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Supplemental materials to “Robust and Computationally
Feasible Community Detection in the Presence of Arbitrary
Outliers”

0.1. Proof of Lemma 6.6. The proof of inequalities (6.2), (6.3), (6.4) and
(6.5) are given as follows step by step.

proof of (6.2):.
The off-diagonal entries of each row of K;; are I; — 1 IID random variables
Z1,...,%;—1 obeying

P(x =1) = By, P(xp=0)=1- By.

By Chernoff’s inequality (Lemma 6.3), we have

Li—1 2
Z l‘J l — 1 <e 20;-1)By
By letting t = 2\/ 1)Bj; log n, with probability at least 1 —

li—1

ij >(l; —1) 11—2\/ 1)B;i logn.
j=1

Then, with probability at least 1 — %, foralli=1,...,r, there holds

K1, > ((li —1)Bii —24/(li — 1) B log n) 1,
Then the inequality (6.2) is proven.

proof of (6.3) and (6.4):.
The elements of each row of Kj;, have the same distribution as IID random
variables x1,...,x;, obeying

Chernoff’s inequalities (Lemma 6.3) yields

Iy ¢
(Z T; > lkng + t) >e (lkBjk+t/3) .

=1

By letting ¢ = 2logn + /6Bl logn, with probability at least 1 — 3, we
have

Ui
Zwi < i Bji + 2logn + /6Bl logn.
i=1
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By taking the uniform bound for all Kj;,1 < j < k < r, with probability
at least 1 — -, forall 1 <j <k <r,

K1, < (szjk +2logn + /61x By, log n) 1.

. N 1 NG )
The assumption (6.1) implies § > c2losnt Zk £ %8" and then the in-
equality (6.3) is proven.

Similarly, with probability at least 1 — -5, for all 1 < j < k < r, the
inequality (6.4) holds.

proof of (6.5):.
The elements of K, have the same distribution as a collection of IID random
variables w1, ..., 2y, obeying

Chernoff’s inequalities (Lemma 6.3) implies
2
P <1lj;Kjkllk < lklijk — t) <e wliBjk

Then, with probability at least 1 — %, we have

]-lj;Kjk]-lk > lklijk — \/QZklijk log n.

By the assumption (6.1), there holds § > C'y/ %, which implies the
inequality (6.3).

0.2. Proof of Lemma 6.7. First we prove a fact about zero-mean Bernoulli
random variable. Suppose u is a zero-mean Bernoulli random variable which
satisfies P(u = —p) = 1 —p and P(u = 1 — p) = p. Then it is straightforward
to calculate that

Var(u) = p*(1 = p) + (1= p)*p = p(1 = p) < p.
Now let us prove the lemma. By the calculation of the variances of zero-mean
Bernoulli random variables, Bj; (J;, — Ij,) — Kj; satisfies the condition in
Corollary 6.5 with o = v/Bj;. Therefore, with probability at least 1-) 7, l%’

we have
| Bii (Ji, — I;) — K| < Co (\/ l;B;;logl; + log li) , 1<i<m,

The condition p~ > C (%) implies the inequalities (6.6).

Moreover, U satisfies the condition in Corollary 6.5 with o = y/qt. There-
fore, with probability at least 1 — -7, the inequality (6.7) holds.
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K Z

27 | and A= PA,PT.

0.3. Proof of Lemma 6.8. Define A1 = [

Moreover, define
E =aly—(1-MNA1+XJy—In— Ay),
and E = PE,P"T. Since PIyP" = Iy and PJyPT = Jy, we have
E=aly—(1-MNA+XJy—In—A)

which is in accordance with the definition (2.4). For any N x N Hermitian
matrix X, it is feasible to (2.3) if and only if PT X P is feasible to (2.3).
Moreover, we have

(X,E)=(P"XP,P'EP) = (P"XP,E).
This implies that X is a solution to (2.3) if and only if PTX P is a solution to

(2.3) by replacing E with Ej, or equivalently, replacing A with A;. Suppose
Theorem 3.1 is true for P = I,,, which means P” X P must be of the form

Ji, Z,
PTXP = :
J,. Z,
zr ... zI' w
which implies N
Ji, Z,
X=r | pT
J,. Z,
zr ... zI' w

Our proof is therefore done.

