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We prove in this supplement the technical lemmas used in the proofs
of the main results.
Proof of Lemma 2.1. Suppose X : Rp
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By Lemma 1 in [28], we know
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Combining (0.13) and (0.14), we can see
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Proof of Lemma 3.1. First, the common used definition for sub-Gaussian
distribution of random variable X include the following two.

(0.16) 9c, C > 0, such that P (|X| � t)  C exp(�ct2)

(0.17) 9c > 0, such that EetX  exp(c2t2/2)

Suppose ↵P is finite, then we have
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namely X is sub-Gaussian. Now suppose X is sub-Gaussian, then
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k
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which implies that ↵P 
p

max(C, 1)/c is finite.

Proof of Lemma 7.1. Without confusion, we simply use ↵ to represent
↵P in the proof. Note that we can multiply A by a scale without loss of
generality. So we assume throughout the proof that kAk

F

= 1. We’ll prove
this lemma by steps. First, we show an inequality on the even moments of
|�TA�|; next, we give a bound on the moment generation function of |�TA�|.
Finally, we give the desired tail bound.
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1. Step 1: Even moments of |�TA�|.
Assume that x = (x
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The right hand side is exact the term in the expansion of ↵4kE(xTA
abs

y)2k,
where A

abs

is the the element-wise absolute value of A. Therefore, we
have
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then z is standard normal distributed and independent of
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Together with (0.19), we have

(0.20) E[�TA�]2k  ↵4k((2k � 1)!!)2kAk2k
F

2. Log-moment generation function of |�TA�|.
By the bound of the even moments of |�TA�|, we can also give the
estimate of odd moments, for integer k � 1,
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So for all k � 2, E|�TA�|k  ↵2kk!. Denote µ = E|�TA�|, then for
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Note that log(1 + x)  1 + x for all �1 < x < 1, we have
(0.21)
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.

for all �1/↵2 < t < 1/↵2.
3. The tail bound of kX (A)k

1

/n.
Finally, we estimate the tail bound of kX (A)k1/n. Note that
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based on (0.21), the logarithm of moment generating function of kX (A)k
1
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◆
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By the proof of Lemma 1 in [28], we know kX (A)k
1

/n�µ has the tail
bound,
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1
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Finally we set � =
p

x/n, by Lemma 7.2, 1/(3↵4)  µ  1, we finish
the proof of Lemma.
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Proof of Lemma 7.2. Since P is symmetric and of variance 1, we have
E�

i
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By the first part in the proof of Lemma 7.1, we have
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By Hölder’s inequality,
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P
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Proof of Lemma 7.3.

• We first prove the sub-Gaussian part of the lemma. The moment gen-
erating function of |z

i

| (t � 0) and z2
i

(0  t < 1/(2�)) satisfy
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⇣
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Z 1

0
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1/(2�2)� t
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Then the moment generating function of kzk
1

/n and kzk2
2

/n satisfies

Eetkzk1/n =
⇣

Eetkzik/n
⌘
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 exp
⇣
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2⇡t�

⌘
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2

2
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✓
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◆

n
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✓
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◆

Hence for C � 0,
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1
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1
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⇣
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⇣

2
p
2⇡� � C

⌘⌘
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@
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!

2
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p
2⇡� � C)2
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1

A

For C > 2
p
2⇡�, we can set t = �

2

n(C�2

p
2⇡�)

, then

P (kzk
1

/n � C)  exp

 

�n(C � 2
p
2⇡�)2

2�2

!

Now we consider the tail bound of kzk2
2

/n. For C > 4�2,

P (kzk2
2

/n � C) =
E exp(tkzk2

2

/n)

exp(tC)
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✓

2t2�2C/n� t(C � 4�2)

1� 2�2t/n

◆

.
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2

4C�

2

/n

,

P
�
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2

/n � C
�
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✓

� n(C � 4�2)2

8�2C(1� 2�2t/n)

◆
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✓

�n(C � 4�2)2

8�2C

◆

Finally we consider kzk1,

P (kzk1  C
p

log n�)  2n exp(�C2 log n�2/(2�2)) = 2n�(C

2

/2�1)

• Next, we consider the Gaussian part of the lemma. The bound of kzk
2

is already given by Lemma 5.1 in [7]. For kzk
1

, we can see E|z
i

|2 = �2,

E|z
i

| = �p
2⇡

Z 1

0

xe�x

2

/(2)dx = �
p

2/⇡

Hence, E(kzk
1

/n) = �
p

2/⇡, Var(kzk
1

/n) = Var(|z
i

|)/n = (1 �
2/⇡)�2/n. By Chebyshev’ inequality,

P (kzk
1

/n � �)  P
⇣

�

�

�

kzk
1

/n� �
p

2/⇡
�

�

�

� �(1�
p

2/⇡)
⌘
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1

/n)

�2(1�
p
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=
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p

2/⇡
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p
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For the bound of kzk1, we have

P (kzk1 � 2
p

log n�) 
n

X

i=1

P (|z
i

|  2
p

log n�)

 n · 2

2
p
2⇡ log n

exp(�1

2
· 4 log n) = 1

n
p
2⇡ log n

Proof of Lemma 7.4. Again without confusion, we simply use ↵ to rep-
resent ↵P in the proof. The proof also requires some knowledge of moment
generation function and "-net method. We’ll prove by steps.

