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On Recovery of Sparse Signals Via £; Minimization
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Abstract—This paper considers constrained (; minimization
methods in a unified framework for the recovery of high-dimen-
sional sparse signals in three settings: noiseless, bounded error,
and Gaussian noise. Both ¢; minimization with an (., constraint
(Dantzig selector) and ¢; minimization under an (> constraint are
considered. The results of this paper improve the existing results in
the literature by weakening the conditions and tightening the error
bounds. The improvement on the conditions shows that signals
with larger support can be recovered accurately. In particular, our
results illustrate the relationship between ¢; minimization with
an {, constraint and ¢, minimization with an (., constraint. This
paper also establishes connections between restricted isometry
property and the mutual incoherence property. Some results of
Candes, Romberg, and Tao (2006), Candes and Tao (2007), and
Donoho, Elad, and Temlyakov (2006) are extended.

Index Terms—Dantzig selector(; minimization, restricted isom-
etry property, sparse recovery, sparsity.

1. INTRODUCTION

HE problem of recovering a high-dimensional sparse
T signal based on a small number of measurements, pos-
sibly corrupted by noise, has attracted much recent attention.
This problem arises in many different settings, including com-
pressed sensing, constructive approximation, model selection
in linear regression, and inverse problems.
Suppose we have n observations of the form
y=FpB+ 2z (I.1)
where the matrix F' € R"*P with n < p is given and z € R"
is a vector of measurement errors. The goal is to reconstruct
the unknown vector 5 € R?. Depending on settings, the error
vector z can either be zero (in the noiseless case), bounded, or
Gaussian where z ~ N (0,021,). It is now well understood that
/1 minimization provides an effective way for reconstructing a
sparse signal in all three settings. See, for example, Fuchs [13],
Candes and Tao [5], [6], Candes, Romberg, and Tao [4], Tropp
[18], and Donoho, Elad, and Temlyakov [10].
A special case of particular interest is when no noise is present
in (I.1) and y = F'(. This is then an underdetermined system of
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linear equations with more variables than the number of equa-
tions. It is clear that the problem is ill-posed and there are gener-
ally infinite many solutions. However, in many applications the
vector (3 is known to be sparse or nearly sparse in the sense that
it contains only a small number of nonzero entries. This spar-
sity assumption fundamentally changes the problem. Although
there are infinitely many general solutions, under regularity con-
ditions there is a unique sparse solution. Indeed, in many cases
the unique sparse solution can be found exactly through ¢; min-
imization
(Exact) min ||v|]s subjectto F'y = y. 1.2)
YERP

This ¢; minimization problem has been studied, for example,
in Fuchs [13], Candes and Tao [5], and Donoho [8]. Under-
standing the noiseless case is not only of significant interest in
its own right, it also provides deep insight into the problem of
reconstructing sparse signals in the noisy case. See, for example,
Candes and Tao [5], [6] and Donoho [8], [9].

When noise is present, there are two well-known ¢; min-
imization methods. One is /; minimization under an /5 con-
straint on the residuals

(¢2-Constraint) min ||7][1 subject to ||y — F'y[[2 < n. (1.3)
vER?

Writing in terms of the Lagrangian function of ({5-Constraint),
this is closely related to finding the solution to the /1 regularized
least squares

min {lly = Pyl + pllolla} (L4)
The latter is often called the Lasso in the statistics literature
(Tibshirani [16]). Tropp [18] gave a detailed treatment of the
£y regularized least squares problem.

Another method, called the Dantzig selector, was recently
proposed by Candes and Tao [6]. The Dantzig selector solves the
sparse recovery problem through ¢;-minimization with a con-
straint on the correlation between the residuals and the column
vectors of F

(DS) min l7]l1 subject to [|FX (y — FY)|loo < A. (L5)
YERP

Candes and Tao [6] showed that the Dantzig selector can be
computed by solving a linear program