0.4. Proof of Lemma 6.9 . Since 0 < X\ < 1, we have
I = (A= NW AN T == W) < = (A=W A= L= W)|| 1 < m,
and by the assumption o > 2m,
0.19) W =al, — (1—\W 4+ A(Jp — I, — W) = (0 — m)I,, = 0.

This implies that the objective function of (6.10) is strongly convex. The
constraint of (6.10) is evidently convex and compact, so the solution exists
uniquely.
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Obviously, there are feasible points to (6.10) with all inequalities holding
strictly. Therefore, by the constraints qualification under the Slater’s con-
dition, 1, ..., x, satisfy the KKT condition, which are (6.11), (6.12) and
(6.13). By equality (6.11) ﬁ}mi—i—ZTlli = 3, —Ex; and the inequality (6.13)
(x;, Bi) = 0, we have

a:lT(ﬁv/ +E)x; = —wiTZiTlli < ml,;.

Since the matrix E is a diagonal matrix whose diagonal entries are all non-
negative, W + E is positive definite. By Cauchy-Schwarz inequality, for all
1 <5,k <r, we have

1 N 1
a:JT(W +E)x, < (a:;‘g(W + E)a:k) ’ (m]T(W + E)a:]) f<m Lil.
Notice that the equation (6.11) is equivalent to
(T + M T — I) = W + B)z; = B — (M) L + 2] 1y,.

Taking its jth row yields

m m
(a — )\)l‘l] + A lek + fjl‘ij + Al; = Z ij:Eik + /Bij + eTZ;T].li.
k=1 i=1

The non-negativity of W implies (6.15). Finally, since x;,3;, = 0, from the
above equality, we know once f3;; > 0, there holds 3;, < (m—1+1;)A, which
implies (6.16).

0.5. Proof of Lemma 6.10. Here we provide some intuition why X is
a solution to (2.3). There are two objects to notice. One is the objective
function f(X) = (X, E), and the other one is the constraint set M :=

{3(/: 0< X < J, fi 0}. To guarantee that X is the solution of (2.3), we

need to show that at the point X, the level set of f(X) is tangent to the
boundary of M. In other words, the normal vector of f(f), ie., —FE, lies
in the normal cone of the boundary of M at point X.

Now let us investigate the normal vectors of M at point X. Write M =
M1 N My, where M; = {f:ogng} and My = {f:fio}.
Suppose A; is a normal vector of M; at X, then A; must have the following
property: Alij <0if Xij =0, Alij =0if0 < Xz‘j < land Alij > 0if Xz'j =1.
As to My, suppose As is a normal vector of My at X. Then Ay < 0 and
A2 X = 0. The normal vectors of M at point X is of the form A; + As.
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Then we have the equation —FE = A1+ Ao, or equivalently —Ay = E+A;.
It is obvious that if (6.17) holds, Ay = —A satisfies the required equation.
The only thing to check is that 5;; = 0 when z;; > 0 and § = 0 when the
ith diagonal entry of 7, a:za:ZT is less than one. If so, we know that A — FE
lies in the normal cone of M at the point X . As desired, these requirements
are assured by (6.12) and (6.13).

PROOF. Suppose X is solution to (2.3). We define an N x N matrix H
as follows:

Jl1 + Hq, H,, lllw{—i-Hl
X=X+H= . : .
le Jlr + H,, 1, + H,
m11£+HI—F mr1£+H;f izl + -+ xxl + Hy

As discussed in Section 6.4.1, X is feasible to (2.3). By definition we know
X + H is also feasible to (2.3). This implies H;; < 0 for i = 1,...,7 and
Hj,>0for1<j<k<r.

By the feasibility of both X and X + H, and the optimality of X + H
to (2.3), we have (X + H, E) < (X, E), which implies

(0.20) (H,E) <0.