• Moment Generation Function of aTX ⇤(z)b. Suppose a 2 Rp

1 ,
b 2 Rp

2 are fixed unit vectors. In order to handle the operator norm
of X ⇤(z), we first consider aTX ⇤(z)b. Note that

(0.22) aTX ⇤(z)b =
n

X

i=1

z
i

aT�(i)�(i)T b

Denote X
i

= aT�(i), Y
i

= bT�(i), then {X
i

}p1
i=1

, {Y
i

}p2
i=1

are two inde-
pendent sets of i.i.d. sub-Gaussian samples. Moreover by �(i), �(i) are
i.i.d. from symmetric distribution P, one can show

E(X
i

)2k�1 = E(
X

j

a
j

�
j

)2k�1 = 0,

E(X
i

)2k = E(
p

1

X

j=1

a
j

�
j

)2k =
X

k

1

+···kp
1

=k

k!

k
1

! · · · k
p

1

!

 

p

1

Y

i=1

a2ki
i

E(�2ki
i

)

!


X

k

1

+···kp
1

=k

k!

k
1

! · · · k
p

1

!

 

p

1

Y

i=1

a2ki
i

E(x2ki
i

)↵2k

!

= ↵2kE(
p

1

X

i=1

a
i

x
i

)2k  ↵2k(2k � 1)!!
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Here x
i

iid⇠ N(0, 1). Similarly, E(Y
i

)2k�1 = 0, E(Y
i

)2k  ↵2k(2k � 1)!!.
Then for |t| < 1/↵2,

E exp(tX
i

Y
i

) =
1
X

k=0

tkE(X
i

Y
i

)k

k!


1
X

k=0

t2k(↵2k(2k � 1)!!)2

(2k)!

=
1
X

k=0

(t↵2)2k(2k � 1)!!

2kk!
=

1
X

k=0

(t↵2)2k · (�1)k
✓

�1/2

k

◆

=
1p

1� t2↵4

(0.23)

Now for fixed z 2 Rn, the logarithm of the moment generating function
of aTX ⇤(z)b satisfies

logE exp(taTX ⇤(z)b) =
n

X

i=1

logE exp(tz
i

X
i

Y
i

) 
n

X

i=1

�1

2
log(1� t2z2

i

↵4)


n

X

i=1

t2z2
i

↵4

2(1� t2z2
i

↵4)
 t2kzk2

2

↵4

2(1� t2kzk21↵4)

 t2kzk2
2

↵4

2(1� |t|kzk1↵2)

for any |t| < 1/(kzk1↵2). Here we used the fact that

� log(1� x) =
1
X

i=1

xi

i


1
X

i=1

xi =
x

1� x

for 0  x < 1.
• Tail Bound of aTX ⇤(z)b
By the proof of Lemma 1 in [28], we know for fixed z 2 Rn, aTX ⇤(z)b
has tail bound: for x > 0 and fixed a, b, we have

P
⇣

aTX ⇤(z)b � ↵2

⇣

kzk1 x+ kzk
2

p
2x
⌘⌘

 exp(�x);

P
⇣

aTX ⇤(z)b  �↵2

⇣

kzk1 x+ kzk
2

p
2x
⌘⌘

 exp(�x).

Set x = C(p
1

+ p
2

), we have

P
⇣

|aTX ⇤(z)b| � ↵2

⇣

kzk1C(p
1

+ p
2

) + kzk
2

p

2C(p
1

+ p
2

)
⌘⌘

2 exp(�C(p
1

+ p
2

)).

(0.24)
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For convenience, We denote

(0.25) T = ↵2

⇣

kzk1(C(p
1

+ p
2

)) + kzk
2

p

2C(p
1

+ p
2

)
⌘

.

• "-net and the upper bound of kX ⇤(z)k.
In this step, we still fix z. We use the "-net method to derive the upper
bound of kX ⇤(z)k

2

, which is given by

kX ⇤(z)k
2

= sup
a2Rp

1

,b2Rp
2

aTX ⇤(z)b

From Lemma 2.5 in [39], we can find an "-net A in the unit sphere of
Rp

1 , i.e. for all a in the unit sphere of Rp

1 , there exists a0 2 A such
that ka0 � ak

2

 ✏. Besides, |A|  (1 + 2/")p1 . Similarly, there exists
✏-net B of the unit ball of Rp

2 such that |B|  (1 + 2/")p2 .
By (0.24), we have
(0.26)
P
�

�

�aTX ⇤(z)b
�

� � T, 9a 2 A, b 2 B
�

 2(1+2/")p1+p

2 exp(�C(p
1

+p
2

))

Now we consider under the event that
�

�aTX ⇤(z)b
�

�  T, 8a 2 A, b 2
B. Suppose µ = kX ⇤(z)k

2

= maxkak
2

=kbk
2

=1

aTX ⇤(z)b, (a⇤, b⇤) =

argmax
a,b

aTX ⇤(z)b, then we can find a0 2 A, b0 2 B such that ka0 � a⇤k 
", kb0 � b⇤k  ". Then,

µ =
�

�a⇤TX ⇤(z)b⇤
�

�

=
�

�a0TX ⇤(z)b0
�

�+
�

�(a0 � a⇤)TX ⇤(z)b0
�

�+
�

�a⇤TX ⇤(z)(b⇤ � b0)
�

�

T + (ka0 � a⇤k
2

+ kb0 � b⇤k
2

) · kX ⇤(z)k  T + 2"µ

This means µ  T/(1 � 2"). Therefore, when
�

�aTX ⇤(z)b
�

�  T, 8a 2
A, b 2 B, we have kX ⇤(z)k  T/(1� 2").

• Finally, we set " = 1/3, under the event that
�

�aTX ⇤(z)b
�

�  T

=↵2

⇣

kzk1(C(p
1

+ p
2

)) + kzk
2

p

2C(p
1

+ p
2

)
⌘

, 8a 2 A, b 2 B

we have

kX ⇤(z)k  T/(1� 2")  3↵2

⇣

kzk1C(p
1

+ p
2

) + kzk
2

p

2C(p
1

+ p
2

)
⌘

By (0.26), the probability that all the event happen is at least

1� 2 exp (�(C � log 7)(p
1

+ p
2

))

This finished the proof of the lemma.
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Proof of Proposition 7.1.. In the proof, we will use ↵ to represent ↵P
without any confusion. The ideas of the proof of Proposition 7.1 follows
from [36], [13].