min Z u; subjectto—u <y < u
i

and — Aol < FT(y — Fy) < Aol

where the optimization variables are u, v € RP. Candes and
Tao [6] also showed that the Dantzig selector mimics the perfor-
mance of an oracle procedure up to a logarithmic factor log p.
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It is clear that some regularity conditions are needed in order
for these problems to be well behaved. Over the last few years,
many interesting results for recovering sparse signals have
been obtained in the framework of the Restricted Isometry
Property (RIP). In their seminal work [5], [6], Candes and Tao
considered sparse recovery problems in the RIP framework.
They provided beautiful solutions to the problem under some
conditions on the so-called restricted isometry constant 8y (F")
and restricted orthogonality constant 6, 5/ (F’) (defined in Sec-
tion II). These conditions essentially require that every set of
columns of F' with certain cardinality approximately behaves
like an orthonormal system. Several different conditions have
been imposed in various settings. For example, the condition
0k (F) + Ok x(F) + Or2k(F) < 1 was used in Candes and
Tao [5], 63x(F) + 364x(F) < 2 in Candes, Romberg, and
Tao [4], 62k (F) + bk 2k (F) < 1 in Candes and Tao [6], and
6o (F) < /2 — 1 in Candes [3], where k is the sparsity index.
A natural question is: Can these conditions be weakened in a
unified way? Another widely used condition for sparse recovery
is the Mutual Incoherence Property (MIP) which requires the
pairwise correlations among the column vectors of F' to be
small. See [10], [11], [13], [14], [18].

In this paper, we consider ¢; minimization methods in a
single unified framework for sparse recovery in three cases,
noiseless, bounded error, and Gaussian noise. Both ¢; min-
imization with an /., constraint (DS) and ¢; minimization
under the /5 constraint ({»-Constraint) are considered. Our
results improve on the existing results in [3]-[6] by weakening
the conditions and tightening the error bounds. In particular,
our results clearly illustrate the relationship between ¢; mini-
mization with an {5 constraint and ¢; minimization with an £,
constraint (the Dantzig selector). In addition, we also establish
connections between the concepts of RIP and MIP. As an
application, we present an improvement to a recent result of
Donoho, Elad, and Temlyakov [10].

In all cases, we solve the problems under the weaker condi-
tion

0156 (F) 4+ Or1.56(F) < 1. (1.6)

The improvement on the condition shows that for fixed » and p,
signals with larger support can be recovered. Although our main
interest is on recovering sparse signals, we state the results in the
general setting of reconstructing an arbitrary signal.

It is sometimes convenient to impose conditions that involve
only the restricted isometry constant 6. Efforts have been made
in this direction in the literature. In [7], the recovery result was
established under the condition o5, (F') < % In [3], the weaker
condition 855,(F) < /2 — 1 was used. Similar conditions have
also been used in the construction of (random) compressed
sensing matrices. For example, conditions é4;(F) < % and
O3k (F) < % were used in [15] and [1], respectively. We shall
remark that, our results implies that the weaker condition

S1ose(F) < V2 -1

suffices in sparse signal reconstruction.

The paper is organized as follows. In Section II, after basic
notation and definitions are reviewed, we introduce an elemen-
tary inequality, which allow us to make finer analysis of the
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sparse recovery problem. We begin the analysis of /; minimiza-
tion methods for sparse recovery by considering the exact re-
covery in the noiseless case in Section III. Our result improves
the main result in Candes and Tao [5] by using weaker condi-
tions and providing tighter error bounds. The analysis of the
noiseless case provides insight to the case when the observa-
tions are contaminated by noise. We then consider the case of
bounded error in Section IV. The connections between the RIP
and MIP are also explored. Sparse recovery with Gaussian noise
is treated in Section V. Appendices A-D contain the proofs of
technical results.

II. PRELIMINARIES

In this section, we first introduce basic notation and defini-
tions, and then present a technical inequality which will be used
in proving our main results.

Letp € N. Letv = (v1,v2,...,v,) € RP be a vector. The
support of v is the subset of {1,2,...,p} defined by

supp(v) = {i : v; # 0}.

For an integer k € N, a vector v is said to be k-sparse if
|supp(v)| < k. For a given vector v we shall denote by vmax (k)
the vector v with all but the k-largest entries (in absolute value)
set to zero and define v_ yax(k) = U — Umax(k)» the vector v with
the k-largest entries (in absolute value) set to zero. We shall use
the standard notation ||v||, to denote the ¢,-norm of the vector v.

Let the matrix F' € R"*P and 1 < k < p, the k-restricted
isometry constant éy(F’) is defined to be the smallest constant
such that

VI=8(F)ells < [[Feflz < 1+ 6k (F)llcll2

for every k-sparse vector c. If k 4+ k" < p, we can define another
quantity, the &, k’-restricted orthogonality constant 6y, ;. (F'), as
the smallest number that satisfies

(L1)

[(Fe, F) < Ok (F) [ ell2ll€'[|2 (I1.2)

for all ¢ and ¢’ such that ¢ and ¢’ are k-sparse and k’-sparse,
respectively, and have disjoint supports. Roughly speaking, the
isometry constant 65 (F') and restricted orthogonality constant
81 (F') measure how close subsets of cardinality k£ of columns
of F' are to an orthonormal system.