Define
W ®, 0 0 0 zlllllﬁ{

T = - , I':= : . -
o7 v, 0 1 0o ... 1 0 11,4
O ... 0 o© Hﬂlll{“ ﬁﬁ,,l}; —=

Then we have
E=A+71T+T.

The inequality (0.20) is equivalent to
(H/A+Y+T)<0.

In the sequel we intend to prove that (H,I') > 0, (H,A) > 0 and
(H, Y)>0:
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Proof of (H,T) > 0.
By the feasibility of X + H and the non-negativity of 3;, 1 <1 < r, we have

1
<1li:13ZT + H;, llliﬂiT> > 0.
i
By (6.13), i.e., (@;, 3;) = 0, we have
1 T
i
On the other hand, by the feasibility of X + H and the non-negativity of

=, we have
<Jm — (mlx{+--'+wrwz+ﬂo) ,E> > 0.

By (6.12), i.e.
<Jm — (sclaf{ + -+ mrmf) ,E> =0,
we have
(Hp,—E) > 0.
In summary, we have
(H,T') > 0.

Proof of (H,A) > 0..
By the feasibility condition X + H > 0 and AV = 0, we have

0<(X+H,A)<(VVT+H A) = (H,A).

Proof of (H,Y) > 0:.
By the facts H;; < 0 and W;; >0 for i = 1,...,r, we have

(Hii, =) > 0.
Moreover, by the facts Hj, > 0 and ®j;, > 0fori=1<j <k <r, we have
(Hj, ®jx) = 0.
Consequently, we have
(H,Y)>0.

In conclusion, we have proven (H,I') > 0, (H,A) > 0 and (H,Y) >
0. Since we also have proven (H, A+ Y +T) < 0, we know equalities
hold in all these inequalities. In particular, we have (H;;, —¥;;) = 0 and
(Hjj, ®;1) = 0. The nonpositivity of H;; and the strict positivity of ¥;;
imply that H;; = 0. Similarly, the nonnegativity of Hj, j < k and the
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strict positivity of ®;;, imply that Hj, = 0. Therefore, X is of the form
(3.3).

There is a byproduct: (H,A+ Y +T) = (H, E) = 0 implies <3(\, E) =
(X, E). By the optimality of X and feasibility of X in (2.3), X is also a
solution to this optimization problem. O

0.6. Proof of Lemma 6.11. We first give candidates of ¥;; for 1 <¢ <r
and @, for 1 < j < k < r and hence A, such that A is a particular
solution to AV = 0. After that, we prove our constructed A satisfies other
inequalities required in Lemma 6.10.

The equality AV = 0 amounts to

Av, =0, i=1,...,r;

that is, foralli=1,...,rand 1 < j <k <,
~ 1 N
(0.21) <ziT _ l@l}f) 1, + (W n E) z; = 0,
~ 1
(0.22) | (=N}, + ATy, — Ky + W) 1, + <Z¢ — l'll’ﬂiT> x; =0,

=1
(0.23) | (M) — K — ®je) L, + (Zj - lj1lj5jT> =0,

~ 1
(024) (AJ(lk,lj) — KJI;C - q)fk) 1lj + <Zk - lkllkﬂg> Tj = 0.

Obviously, (0.21) is equivalent to the equation (6.11). In the following, we
will construct ¥;; satisfying (0.22) and @, satisfying both (0.23) and (0.24).

First, let us give ¥;; explicitly for i« = 1,...,r. The equality (0.22) is
equivalent to

5 1
‘I’iilli = — ((a — )\)Ili + /\Jli - K”) 1li - <Zz - lllllB;T> Z;

(—(a—=X) = N1, + Kily, — Zz;
(—(a — )\) — )\li)lli + Kiilli - (AJ(li,m) — ZZ')ZBi,

where the second equality is due to (6.13), i.e., szBi = 0. Since we need to
construct an W;; > 0, we propose a candidate of the form ¥;; = 7J;; + D;;,
where D;; is a diagonal matrix. It is easy to verify that