Denote S
kr

= {X 2 Rp

1

⇥p

2 : rank(X)  kr, kXk
F

= 1}. By Lemma 3.1 in
[13], for any " > 0, there exists "-net S0

kr

such that |S0
kr

|  (9/")(p1+p

2

+1)kr.

For given C
1

, C
2

such that C
1

< 1/(3↵4), C
2

> 1, we set C 0
1

= C

1

+1/(3↵

4

)

2

,

C 0
2

= C

2

+1

2

. We can choose �
0

small enough such that

↵2

�

2�
0

+ �2
0

�

 min

✓

1/(3↵4)� C
1

2
,
C
2

� 1

2

◆

then by Lemma 7.1, for any given A 2 Rp

1

⇥p

2 , we have C 0
1

 kX (A)k
1

/n 
C 0
2

with probability at least 1� 2 exp(��2
0

n). Hence,

P
�

C 0
1

 kX (A)k
1

/n  C 0
2

, for all A 2 S0
r

�

� 1�2(9/")kr(p1+p

2

+1)·exp(��2
0

n)

Next, we’ll estimate the bound of kX (A)k
1

/n on the whole set S
kr

pro-
vided that C 0

1

 kX (A)k
1

/n  C 0
2

for all A 2 S0
kr

. Define


1

= inf
A2Skr

kX (A)k
1

/n and 
2

= sup
A2Skr

kX (A)k
1

/n.

For any A 2 S
kr

, there exists A0 2 S0
kr

such that kA�A0k
F

 ". So

kX (A)k
1

/n  kX (A0)k
1

/n+kX (A�A0)k
1

/n  C 0
2

kAk+
2

kA�A0k
F

 C 0
2

+
2

"

kX (A)k
1

/n � kX (A0)k
1

/n�kX (A�A0)k
1

/n � C 0
1

kAk�
2

kA�A0k
F

� C 0
1

�
2

"

which mean


2

= sup
A2Skr

kX (A)k
F

 C 0
2

+ "
2

, 
1

= inf
A2Skr

kX (A)k
F

� C 0
1

� "
2

namely, 
2

 C 0
2

/(1� "), 
1

� C 0
1

� "
2

. We choose

"  min

✓

C
2

� 1

2C
2

,
1/(3↵4)� C

1

2C
2

◆

,

by some calculations we can see 
1

� C
1

, 
2

 C
2

.
To sum up, we can choose �

0

, " only depending on C
1

, C
2

,↵, to ensure

C
1

 
1

= inf
A2Skr

kX (A)k
1

/n  sup
A2Skr

kX (A)k
1

/n = 
2

 C
2
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with probability at least 1 � 2(9/")kr(p1+p

2

+1) exp(��2
0

n). The last step is
to estimate the probability above. We choose D � 8k log(9/")/�2

0

, then for
n � Dr(p

1

+ p
2

), we have

�2
0

n/2 � 4 log(9/")kr(p
1

+ p
2

) � log 2 + 2 log(9/")kr(p
1

+ p
2

+ 1),

1� 2(9/")kr(p1+p

2

+1)e��

2

0

n = 1� exp(��2
0

n+ log 2 + kr(p
1

+ p
2

+ 1) log(9/"))

�1� exp(��2
0

n/2).

Finally, we finish the proof of the Theorem by choosing �  �2
0

/2. ⇤

Proof of Lemma 7.7.. The idea of the proof is originated from [41, 31].
We provide the proof here for the completeness of the paper. Note p =
min(p

1

, p
2

), suppose for any matrix B, �
i

(B) is the i-th largest singular
value of B. By Lemma 2 in [31], we have

kA
max(r)

k⇤ + kA�max(r)

k⇤

=kAk⇤ � kA⇤k⇤ = kA� (�R)k⇤ �
p

X

i=1

|�
i

(A)� �
i

(�R)|

�
r

X

i=1

(�
i

(A)� �
i

(R)) +
p

X

i=r+1

(�
i

(R)� �
i

(A))

=kA
max(r)

k⇤ � kA�max(r)

k⇤ + kR�max(r)

k⇤ � kR
max(r)

k⇤

which implies (7.3). ⇤

Proof of Lemma 7.8.. Suppose R = A⇤ �A, then we have

(0.27) kX (R)k
1

/n  �
1

Since kA⇤k⇤  kAk⇤. By Lemma 7.7, we must have (7.3). Suppose p =
min(p

1

, p
2

) and R has the singular value decomposition, R =
P

p

i=1

�
i

u
i

vT
i

=
Udiag(~�)V T , then ~��max(kr)

satisfies

k~��max(kr)

k1  �
kr

,

k~��max(kr)

k
1

=k~��max(r)

k
1

� (�
r+1

+ · · ·+ �
kr

)

k~�
max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
kr

Set

✓ = max
�

�
kr

, (k~�
max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
kr

)/(kr)
�

,
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then k~��max(kr)

k1  ✓, k~��max(kr)

k
1

 kr✓. Similarly to the proof of The-

orem 2.1, apply Lemma 7.6, we can get b(i) 2 Rn, �
i

� 0, i = 1, · · · , N such
that ~��max(kr)

=
P

N

i=1

�
u

b(i) and (7.2). Hence,

kb(i)k
2


q

kb(i)k
1

· kb(i)k1 
q

✓(k~�
max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
kr

)

If ✓ = �
kr

, we can optimize over �
kr

in the inequality,

kb(i)k
2


q

�
kr

(k~�
max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
kr

)


k~�

max(r)

k
1

+ 2kA�max(r)

k⇤
2
p

r(k � 1)
;

if ✓ = (k~�
max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
kr

)/(kr), we have

kb(i)k
2


k~�

max(r)

k
1

+ 2kA�max(r)

k⇤ � (k � 1)r�
krp

kr


k~�

max(r)

k
1

+ 2kA�max(r)

k⇤p
kr

.

