,...,0,-1,-1,...,-1,0,...,0).
Then y, n are both matrices of rank k such that y — n € N'(A), Ay = An. Therefore, it is impossible to recover both y
and 7 only given (y, A), which finishes the proof. O
5.5. Proof of Theorems 3.3 and 3.7

For the proof of Theorem 3.3 and Theorem 3.7, we only show the latter one about the matrix case, as the proof to the
signal case is similar and simpler. Suppose R = X, — X, h = 8 — 8. We will use a widely used fact. The readers may refer to
[1,7,8,13] (signal case) or [20] (matrix case) for details:

||hmax(k) ”* + 2”/3— max(k) ||1 ,

<
||R7max(r)||* < ||Rmax(r) || + 2||X7max(r)||*-

For the remaining part of the proof, we only prove the matrix case. Suppose R has singular value decomposition R =
> ajuiv]. Then we have

”h—max(k)”l

r m
D i+ 20X maxin [l = Y ai. (43)

i=1 i=r+1
Applying Division Lemma 3.1 by setting a; = a; + 2| X—maxmll«/r, i =1,....r and @} =aj, j >r+1, we can find
{sij}1<i<r.2+1<j<m satisfying

.

Zsij:aj, V2r+1<j<m, (44)

i=1

1 2[1X_ maxo ll« - .

anwﬁ‘f?ar-&-iﬁ‘.z sij, Vi<i<r. (45)
w=1 j=2r+1

We also know

[MEB)| < [MEX)=b| + |b— MX| <e+n. (46)
Similarly as in Theorem 3.5, we finish the remaining part of the proof for even or odd r separately.
1. When r is even, we define R11,..., R32 as in (21), similarly as (22) and by parallelogram equality, we get
[ M(=R11 + Raz + R32)||2 + || M(=R12 + Ra21 + R31)||2
1
= §[||M(—R11 —Ri2+R21 +Rop +R31 + R32)||2
+ | M(=R11+ Ri2 — Ra1 + Ro2 — R31 + R32)||2]
1
= 5 [ M@R11 +2R12) ~ MP®)|?
1 2 1 2
t2 [M@R1z2 +2R22 + 2R32) | — 3 |m@B|

1 2
+32 [M(=2R11 = 2R21 — 2R31) |

2 2
=2| M(R11 + R12)|” + [ M(R11 + Ra1 + R31) ||
2
+ | M(R12 + R22 + R32)|” = 2(M(R), M(R11 + R12)). (47)
Let the right-hand side of (47) minus the left-hand side. Along with (23), (24), one gets

0 =RHS — LHS
r r 2r m 2
>2(1-6M)> af — 251 Zaf—z(W( > (a,'—i— > 51,») )—Z(M(R),M(Rn +R12))
i=1 i=1 i=r+1 Jj=2r+1

r r 2
10 2| X-
22(1—28%)2&1-2—23#\41”(21;1 1+ Il n;ax(r)”*) —2e+n)
i=1
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2
r r
2|1X_
22(1—255"‘)2&—25{‘4( Za,ﬂ—%) —2(e+1) (48)
i=1 i=1 r
By (48) we can get an inequality of \/>"i_, al.Z:
2Hx—max(r) [ e+n
§TIRO SAJT+58
1—36
2 X—maxr *
\/(5”7ﬁ“H + /T +8)2 + (1 - 38)8112X— maxn I12/7
+ 1—36
o V1+de+m +225+ VA —38)0) | X~ max(r) l+/ /T 49
= 1-35 ' (49)
Finally, by Lemma 5.3,
2
2||X7max(r)||*
5 )
i L A w2 20X mal
2 2 —max(r) ll* 2 — max(r
as +< Z‘ai +—> < ZZai +
i=1 i=1 ﬁ i=1 ﬁ
_ V20 +8) Eimt 2v/2(28 + (T =38)8) +2(1 — 38) [ X— max(n) I+ (50)
S 1-38 1-38 N

2. When r is odd, we use the definitions in (25). Similar equality as (47) holds as follows,
| M(=R11 + Ra1 + Rsn)||* + | M(=R12 + Raa + R32) | > + | M(=R13 + Raz + R33) |°
= | M(R12 4+ Ri3 + Ra1 + R31)H2 + [ M(R11 4+ Ri3 + Roz + R32)H2
+ || M(R11 4+ R12 + Raz + R33)”2 + | M(R11 4+ Ri2 + Rl3)H2
— 2(M(R11 + R12 + Ri3, M(R)).
By the method as in the even case, we can still get the inequality (48). Hence we have the same estimation. [J