(0.25)

v, = Diag(Kﬁlli + Zﬂ:l) +

5 . 5
— 1) + (i — 1 2\
o= (MeT L)+ G- DA+ at ) 0
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satisfies the above equality constraint.
Next, let us construct ®j;, satisfying both (0.23) and (0.24). The equality
(0.23) is equivalent to

IBT:I}k ~
q)jkllk = ()\lk — Jl' 1lj - Kjkllk + ijk
J

(17Z; + 2l (B + W))ay
lj

= | Mg — 1lj — Kjkllk + ijk =a

where the second equality is due to (6.11). Similarly, the equality (0.24) is
equivalent to

Blx;
Iy

(17 Zy + 2T (B + W)z,
= [ Ay -k

01, = (Azj - > 1, — KL, + Za;

A ) L, — KL, + Zjx; = b
A necessary condition of the existence of such matrix ®j;, is that
1/ a=1/b.
This is easy to check. In fact, by the above formulas of a and b, we have
1a =Myl - of (2 + W) — 1] K1, = 11b.
We denote s = Ml; — mg(E + ﬁv/))x] — llj;Kjkllk = llj;'ijkllk. It is easy

to check that one particular solution to the linear system ®;;1;, = a and
@fkhi =bis

1 1 S
O =—all + 1,67 — "-J, 1.
ik lka 5t L P i (4 lx)
After simplification, we have
(I)jk = f]‘ljwj Zk: + rzjwkllk - lejKjk + rKijlk
J k j k

(0.26)

1 ~ - I
+ m(zksz + 1 KLy, — 1, Zyay — 1] Zjay, — a] (B 4+ W)zi)J g, 1,
J
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It suffices to prove that ¥;; > 0, ®;;, > 0, and A = 0. We will prove these
constraints one by one. By the assumption p~ > C' (%) and p~ > ¢, we

have the
55 C /p—lognZC /q+logn+logn
Tmin T'min T'min
Therefore, with probability at least 1 — % — % — —f—, the inequalities (6.2),

(6.3), (6.4) and (6.5) in Lemma 6.6, as well as the ir;lgquality (6.7) in Lemma
6.7 hold. Next, we prove the inequalities ¥;; > 0, ®;, > 0, and A = 0 in
the following three steps.

Step 1: ¥; >0 .

By the inequality (6.2) Ky1;, > ((zi —1)By — 23/(; — 1)Bj; log n) 1, Z; >
0, ; > 0 and a > m > Am, we have

)
W, — —J;.
AL
)
= Diag(Kz‘ilz,. + ZZ:JSZ) — <)\($CiTllm) + (lz — 1))\ + o+ 16) Ili

> and > <((zi —1)Bii —2/(l; — 1)Bs; logn> - <(li — DA+ 2a+ 5)) I

16
- (((li ~1)(Bii — ) — 2/(l: — 1)Bs; logn) - (2a + 156)> I,
= f(v/Ba)Li,,

where f is a quadratic function. By the basic properties of quadratic func-
tions, the fact By; > p~ > C (%) implies f(v/Bj;) > f(y/p~). Then

5
161; i

> and > (((zi “ 1) =) — 2/ — 1)p~log n) _ <2a n 156>> I

> and = <<(zi _ 1)% o= 10gn> _ <2a + f‘6>> 1.

The assumption § > C (1 / p;}ﬂ% + 04) implies ¥;; — %&Jli > and = 0,

Nmin

and hence we have ¥;; > 0. As a byproduct, we have

W, - <((zi —1)(Bii — A) — 2/(l; — 1)Ba; logn) - <2a + 156>> I,.
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Step 2:. ®j >0
Recall the definition Z; = AJ, n,) — Z;. Since Z; comes from the adjacency

matrix, and 0 < A < 1, we have || Zi|lsc < 1. Notice that ®;;, can be
represented as a sum of four terms as follows:

1 1 = 15
'I)jk = <)\ + —1; Kjkllk> J(l]-,lk) + (Llljm]TZ,gT + @ijkllj;“)
J

lil;

<l Ji; ]k+l Kijlk>

1 —~
lkl (llkaw] + ll Z Tp + T ( + W)mk:)'](lj,lk)'