(0.28)

Since k � 2, we always have (0.28). Next, we defineB
i

= Udiag(b(i))V T , then
the rank of B

i

are at most kr,
P

N

i=1

�
i

B
i

= R�max(kr)

and kB
i

k
F

= kb(i)k
2

.
Then

�
1

�kX (R)k
1

/n � kX (R
max(kr)

)k
1

/n� kX (R�max(kr)

)k
1

/n

�C
1

kR
max(kr)

k
F

�
N

X

i=1

kX (�
i

B
i

)k
1

/n

�C
1

kR
max(kr)

k
F

�
N

X

i=1

�
i

C
2

kB
i

k
F

�C
1

kR
max(kr)

k
F

� C
2

kR
max(r)

k⇤ + 2kA�max(r)

k⇤p
kr

�C
1

kR
max(kr)

k
F

� C
2p
k
kR

max(kr)

k
F

�
2C

2

kA�max(r)

k⇤p
kr

,

(0.29)

where the last inequality is due to kR
max(kr)

k
F

� kR
max(r)

k
F

�
p
rkR

max(r)

k⇤.
Therefore,

(0.30) kR
max(kr)

k
F

 �
1

C
1

� C
2

/
p
k
+

2kA�max(r)

k⇤
p
r(
p
kC

1

/C
2

� 1)
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Finally,

kR�max(kr)

k
F

=k~��max(kr)

k
2


q

k~��max(kr)

k
1

· k~��max(kr)

k1


q

�
kr

· (k~��max(r)

k
1

� r(k � 1)�
kr

)


k~��max(r)

k
1

2
p

r(k � 1)


k~�
max(r)

k
1

+ 2kA�max(r)

k⇤
2
p

r(k � 1)


kR

max(r)

k
F

2
p
k � 1

+
kA�max(r)

k⇤
p

r(k � 1)

Therefore,

kRk
F

=
q

kR
max(kr)

k2
F

+ kR�max(kr)

k2
F



v

u

u

tkR
max(kr)

k2
F

+

 

kR
max(r)

k
F

2
p
k � 1

+
kA�max(r)

k⇤
p

r(k � 1)

!

2



s

1 +
1

4(k � 1)
kR

max(kr)

k
F

+
kA�max(r)

k⇤
p

r(k � 1)


✓

1 +
1

8(k � 1)

◆

kR
max(kr)

k
F

+
kA�max(r)

k⇤
p

r(k � 1)

 2

C
1

� C
2

/
p
k
�
1

+

✓

3p
kC

1

/C
2

� 1
+

1p
k � 1

◆ kA�max(r)

k⇤p
r

(0.31)

Proof of Lemma 7.9.. The proof of this theorem is similar to the proof
of Lemma 7.8. Suppose R = A⇤ �A. In this case we have

(0.32) kX ⇤X (R)k  �
2

instead of (0.27). Besides, since kA⇤k⇤  kAk⇤ and Lemma 7.7, we still have
(7.3). With the similar argument as (0.29), we have

�
2

kRk⇤ � hR,X ⇤X (R)i = kX (R)k2
2

� kX (R)k2
1

/n

� n

✓

C
1

kR
max(kr)

k
F

� C
2p
k
kR

max(kr)

k
F

�
2C

2

kA�max(r)

k⇤p
kr

◆

2

+

(0.33)

Here (x)
+

means max(x, 0). Besides,

�
2

kRk⇤  �
2

�

kR
max(r)

k⇤ + (kR
max(r)

k⇤ + 2kA�max(r)

k⇤)
�

 2�
2

�p
rkR

max(r)

k
F

+ kA�max(r)

k⇤
�

 2�
2

�p
rkR

max(kr)

k
F

+ kA�max(r)

k⇤
�
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Suppose x = kR
max(kr)

k
F

, y = kA�max(r)

k⇤/
p
r. Based on the previous two

inequalities, we have

n

✓

(C
1

� C
2

/
p
k)x� 2C

2p
k
y

◆

2

+

 2
p
r(x+ y)�

2

When x � 2C

2

yp
k(C

1

�C

2

/

p
k)

, the inequality above leads to

(0.34)

n(C
1

� C
2

/
p
k)2x2 �

✓

2n(C
1

� C
2

/
p
k)

2C
2p
k
y + 2

p
r�

2

◆

x� 2
p
r�

2

y  0.

Note that for second order inequality ax2 � bx � c  0, a > 0, b, c � 0, we

have x  b+

p
b

2

+4ac

2a

 b/a +
p

c/a. Hence we can get an upper bound of x
from (0.34).

x  2
p
r�

2

n(C
1

� C
2

/
p
k)2

+
4C

2

/
p
ky

(C
1

� C
2

/
p
k)

+

p

2
p
r�

2

y
p
n(C

1

� C
2

/
p
k)

 2
p
r�

2

n(C
1

� C
2

/
p
k)2

+
4C

2

/
p
ky

(C
1

� C
2

/
p
k)

+

p
r�

2

n(C
1

� C
2

/
p
k)2

+
1

2
y.