For notational simplicity we shall write 6, for 6, (F") and 6 5/
for 0y i (F') hereafter. It is easy to see that §;, and 6,/ are
monotone. That is

(IL3)
(IL4)

6k§6k17 1fk§k1 Sp
Or i < 91“_,;@-/17 itk <ky, K <ki, k1 + k) <p.

Candes and Tao [5] showed that the constants 0, and 8}, 5 are
related by the following inequalities

Ok bt < Ok < Oppr + max (O, Opr).- (L5)

As mentioned in the Introduction, different conditions on &
and 6 have been used in the literature. It is not always imme-
diately transparent which condition is stronger and which is
weaker. We shall present another important property on § and ¢
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which can be used to compare the conditions. In addition, it is
especially useful in producing simplified recovery conditions.

Proposition 2.1: If k + Eé:l k; < p, then

(IL.6)

: 1
In particular, Hk*Zizl e S i OF k-

A proof of the proposition is provided in Appendix A.

Remark: Candes and Tao [6] imposes 02, + 0% 2 < 1 and
in a more recent paper Candes [3] uses 0o5 < V2 — 1. A direct
consequence of Proposition 2.1 is that 83, < v/2 — 1 is in fact
a strictly stronger condition than d2 + 0 21 < 1 since Propo-
sition 2.1 yields 6 o, < /03, + 62, = \/282;, which means
that §o5, < /2 — 1 implies dox + O o1 < 1.

We now introduce a useful elementary inequality. This in-
equality allows us to perform finer estimation on /1, /5 norms.
It will be used in proving our main results.

Proposition 2.2: Let w be a positive integer. Then any de-
scending chain of real numbers

alZG/?Z"'ZCLWZGUH—IZ"'Za&lvzo

satisfies

+...+a,
a2 4+a2 o +---+a2 <a17’”
\/u)—l—l w—+2 3w — 2\/%

+2(am+1 +--- 4+ (7/211;) + A2w41 + -+ Q3w
2v2w '

The proof of Proposition 2.2 is given in Appendix B.

III. SIGNAL RECOVERY IN THE NOISELESS CASE

As mentioned in the Introduction, we shall give a unified
treatment for the methods of ¢; minimization with an ¢5 con-
straint and /7 minimization with an /., constraint for recovery
of sparse signals in three cases: noiseless, bounded error, and
Gaussian noise. We begin in this section by considering the sim-
plest setting: exact recovery of sparse signals when no noise is
present. This is an interesting problem by itself and has been
considered in a number of papers. See, for example, Fuchs [13],
Donoho [8], and Candes and Tao [S]. More importantly, the so-
lutions to this “clean” problem shed light on the noisy case. Our
result improves the main result given in Candes and Tao [5]. The
improvement is obtained by using the technical inequalities we
developed in previous section. Although the focus is on recov-
ering sparse signals, our results are stated in the general setting
of reconstructing an arbitrary signal.

Let F' € R™"*? with n < p and suppose we are given I’ and
y where y = F (3 for some unknown vector (3. The goal is to
recover (3 exactly when it is sparse. Candes and Tao [5] showed
that a sparse solution can be obtained by #; minimization which
is then solved via linear programming.
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Theorem 3.1 (Candes and Tao [5]): Let F' € R"*P, Suppose
k > 1 satisfies

Ok + Ok + bron < 1. (II1.1)

Let (3 be a k-sparse vector and y := F (. Then [ is the unique
minimizer to the problem (FEzact).

As mentioned in the Introduction, other conditions on ¢ and
0 have also been used in the literature. Candes, Romberg, and
Tao [4] uses the condition 835 + 304, < 2. Candes and Tao
[6] considers the Gaussian noise case. A special case with noise
level 0 = 0 of Theorem 1.1 in that paper improves Theorem 3.1
by weakening the condition from 6y + 05 1 + Or2r < 1 to
02140k 21, < 1. Candes [3] imposes the condition o5, < V2-1.

We shall show below that these conditions can be uniformly
improved by a transparent argument. A direct application of
Proposition 2.2 yields the following result which weakens the
above conditions to

015k + 0,150 < 1.