We will give the lower bound of the first term and give upper bounds
to the infinity norms of the later three terms. By (6.5), i.e. 117;Kjk1lk >

(Bji — 1%) l;lj, and the assumption A\ > Bjj, + %, we have

1 30
<)\—|- I l 1l Kjksllk> J(l]-,lk) > (23jk > J(l],lk)

Since || Zi||so < 1 and ||2]|s < 1, we have

N
00 min

By inequality (6.3) Kj,1;, < (Bj + 1%) lx1;; and inequality (6.4) Kﬁllj <
(Bjk + 1%) l;1;,, we have

1 1 0
flejKjk + EKijlk < <2Bjk + 8) J(lj,lk)'
By inequality (6.14), ie., x; T(W + By, < m+/;li, we have

1 —
lkl (1lkawJ + 1l Z J g + T; (E + W)Cck)J(lij)

mlk +ml; +my/lil;

o lkl] o nmln

[e.e]

By adding these four terms together, we have

) 5m
(I)jk Z (16 B nmin) J(lij)'

> C 2 we have ®;, > 0.
min

By the assumption § > C'

mm
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Step 3:. A >0

Suppose the eigenvalues of A are A\j(A) > ... > An(A). The condition
AV = 0 implies rank(A) < n — r. Assuming Ay_,(A) > 0, we must have
AN—r+1 = ... = Ay = 0, and hence A > 0. Therefore, it suffices to prove
AN—r(A) > 0. We first define

-1 .
o0 .o
"7: . ERNXT.
0 0o ... %hr
L0 o ... 0 |

Obviously, V is a basis matrix, i.e., the columns of V are a orthonormal basis
of the column space of V. Define V; € RN*V=") such that U = [V, V]
is an orthogonal matrix. Define

o Ay Ao
Al W+E
[(« = NI, + Biidy, — K11 +%11 ... BirJdi,,1,) — Kir Z, — %hlﬁf
BlT‘J(lr,ll) — KlTT e (Ol - )\)Ily, + B’I‘TJZT - Kr'r + ‘Il'r'r Z’r - %]JWBZ
i zZ{ - pif] zl - el W+E

The matrix A is closely tied up with A in the sense that

(BH — )\)Jll . (Bh« — A)J(lhlr) + P, 0
(Blr — )‘)J(lmll) + ‘"I)lr ce (Bm« — )‘)Jlr 0
0 0 0

By the construction of ®j;, it can be written as ®j, = 1ljaT =+ bllj;.
Therefore, straightforward calculation yields ‘A/E(A — K)T/}L = 0, which im-
plies that

VIAV, = VTRV
VIAV, VIAV
VIAV, VTAV
Lemma 6.2, there holds

Since UTAU = has the same spectrum as A does, by

(0.27)  An—r(A) = AN_r(UTAU) > Ay (VEAVL) = Av_ (VIAVY).
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VIAV, VTAV

Since UTAU = VTAV, VIAV| by Lemma 6.2 again, we have

(0.28) AN_r(VIAVL) > AN(UTAU) = An(A).

By considering the above inequalities (0.27) and (0.28), in order to prove

A > 0, it suffices to prove Ay (A) > 0, i.e., A > 0.

Define
Kl =F + F
(a =M1, + Bundy, — Kin +%u1 ... 0
6 (a—A)IZT +BlllJlT - Kppr +¥pr
0 .. Blr'](ll,lr) - K,
+ ; s
By Jy ) — K, ... 0

In the first step, we proved

T, - (((zi ~1)(Bii — ) — 2/(l; — 1)Ba; 1ogn) - <2a + f6)> I,

By Lemma 6.7, we have
| Bii (Ji, — I,) — Kis|| < Con/1; By logl;.
This implies that

(o = NI}, + Byidy, — Ky + ¥4
- ((Zi(Bu» —\) = (Co+2)VIiBa logn> - (a + 1‘2)) I
= h(\/ Bzz)Ill

where h is a quadratic function. By basic properties of quadratic functions,
the condition B;; > p~ > (Cp + 2) (loﬁ) implies h(v/Bi;) > h(y/p7).