Hence whenever x � 2C

2

yp
k(C

1

�C

2

/

p
k)

or not,

kR
max(kr)

k
F

= x

max

(

2C
2

yp
k(C

1

� C
2

/
p
k)

,
3
p
r�

2

n(C
1

� C
2

/
p
k)2

+

 

4C
2

/
p
k

(C
1

� C
2

/
p
k)

+
1

2

!

y

)

 3
p
r�

2

n(C
1

� C
2

/
p
k)2

+

 

4C
2

/
p
k

(C
1

� C
2

/
p
k)

+
1

2

!

kA�max(r)

k⇤p
r

.

(0.35)

Finally, similarly to (0.31) in Lemma 7.8, we can get the upper bound of
kRk

F

,

kRk
F


✓

1 +
1

8k � 8

◆

kR
max(kr)

k
F

+
kA�max(r)

k⇤
p

r(k � 1)

 4

(C
1

� C
2

/
p
k)2

·
p
r("+ ⌘)

n
+

✓

5p
kC

1

/C
2

� 1
+

1p
k � 1

+ 1

◆ kA�max(r)

k⇤p
r

which finished the proof of lemma 7.9. ⇤
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0.7. Proof of Propositions 2.2, 2.3 and 2.4.. We first show Proposition
2.2. Denote X

1

, X
2

: Rp⇥p ! Rbn
2

c such that

(0.36) [X
1

]
i

(B) = (
�(2i�1) + �(2i)

p
2

)TB(
�(2i�1) � �(2i)

p
2

), i = 1, · · · , bn
2
c

(0.37) [X
2

](B) = (
�(2i�1) � �(2i)

p
2

)TB(
�(2i�1) + �(2i)

p
2

), i = 1, · · · , bn
2
c

Note that 1p
2

�

�(2i�1) + �(2i)

�

and 1p
2

�

�(2i�1) � �(2i)

�

are independent i.i.d.

standard normal samples, so both X
1

and X
2

are ROP design (see (1.6)). By
Corollary 2.1, we know there exists uniform constant C such that whenever
bn
2

c � Cr · 2p, X
1

satisfies the following property with probability at least
1� exp(�n�),
(0.38)
8A 2 {A 2 Rp⇥p : rank(A)  r}, A = arg min

B2Rp⇥p
kBk⇤ subject to X

1

(B) = X
1

(A).

Now we consider the event that (0.38) holds. We note that for any symmetric
matrix B,

[X
1

]
i

(B) =
1

2
�(2i�1)TB�(2i�1) � 1

2
�(2i)TB�(2i) =

1

2
([X ]

2i�1

(B)� [X ]
2i

(B))

So X (B) = X (A) implies X
1

(B) = X
1

(A) for symmetric A and B. Also,
since A is feasible in programming (2.13), we have

kAk⇤ � min
B2Sp

kBk⇤ subject to X (B) = X (A)

� min
B2Rp⇥p

kBk⇤ subject to X
1

(B) = X
1

(A)

=kAk⇤,

So we can conclude that A can be exactly recovered by (2.13) given (0.38)
holds. In summary, for n � 6Crp, with probability at least 1� exp(�n�), X
satisfies (0.38), then programming (2.13) can recover all A 2 Sp of rank at
most r. ⇤

Next, we consider Proposition 2.3. The idea of the proof is similar to
Proposition 2.1. Define z̃ 2 Rbn

2

c such that

(0.39) z̃
i

= z
2i�1

� z
2i

, i = 1, · · · , bn
2
c.
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Then z̃
iid⇠ N(0, 2). We shall also point out two facts, z̃ = ỹ � X̃ (A) and

X ⇤ = X ⇤
1

+ X ⇤
2

(defined as (0.36), (0.37)). By Lemma 7.3, we know

P (kzk
1

/n > �)  9

n

P (kz̃k
2

> �
p
2n)  1

bn/2c

P (kz̃k1 > 2�
p

2 log n)  1

bn/2c
Hence,

P (A is NOT in the feasible set of programming (2.17))

=P
⇣

kzk
1

/n > �, or kX̃ ⇤(z̃)k > ⌘
⌘

=P
⇣

kzk
1

/n > �, or kX̃ ⇤(z̃)k > 24�
p
pn+ 48�p

p

2 log n
⌘

P (kzk
1

/n > �) + PX (kz̃k2 > �
p
2n) + P (kz̃k1 > 2�

p

2 log n)

+ PX

⇣

kX̃ ⇤(z̃)k > 24pkz̃k1 + 12
p

2pkz̃k
2

⌘

 9

n
+

2

bn/2c + PX

⇣

kX
1

(z̃)k > 12pkz̃k1 + 6
p

2pkz̃k
2

⌘

+ PX

⇣

kX
2

(z̃)k > 12pkz̃k1 + 6
p

2pkz̃k
2

⌘

15

n
+ 4 exp(�2p(2� log 7))

When A is in the feasible set of programming (2.17), we have kÂk⇤  kAk⇤
and

kX̃ (Â�A)k
1

=

bn
2

c
X

i=1

�

�

�

[X ]
2i�1

(Â�A)� [X ]
2i

(Â�A)
�

�

�

 kX (Â�A)k
1

 ky � X (Â)k
1

+ kX (A)� yk
1

 ky � X (Â)k
1

+ kzk
1

 2n�

(0.40)

kX̃ ⇤X̃ (Â�A)k  kX̃ ⇤(ỹ � X̃ (Â))k+ kX̃ ⇤(X̃ (A)� ỹ)k
=kX̃ ⇤(ỹ � X̃ (Â))k+ kX̃ ⇤(z̃)k  2⌘

(0.41)

Similarly as the proof to Proposition 2.1, by Theorem 2.2, there exists con-
stantD, �0 such that if n � Drp, X