5.6. Proof of Theorem 4.2

By (), we only need to show for all R € N'(M)\{0}, it satisfies ||Rmax(r)ll« < IR maxcr) Il
Suppose there exists R € N'(M)\{0} such that ||[Rmaxrll« = IIR= max( |« Suppose R has singular value decomposition:
> ajuiv]. Note:

r 2r 3r m

R = . R, = Y Ra = .yl R. = .yl 51

1= ajuiv; , 2= ajuiv; , 3= aju;v; , c= ail;v; . (51)
i=1 i=r+1 i=2r+1 i=3r+1

Notice that 3 _;a; > Y10 a; > Y i", 4 a;. In addition, two equalities cannot hold simultaneously since R # 0. Thus,

r m
Yas Y a
i=1

i=2r+1
Applying Lemma 3.1 to {a1, ..., 0y, azr41, ..., an}, We can find {s;j}1<i<r,3r+1<j<m Such that
r r m
Y si=a;, VIr+1<j<m; —ZW? >+ Y sy ViI<i<r.
i=1 j=3r+1

.
By Y i_1Gi > Y it, 10, there exists 1<i<r such that @ > Ggr4i + ) ji3,41 Sij- We also have the equality in I
space as follows,
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6] M(R1 + R2)|* + 3| M(R1 + R3 + Ro)||*
= 2| M(=Rz + R3 + Ro)|* + [ MBR1 + 2R, + R3 + Ro)||*
=2| M(=Ra+R3 + Ro)|* + | M(=R1 + R3 + Ro) ||*. (52)

Let the left-hand side of (52) minus the right-hand side, by Lemma 5.2 we get

0=6|MR1 + R)|* +2(| M(R1 + R3 + Ro)|* = | M(=R2 + Rs + R)[)%)
+ (| MRy + R3 + RO = [ M(=R1 + Rs + R)|)?)

2r

>6(1-85")> a?+(1-85") (2Za +32<a2r+1+ > s,J) +iaf)

i=1 j=3r+1

—(1+8 ( Za +32(a2r+,+ > Su> +i2r;a?>

i=r+1 Jj=3r+1

r 2r r m 2
=(8—1085")> a? + (4—88") > "a? — 665" Z(azm + > s,-,-)

P 1 i=1 j=3r+1

ofie-Bfee £

Jj=3r+1

>3<Za (Z’ 1a‘> )20

which is a contradiction. O
5.7. Proof of Lemma 4.1

We only show the matrix case. For all X € R™*" such that rank(X) < 2r, suppose X has singular value decomposition
X= Z; 1 Gl v , | <sr. Without loss of generality we can assume | = sr as we can set a; =0 if | < i < sr. Note

wi=M(aquiv]) eRI, 1<i<sr.
We can verify the following identity

2 sr

s—1 s—1
to—y 2 Ilw,-—w;llﬁ=(1+(s—1))2||wi||§+2<1_Sr_l> S wiw))
2 1<i

1<i<j<sr i=1

sr

>

i=1

2
S
— ; ; 12
—@ Z lwi, + wi, +--- +wi 5
) 1<ip < <ip<sr

which implies

2
[meoll; =

2 M — _sM
s D R

= ST
sr—1
(T) 1<iy<-<ip<sr 1<i<j<sr

=(s(1+sM) -s-1(1 —W))ia?

= (1+@s = D&)X,
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Mo =

sr
2 wi
i=1 2

s -5 (s— (1 +8M)
>T)r ) (az‘zl+"'+azzr)_Tlr > (af+d3)
r 1<i1<---<ir<sr 1<i<j<sr

rs

= (5(1 =52 = 6= D(1+5M) Y

i=1
= (1- s — D&)X

Hence, 31 < (2s — 1)sM. O

5.8. Proof of Theorem 4.1

By a small extension on Lemma 5.1 in [1], we know [|ATz|s < 0,/(1 +6A)10gp A/2 with probability at least

1//m log p. While for the matrix case, by Lemma 1.1 in [9], we know ||M*| < 40\/max(m,n)(1 +84)log12 < 1/2 with

probability at least 1 —e™aX(m.M Then in order to finish the proof, we only need to show (19) or (20) given the assumption
AT z|loo < A/2 o || M*(2)|| < A/2. For the following part, we only give the proof for the signal case, since the matrix case
is similar and the original proof by Candés and Plan in [9] is already for the matrix case. Define

2

2 34 2
KE By =vlslo+1I1AB—Aslly, v = 16 =20“logp.