Nm

Therefore,

(o = NI}, + By, — Ky + ¥y
= (7 -0 = (Co+ Vi Togn) - (a4 ) ) 1
= (15 - o+ 2vimTomn) — (a4 ) ) B = oV,

iZ_
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where ¢ is a quadratic function. By basic properties of quadratic functions,

VI > \/Nmin > C@ implies g(v/1;) > g(\/Timin). Therefore,
J 5
F - (<nmm4 (Co+ wm) _ <a N )) I.

16

On the other hand, by Lemma 6.7, we have || F3 ||, < Co (s /ngtlogn + log n) ,
which implies

min 1
- <5<n4 — 16> — (Co + 2)v/nminp~ logn — a — C’0<\/nq+ logn—i—logn)) I,.

By the assumption p~ > C fi," and

P p‘logn+ Q +\/nq+logn

Nmin Nmin Nmin

)

when C'is large enough, we have

Ay Mmind g
8
- A A
Therefore, in order to guarantee A = ~:1r 2 > 0, it suffices to
Ay, WHE
prove
min(S A
. Y I, A <0
Al W4E
. wl, 0 . . I
By multiplying 0o I with some w > 0 on both sides, it is suffices to
prove "
= Bmindw? 7 wA
A= 8~T” —~ 2_ = 0.
wA; W+ E
Here we choose w = 33—,"‘5. We would like to prove the positive definiteness of

A by the well known Gershgorin Theorem, that is, for each row of .K, the sum
of absolute values of the off-diagonal entries is less than the corresponding

diagonal entry. Let us first investigate the first n rows of A. Recall that
B AJ(l1,m) -7z — %11116{

wAs = w :
)\J(lr:m) —Zr — %rllT’B?
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Since 0 < Z; < J(, ) and (6.16), i.e., 0 < B; < (m +1; — 1)AL,y,, the sum
of absolute values of each row of wAj is no larger than

m(m+1; — 1)\
l;

w<)\m+m—|— >§4wm.

The above inequality is due to 1 > § > C % with sufficiently large C.

2

Since all the diagonal entries are w ”mTi“‘S. Then the Gershgorin condition

holds by wz%i“‘; > 4wm, which is guaranteed by the definition of w.
Now let us study the bottom m rows of A. Notice that
whAs = w Ay — 21 = £B11L, . Ny — ZF = £8:1]] .

By (6.15), i.e.,

m
ﬁij + e;FZiTlli < (a — A+ §j)33ij + Al; + )\Zzik,

k=1

the sum of absolute values of the jth row is no larger than

w (n)\ + Z (e?ZiTlli + /67,])>

=1

<w <n)\—{—(a—)\+§j)z$ij+)\n+)\zzmik)

=1 k=1 1i=1

<

((2n+ (m —1)Vr)A+ (a+&)Vr),

Nmind

where the final inequality is due to > ;_; :cfk <1 forall k=1,...,m. This
is the constraint in the optimization (6.10). On the other hand, since

X+E=al,+A(Jn—I,)—W+E,

its diagonal entry in the jth row is « 4 &; while the sum of absolute values
of the off-diagonal entries in the jth row is no larger than m — 1. Back to

the (n + j)th row of A, the Gershgorin condition holds if

33m

a+&>m—1+ (2n+ (m = 1)Vr)A + (a+&)Vr)

min 0
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l.e.

33m

(1 _ 33myr (20 + (m — DVF)A,

Nmind

Jatg)mm-1+

Nmin §

By the condition § > Czl%ﬁ with sufficiently large C, and the fact §; > 0,
the above inequality can be guaranteed by

66m
a>2m+

(2n + (m — 1)y/r)A.

Nmin §
This can be guaranteed by § > C("mip_ > C—mmA__ since ma/r <

a—2m)Npmin (a—2m)nmin
ani"(S < n when C > 1.

In a word, when § satisfies (6.18), A = 0, and then A = 0, and hence
A > 0.
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