1

satisfies RUB of order 10r with constants
C
1

, C
2

such that C
2

/C
1

<
p
10 with probability at least 1� exp(�n�0). Now

we suppose the following two events happen,
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1. X
1

satisfies RUB of order 10r and constants C
1

, C
2

satisfying C
2

/C
1

<p
10,

2. A is feasible in the programming (2.17).

Since X̃ (B) = 2X
1

(B) for any symmetric matrix B, by X
1

satisfies RUB
condition, we have X̃ satisfies RUB for symmetric matrices of order 10r
and constants 2C

1

, 2C
2

satisfying (2C
2

)/(2C
1

) <
p
10. We note that the

proof of Lemmas 7.8 and 7.9 still apply for X̃ in the symmetric matrices
class, so we can get (2.18) based on (0.40) and (0.41) under those two events
happen. Finally the probability that these events happen is at least 1 �
15/n � 4 exp(�p�) � exp(�n�) for � < min(2(2 � log 7), �0), which finished
the proof of Proposition 2.3. ⇤

Finally we consider Proposition 2.4. Denote p0 = bp/2c, r0 = br/2c. By
r, p � 2, we have r0 � r/3, p0 � p/3. Define a sub-class of the class rank-r
symmetric matrices,

G =

8

>

>

<

>

>

:

A 2 Sp : A =

p0 p� p0
 �

0 B p0

BT 0 p� p0
, B 2 Rp

0⇥(p�p

0
), rank(B)  r0

9

>

>

=

>

>

;

we can see 8A 2 G,

[X (A)]
i

= �(i)TA�(i) = 2(�(i)

1

, · · · ,�(i)

p

0 )B(�(i)

p

0
+1

, · · · ,�(i)

p

)T ,

so in G the SROP model becomes

y
i

2
= (�(i)

1

, · · · ,�(i)

p

0 )B(�(i)

p

0
+1

, · · · ,�(i)

p

)T +
z
i

2
,

z

2
iid⇠ N(0,�2/4)

which is an ROP model which we already discussed in section 2. We omit
the rest of the proof as it can be followed by the proof of Theorem 2.4. ⇤

Proof of Proposition 3.1.. The proof can follow from the proof of Propo-
sition 2.3 and Theorem 3.1 once we can prove that in high probability, X

1

(defined in (0.36)) satisfies RUB condition with C
1

, C
2

such that C
2

/C
1

is
bounded. This can be proved similarly as Proposition 7.1, where we only
need to edit the proof that we use the following Lemma 0.11 instead of
Lemma 7.1.

Lemma 0.11. Suppose A 2 Rp⇥p is a fixed matrix (not necessarily sym-
metric) and X

1

is given by (0.36). �(i) is a set of p-dimensional vectors such
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that
iid⇠ P, where P is some symmetric variance 1 sub-Gaussian distribution

except Rademacher ±1 distribution. Then for � > 0, we have

 

min3/2(Var(P2)/2, 1)

3(2↵P)4
� 8↵2

P� � 4↵2

P�
2

!

kAk
F

 kX
1

(A)k
1

bn/2c


⇣

p

3/2↵2

P + 8↵2

P� + 4↵2

P�
2

⌘

kAk
F

.

(0.42)

with probability at least 1� 2 exp(��2bn/2c).

The proof of Lemma 0.11 is in the Appendix right after this paragraph.
Note that provided P is symmetric and with variance 1, Var(P2) = 0 if and
only P is Rademacher ±1 and A is diagonal, in which the lower bound of
(0.42) becomes meaningless. So we only exclude Rademacher ±1 distribution
from the result. ⇤

Proof of Lemma 0.11.. The proof of Lemma 0.11 is basically the same
to Lemma 7.1. We only need to redo two parts of the proof, where there are
major di↵erences.

1. Part 1. “Step 1. Even moments of |1
2

(�(1) + �(2))TA(�(1) � �(2))|.”.
First, based on P is symmetric and with variance 1, we have EP2k+1 =
0, EP2k  ↵2kEx2k = ↵2k(2k � 1)!!.Then we can calculate that

E(�(1)

i

+ �
(2)

i

)2k+1 = E(�(1)

i

� �
(2)

i

)2k+1 = 0

E(�(1)

i

+ �
(2)

i

)2k

=
k

X

l=0

✓

2k

2l

◆

E(�(1)

i

)2lE(�(2)

i

)2(k�l)  ↵2k

k

X

l=0

✓

2k

2l

◆

(2l � 1)!!(2(k � l)� 1)!!

=↵2k

k

X

l=0

(2k � 1)!!2kk!

2ll!2k�l(k � l)!
= ↵2k(2k � 1)!!

k

X

l=0

✓

k

l

◆

= 2k↵2k(2k � 1)!!

Similarly, E(�(1)

i

� �
(2)

i

)2k  2k↵2k(2k � 1)!!. Next, we can similarly

consider the expansion of E
�

1

2

(�(1) + �(2))A(�(1) � �(2))
�

2k

, where the
non-zero terms can be written as

1

22k

2k

Y

l=1

A
il,jl

p

Y

i=1

E(�(1)

i

+ �
(2)

i

)2si
p

Y

j=1

E(�(1)

j

� �
(2)

j

)2tj
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Here s
1

+ · · ·+ s
p

= t
1

+ · · ·+ t
p

= k. This term can be bounded as

�

�

�

�

�

1

22k

2k

Y

l=1

A
il,jl

p

Y

i=1

E(�(1)

i

+ �
(2)

i

)2si(�(1)

i

� �
(2)

i

)2ti

�

�

�

�

�

 1

22k

2k

Y

l=1

|A
il,jl | ·

p

Y

i=1

✓

s
i

s
i

+ t
i

E
⇣

�
(1)

i

+ �
(2)

i

⌘

2si+2ti

+
t
i

s
i

+ t
i

E
⇣

�
(1)

i

� �
(2)

i

⌘

2si+2ti
◆

 1

22k

2k

Y

l=1

|A
il,jl |

p

Y

i=1

2si+ti↵2(si+ti)(2(s
i

+ t
i

)� 1)!!