Let B = argming K (&, B), then we can deduce 1Bllo < IIBllo <k by K(B, 8) <K(B, B). By Lemma 4.1,

||/§—,3||§\1 % IAB — ABII3 < 1337 ——— I1AB — ABI5. (53)

2k

By Lemma 5.4, we have

(470 =B < 4TG5 = AB) |, + [ATAB = B, <2

which implies we can apply Theorem 3.4 by plugging 8 by 8:

2 V2080
I8 —B1 < 7558 2

Hence,

16| 8/|o2> 2 _ 256
1Plo 1AB — ABI3 <

—————K(B.B).
(1-38H2  1-38 3(1— 3812 @5

I8 —BII5 <2018 - BlI5 +218 - Bl5 <

—_\P . . L i i H i — Y 322
Suppose ' =) "i_, Bil{s|>u)€i, Where e; is the vector with 1 in the ith entry and 0 elsewhere, u = ThA = /m.
Then

p
KB.B) <K(B.B) <y Y lys-w + | AB— A8
i=1

p

p
<Y Y g+ (1+67) Zl{|ﬂ1|<u}|ﬁ: Z v, (1+87)18i1°)

i=1 i=1 i=1
p

<2logp Zmin(dz, 1Bil?).
i—1

The last inequality is due to 2logp > (1 —l—SA) In summary, we get (19) given the assumption ||ATz||o, < A/2, which finishes
the proof. O
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5.9. Technical lemmas

As seen in the proofs of Theorems 3.1 and 3.5, it is necessary to estimate the left-hand side of (23), (24), (28), (29)
and (30). Notice that these terms are of the similar type - they are all the differences of the squared Frobenius norm of
two matrices which only differ on a few leading terms in their SVD decompositions, we have the following lemma for the
general estimation of this type of differences. Before we present the lemma, recall that we have defined the concept of
indicator vector in Theorem 3.1.

Lemma 5.2. For the vector case, suppose g,h >0, g + h <k, {d; }l . {ej}’j:l, {tij}1<i<g,1< <! are non-negative real numbers
satisfying

min d; > max e;, (54)

1<i<g 1<i<I

Y tj=e; VI<j<I (55)
{bi}{?:], {ci}f':1 are real numbers. {11, ..., U1p; U31, ..., U3g; Uad, - . ., Uy} i a set of indicator vectors with different support in RP;
{uz1, ..., U 31, ..., U3g; Uat, ..., Uy} is also a set of indicator vectors with different support. Define

h g l

p1= Zbiuli + ZdiUBi + Zelej €RP,
iz1 iz1 =
h g 1

B = ZC,'uz,‘ + Zd,‘ﬂ3i + Zer4j e RP.
iz1 iz1 =

Then we have

1AB115 — 1AB2l5 = (1 —8¢) (gh: i(d,«JrgtU)z) (1457 (Zc +Z(dl+2t”>2). (56)

i=1 i=1 i=1
For the matrix case, suppose g,h >0, g+ h <r, {d; }g » {e]}] 1 {tijh<i<g,1< <1 are non-negative real numbers satisfying

min d; > max e;, (57)

1<i<g 1<i<!