=↵4k

2k

Y

l=1

|A
il,jl |

p

Y

i=1

(2(s
i

+ t
i

))!

2si+ti(s
i

+ t
i

)!
 ↵4k

2k

Y

l=1

|A
il,jl |

p

Y

i=1

((2s
i

+ 2t
i

)!!)2

2si+tis
i

!t
i

!

↵4k

2k

Y

l=1

|A
il,jl |

p

Y

i=1

22(si+ti) ((s
i

+ t
i

)!)2

2si+tis
i

!t
i

!
 ↵4k24p

2k

Y

l=1

|A
il,jl |

p

Y

i=1

(2s
i

)!(2t
i

)!

(2s
i

)!!(2t
i

)!!

=↵4k24p
2k

Y

l=1

|A
il,jl |

p

Y

i=1

Ex2si
i

·
p

Y

i=1

Ey2ti
i

Here we assume that x
i

, y
i

iid⇠ N(0, 1). The right hand side of the in-
equality above is exactly the term in the expansion of (2↵)4kE(xTA

abs

y)2k,
where A

abs

is the element-wise absolute value of A. Therefore, we have

E

✓

1

2

⇣

�(1) + �(2)

⌘

T

A
⇣

�(1) � �(2)

⌘

◆

2k

 (2↵)4kE[xTA
abs

y]2k

Now we follow the same argument of the rest part of Step 1 in the
proof of Lemma 7.1, we can prove that
(0.43)

E

✓

1

2

⇣

�(1) + �(2)

⌘

T

A
⇣

�(1) � �(2)

⌘

◆

2k

 (2↵)4k((2k � 1)!!)2kAk2k
F

2. Part 2. The upper and lower bound of µ = E
�

�

�

1

2

�

�(1) + �(2)

�

T

A
�

�(1) � �(2)

�

�

�

�

.

To follow the argument of the proof of Step 3 in Lemma 7.1, we need to

derive a new bound for µ = E|1
2

�

�(1) + �(2)

�

T

A
�

�(1) � �(2)

�

|. First,
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we denote M = |1
2

�

�(1) + �(2)

�

T

A
�

�(1) � �(2)

�

|, then

µ =EM 
p
EM2

=

s

E

✓

1

2
(�(1) + �(2))TA(�(1) � �(2))

◆

2

=

s

1

4

X

i,j

E(�(1)

i

+ �
(2)

i

)2A2

ij

(�(1)

j

� �
(2)

j

)2

=

s

X

i 6=j

A2

ij

+
1

2
Var(P2)

X

i

A2

ii


s

X

i 6=j

A2

ij

+
3

2
↵4

P

X

i

A2

ii


r

3

2
↵2

PkAkF

On the other hand,

EM2 =E

✓

1

2
(�(1) + �(2))TA(�(1) � �(2))

◆

2

=
X

i 6=j

A2

ij

+
1

2
Var(P2)

X

i

A2

ii

� min(
1

2
Var(P2), 1)kAk2

F

,

By (0.43), we also have EM4  9(2↵)8kAk2k
F

. By Hölder’s inequality,
EM2  (EM)2/3(EM4)1/3. Hence,

µ �
r

(EM2)3

EM4

� min3/2(Var(P2)/2, 1)kAk
F

3(2↵)4

To sum up, instead of Lemma 7.2, we have the bound of µ as follows,

(0.44)
min3/2(Var(P2)/2, 1)kAk

F

3(2↵P)4
 µ 

p

3/2↵2

PkAk
F

The rest of the proof follows the proof of Lemma 7.1 with modifications
of constants, which we do not go into details. ⇤

Proof of Lemma 7.10.. Note that ⇠
i

�

�

�

�(i) ⇠ N(0,�(i)T⌃�(i)), we can as-

sume that

(0.45) ⇠2
i

= �(i)T⌃�(i) · Z
i

,

where Z
i

iid⇠ (N(0, 1))2 and Z
i

,�(i) are independent. Based on the definition
of z in (4.3), we have
(0.46)
z
i

= y
i

� [X (⌃
0

)]
i

= ⇠2
i

� �(i)|⌃�(i) = �(i)T⌃�(i) (Z
i

� 1) , i = 1, · · · , n.
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We also denote

Q
1

=
C
1

n

n

X

i=1

⇠2
i

, Q
2

=
C2

2

n

n

X

i=1

⇠4
i

, Q
3

= C
3

· log n max
1in

⇠2
i

.

• We’ll first consider the former part of (7.8), (7.9) and (7.10). Suppose
Z ⇠ (N(0, 1))2. It is well known that the non-central m-th moment of
Z is (2m� 1)!!, so we have

E (C
1

Z � |Z � 1|) � C
1

�
q

E |Z � 1|2 = C
1

�
p
2(0.47)

(0.48) E (C
1

Z � |Z � 1|)2  E (C
1

Z)2 + E (Z � 1)2 = 3C2

1

+ 2

(0.49) E
⇣

C2

2

Z2 � (Z � 1)2
⌘

= 3C2

2

� 2

(0.50) E
⇣

C2

2

Z2 � (Z � 1)2
⌘

2

 C4

2

E (Z)4+E (Z � 1)4 = 105C4

2

+60

Next we consider the random quadratic form of ⌃. Suppose � =

(�
1

, · · · ,�
p

)
iid⇠ N(0, 1), X

1

, · · · iid⇠ N(0, 1), �
1

(⌃), · · · ,�
p

(⌃) are the
eigenvalues of ⌃. Since ⌃ is positive definite, we have

(0.51) E�T⌃� = tr(⌃) = k⌃k⇤

E(�T⌃�)2 =E(
X

i

�2

i

⌃
ii

+ 2
X

i<j

⌃
ij

�
i

�
j

)2

=
X

i

⌃2

ii

E�4

i

+ 2
X

i<j

⌃
ii

⌃
jj

E�2

i

�2

j

+
X

i<j

4⌃2

ij

E�2

i

�2

j

=2(
X

i,j

⌃2

ij

) + (
X

ii

⌃
i

)2 = 2k⌃k2
F

+ k⌃k2⇤

Hence,

(0.52) k⌃k2⇤  E(�T⌃�)2  3k⌃k2⇤

E(�T⌃�)4 = E(
p

X

i=1

�
i

(⌃)X2

i

)4

=
X

1i,j,s,tp

�
i

(⌃)�
j

(⌃)�
s

(⌃)�
t

(⌃)EX2

i

X2

j

X2

s

X2

t


X

1i,j,s,tp

�
i

(⌃)�
j

(⌃)�
s

(⌃)�
t

(⌃)7!! = 105k⌃k4⇤

(0.53)
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Then we consider C
1

⇠2
i

� |z
i

| and C2

2

⇠4
i

� z2
i

. By (0.45) and (0.46), we
have

C
1

⇠2
i

� |z
i

| = �(i)T⌃�(i) · (C
1

Z
i

� |Z
i

� 1|) ,

C2

2

⇠4
i

� z2
i

=
⇣

�(i)T⌃�(i)

⌘

2

⇣

C2

2

Z2 � (Z � 1)2
⌘

,

while �(i) and Z
i

are independent in the equation above. By (0.47)-
(0.53), we obtain an estimation of the first and second moment of these
two quantities as

(0.54) E
�

C
1

⇠2
i

� |z
i

|
�

� (C
1

�
p
2)k⌃k⇤

Var
�

C
1

⇠2
i

� |z
i

|
�

 E
�

C
1

⇠2
i

� |z
i

|
�

2

=E (C
1

Z
i

� |Z
i

� 1|)2E
⇣

�(i)T⌃�(i)

⌘

2


�

9C2

1

+ 6
�

k⌃k2⇤
(0.55)

(0.56) E
�

C2

2

⇠4
i

� z2
i

�

�
�

3C2

2

� 2
�

· k⌃k2⇤
Var

�

C2

2

⇠4
i

� z2
i

�

 E
�

C2

2

⇠4
i

� z2
i

�

2  105(105C4

2

+ 60)k⌃k4⇤(0.57)

We note that Q
1

�kzk
1

/n and Q
2

�kzk2
2

/n are the average of n i.i.d.
copy of C

1

⇠2
i

�|z
i

| and C2

2

⇠4
i

�z2
i

. We can immediately get an estimation
of the mean and variance of Q

1

� kzk
1

/n and Q
2

� kzk2
2

/n based on
(0.54)-(0.57). Finally, by Chebyshev’s inequality,

P (Q
1

 kzk
1

/n)  Var(Q
1

� kzk
1

/n)

(E (Q
1

� kzk
1

/n))2
 9C2

1

+ 6

n(C
1

�
p
2)2

P

✓

Q
2

 kzk2
2

n

◆


Var

�

Q
2

� kzk2
2

/n
�

�

E
�

Q
2

� kzk2
2

/n
��

2


105

�

105C4

2

+ 60
�

n(3C2

2

� 2)2

Since C
3

> 1 and n � 3, we know C
3

log nZ � Z � 1 with probability
1. Suppose i

0

= argmax
i

�(i)T⌃�(i), then

P (Q
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 kzk1)
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C
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⌘

◆

0 + P

✓
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◆
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⌘
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✓
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◆
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✓
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C
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◆

 2p
2⇡C
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log n
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• Then we consider the latter part of (7.8)-(7.10). We can do similar
calculations as the first part of the proof and get

EQ
1

= C
1

E⇠2
i

= C
1

E(�(i)T⌃�(i)) = C
1

k⌃k⇤

Var(Q
1

) =
C2

1

n
Var⇠2

i

 C2

1

n
E⇠4

i

=
C2

1

n
E
⇣

�(i)T⌃�(i)

⌘

2

EZ2  9C2

1
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EQ
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2

EZ2 · E
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2
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Var(Q
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2
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n
EZ4 · E

⇣
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⌘
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So by Chebyshev’s inequality,
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1
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C
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1
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P
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2

� 9)C2

2

k⌃k2⇤
�

 Var(Q
2

)

(M
2

� 9)2C4

2

k⌃k4⇤
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which provide the latter part of (7.8) and (7.9). Finally we note that
⇠2
i

= (�(i)T⌃�(i))Z
i

. By Lemma 1 in [28] and the fact that k⌃k⇤ =
P
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
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we have
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�2

i

(⌃) + 2M
3
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i

�
i

(⌃)

1

A

n�M

3

(0.58)

and

P (Z � 2M
3

log n)  exp(�2M
3

log n/2) = n�M

3 .
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Hence,

P

✓

C
3

log n⇠2
i

� 2C
3

M
3

log2 n
⇣

p

k⌃k⇤ +
p

2M
3

log nk⌃k
⌘

2

◆

 2n�M

3 ,

and consequently

P

✓

C
3

log n max
1in

⇠2
i

� 2C
3

M
3

log2 n
⇣

p

k⌃k⇤ +
p

2M
3

log nk⌃k
⌘

2

◆

 2n�M

3

+1,

which gives the right side of (7.10).
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