Y ty=ej, VI<j<I (58)
{bi}?:p {c,-}?:1 are real numbers. {us1,...,U3g; U41,..., U} is a set of orthogonal unit vectors in R™, {uq1,...,u1p} and
{uz1,...,upy} are two sets of orthogonal unit vectors lying in the perpendicular space of span{usi, ..., Usg;Uaq, ..., Usg};
{v31,...,V3g; Va1, ..., Vg) is a set of orthogonal unit vectors in R", {v11,..., vip} and {va1,..., vou} are two sets of orthogonal
unit vectors lying in the perpendicular space of span{vsi, ..., V3g; V41, ..., V4. Define

h g I
T T T

X1 = Zbiu“v” + Zdi”3i"3i + ZEJ'U4J'V4J- e R™"

i=1 i=1 j=1
h g l
_ iy T T T mxn

Xy = 2‘31”21"21‘ + Zd,ug,v3i + Ze]u41v4j e R™M,

i=1 i=1 j=1

Then we have

M3 — M)

(1-5M) (sz +Z<d, + Ztu>2> (1 HM)(.Zh:C"Z + Xg:(di + ]Z;:ti])z). (59)
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Proof. We prove the lemma by induction on .
When [ =0, (59) is clear to hold by the definition of SrM and the fact that g+ h <r. Suppose (59) holds for [ —1 (I > 1),
we note

Yi=—usivi +ugvy, 1<i<g, (60)
g

=X, =) taVi, z=1.2, (61)
g

Qz=X:— Y twYw+E+d)Yi, z=1.2,1<i<g. (62)
w=1

We can show the following equality in I,-space:
g 2 g g
M (Xz - anYi) +) vi|M (Xz = > twYw + (ta+ di)Yi>
i=1 i=1 w=1
2 g
m( )| #3200
2 i=1

where z=1,2, v; = le"t” nw=1-— }g:1 dltTll[,z By (57), (58) we have

2

2
2

= |MX) |3 + (63)

g
M (— Z twiYw + (L +di)yi)

w=1

2

Thus, v;, i are all non-negative numbers satisfying u + Zf; v; = 1. Considering the difference of these two equalities (63)
(z=1,2), we get

g
[MxD[; = MK 5 = | MPD[5 = [MP[5]+ D wl Mm@ |5 - [ M@ []: (64)
i=1
By computing directly we can get

-1

P1= Zb uuv]l + Z(d, +t11)U3,V31 + Ze,u4]v4],

i=1 i=1 j=1
-1

P = Zczu21V21 + Z(dl +t,1)U3,V31 + ZEJU4]V4J,
i=1 i=1 j=1

h -1
Qi1 = Z bwulwv{w |: Z (dw + twl)u3wV3W +(d; + ttl)u4lV41:| + Ze]u4]V4Ja

w=1 w=1, w#i j=1

h g -1
Q2= Y CwlizwVi, + [ > dw+twuswvy, + @i+ tu)uzmd,} + ) ejugjvy;

w=1 w=1, w#i j=1

which corresponds with the assumption of I — 1. Now by induction assumption of [ — 1, for all 1 < w < g we have

[ MO = [MmP2)];
h g I 2
> (1-sM (Zb2+2<d +Ztu) ) 1+5M)<Zc$+z<di+2tij> )
”M(Qw])” - ||M(Qw2)”2

> (1-5M) (Zb2+z<d,+2tu) ) l+8M)<iC%+i<di+itij>z). (65)

i=1 i=1

Together (65) with (64), we can get (59) for the case I. O
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Lemma 5.3. Supposem >r,ay >a > --- > am >0, ZLI a > Z;":rﬂ aj, then foralla > 1,

m r
Yo af (66)

j=r+1 i=1

More generally, supposeay >a; > --->ap >0, A >0 and Zf:l ai+r> Z}":rH aj, then forallo > 1,

+ &) . (67)

Proof. It is sufficient to show the general part only. Since we can set a; =0 when j > m, we assume m > 2r without loss
of generality. By Lemma 3.1, we can find {sjj}1<i<r,2r+1<j<m Satisfying (44), (45). Hence,

m m r 2r r m
o _ a—1 B o _ o o—T.
Dodf= 0 d T Dsu)+ D0 i =2 |ai+ D0 af sy
j=r+1 j=2r+1 i=1 j=r+1 i=1 j=2r+1
r m r m b
a—1
<Zar+i Aryi + Z Sij <Z Aryi + Z Sij
i=1 j=2r+1 i=1 j=2r+1
er=1 a  A\* *
L<rl =/—/——+ - <r o O
r r

Lemma 5.4. Suppose § = argming K (£, B), then it satisfies | AT A(B — B)|| < 1/2.
This is the vector version of Lemma 3.5 in [9], for which we omit the proof here.

References

[1] T. Cai, G. Xu, ]. Zhang, On recovery of sparse signal via [; minimization, IEEE Trans. Inform. Theory 55 (2009) 3388-3397.
[2] T. Cai, L. Wang, G. Xu, Shifting inequality and recovery of sparse signals, IEEE Trans. Signal Process. 58 (2010) 1300-1308.
[3] T. Cai, L. Wang, G. Xu, Stable recovery of sparse signals and an oracle inequality, IEEE Trans. Inform. Theory 56 (2010) 3516-3522.
[4] T. Cai, L. Wang, G. Xu, New bounds for restricted isometry constants, IEEE Trans. Inform. Theory 56 (2010) 4388-4394.
[5] EJ. Candés, The restricted isometry property and its implications for compressed sensing, C. R. Acad. Sci. Paris Ser. I 346 (2008) 589-592.
[6] E. Candés, T. Tao, Decoding by linear programming, IEEE Trans. Inform. Theory 51 (2005) 4203-4215.
[7] E. Candés, T. Tao, The Dantzig Selector: statistical estimation when p is much larger than n, Ann. Statist. 35 (2007) 2313-2351.
[8] E. Candes, J. Romberg, T. Tao, Stable signal recovery from incomplete and inaccurate measurements, Comm. Pure Appl. Math. 59 (2006) 1207-1223.
[9] E. Candés, Y. Plan, Tight oracle for low-rank matrix recovery from a minimal number of random measurements, IEEE Trans. Inform. Theory 57 (2009)
2342-23509.
[10] M. Davies, R. Gribonval, Restricted isometry constants where I, sparse recovery can fail for 0 < p < 1, IEEE Trans. Inform. Theory 55 (2009).
[11] D.L. Donoho, Compressed sensing, [EEE Trans. Inform. Theory 52 (2006) 1289-1306.
[12] D.L. Donoho, M. Elad, V.N. Temlyakov, Stable recovery of sparse overcomplete representations in the presence of noise, IEEE Trans. Inform. Theory 52
(2006) 6-18.
[13] D.L. Donoho, X. Huo, Uncertainty principles and ideal atomic decomposition, IEEE Trans. Inform. Theory 47 (2001) 2845-2862.
[14] D.L. Donoho, .M. Johnstone, Ideal spatial adaptation by wavelet shrinkage, Biometrika 81 (1994) 425-455.
[15] Q. Mo, S. Li, New bounds on the restricted isometry constant 8y, Appl. Comput. Harmon. Anal. 31 (2011) 460-468.
[16] K. Mohan, M. Fazel, New Restricted Isometry results for noisy low-rank recovery, ISIT, Austin, 2010.
[17] S. Oymak, B. Hassibi, New null space results and recovery thresholds for matrix rank minimization, arXiv.
[18] B. Recht, M. Fazel, P. Parrilo, Guaranteed minimum-rank solutions of linear matrix equations via nuclear norm minimization, SIAM Rev. 52 (2010)
471-501.
[19] M. Stojnic, W. Xu, B. Hassibi, Compressed sensing - probabilistic analysis of a null-space characterization, in: IEEE Internat. Conf. on Acoustics, Speech
and Signal Processing, ICASSP, 2008.
[20] H. Wang, S. Li, The bounds of restricted isometry constants for low rank matrices recovery, Sci. China Ser. A, in press.
[21] C.-H. Zhang, Nearly unbiased variable selection under minimax concave penalty, Ann. Statist. 38 (2010) 894-942.



	Sharp RIP bound for sparse signal and low-rank matrix recovery
	1 Introduction
	2 Notations and preliminaries
	3 Sharp RIP conditions for sparse signal and low-rank matrix recovery
	3.1 Division Lemma
	3.2 Sparse signal recovery
	3.3 Low-rank matrix recovery

	4 Oracle inequalities and RIP conditions on δ2kA and δ2rM
	5 Proofs
	5.1 Proof of Theorem 3.5
	5.2 Proof of Theorem 3.1
	5.3 Proof of Theorem 3.6
	5.4 Proof of Theorem 3.2
	5.5 Proof of Theorems 3.3 and 3.7
	5.6 Proof of Theorem 4.2
	5.7 Proof of Lemma 4.1
	5.8 Proof of Theorem 4.1
	5.9 Technical lemmas

	References