Note that it follows from (II.3) and (I1.4) that 61 5, < 6o, and
Or,1.5% < O 2r. So the condition 01 51 + 0,156 < 1 is weaker
than 625, + 6k 2r < 1. It is also easy to see from (IL5) and
(I1.6) that the condition 61 51 + 0%,1.5% < 1 is also weaker than
81+ 0k 1k +0k 21 < 1 and the other conditions mentioned above.

Theorem 3.2: Let F' € R™*P, Suppose k > 1 satisfies
0150 + 0150 <1

and y = FJ3. Then the minimizer /3 to the problem (Ezact)
obeys

18 = Blle < Cok ™% 18- maxiio

2v/2(1—61 51)

where Co = 1=61.56—0k,1.5% "

In particular, if 3 is a k-sparse vector, then [5’ = f,i.e., the {;
minimization recovers [ exactly.

This theorem improves the results in [5], [6]. The improve-
ment on the condition shows that for fixed n and p, signals with
larger support can be recovered accurately.

Remark: It is sometimes more convenient to use conditions
only involving the restricted isometry constant 6. Note that the
condition

S5 < V2 -1 (I11.2)

implies 0155 + 0k,1.5x < 1. This is due to the fact

1.5k + 01,155 < 1.5k + /67 75p + 0775 < (V2 +1)81.751

by Proposition 2.1. Hence, Theorem 3.2 holds under the condi-
tion (II1.2). The condition 67 55 + 2.5, < 1 can also be used.

Proof of Theorem 3.2: The proof relies on Proposition 2.2
and makes use of the ideas from [4]—[6]. In this proof, we shall
also identify a vector v = (v1,v2,...,v,) € RP as a function

v:{1,2,...,p} — R by assigning v(3) = v;.
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Let B be a solution to the /; minimization problem (Exact).
Let To = {n1,n2,...,nr} C {1,2,...,p} be the support of
Bmax(k) and let b = 3 — 3. Write

{1727 .. 7p} \ {7’L177’L27 v 77’Lk} = {nk+17nk+27 s 7”1’}

such that |h(ng41)| > |h(nks2)| > |[h(ngrs)| > -- - Let

Tl = {nk+1,nk+2, e ,’I’sz}, T2 = {n2k+1, . ,’I’L3k}, e

For a subset £ C {1,2,...,m}, we use Ig to denote the
characteristic function of F, i.e.,

L [1, ifjeE
IE(J)_{O, ifj ¢ E.

For each i, let h; = hlr,. Then h is decomposed to h = hg +
hi + ho + - - -. Note that T;’s are pairwise disjoint, supp(h;) C
T;, and |T;| = k for i > 0. We first consider the case where k
is divisible by 4.

For each 7 > 1, we divide h; into two halves in the following
manner:

h; = h;1 + hjo  with h;; = hiIT’1 and h;» = hiIT,,Q

where T}, is the first half of T;, i.e.,
Tix = {Mikt1, Nikt2, - - - ,ni,ﬂ_%}
and Tjo = T; \ Ti1.

We shall treat h; as a sum of four functions and divide 77 into
four equal parts 77 = Th1 U T19 U Th3 U T4 with

T ={ngs1,Mhg2y gy e}
T1o :{nk+§+1v"'7nk+§}

Tis ={njqxi1,--smpqae} and
Ty :{nk+%+17...7n2k}.

We then define hy; for 1 < i < 4 by hy; = hilr, . Itis clear
that hy = Z?:l hi;.
Note that

> lkills < ol + 2018 max@o) l11- (IIL.3)

i>1
In fact, since ||8]|; > ||3]|1, we have

181l > 1181l = 18 + Al
= ||ﬂmax(k) + hO“l + “h - hO + /8— max(k)”l
> ||/8max(k)||1 - ||h0||1 + Z ”hLHl - ||/87 max(k)”l-

i>1
Since [|B]l1 = ||Bmax(k)ll1 + |B= max(x)ll1, this yields

> Nhilly < llkollx + 2118 max(ryll1-

i>1

The following claim follows from our Proposition 2.2.
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Claim:
st lhilla
lh1s + hia|l2 + [hillz < =—=F+—
2 — max
<ol + 2B maxwll gy 4

Vi

In fact, from Proposition 2.2 and the fact that ||hq1|]1 >
[h1zllr > [[h1slls > ||h1all1, we have

|h12llr + 2[|hasls + |[P1all2
2
<3 (2l|Pa1llr + 2l|h12lls + |Rasllr + [|P1all1) -

It then follows from Proposition 2.2 that

lhi2ll1 + 2[[haall1 + [|Paalls
k
2\/;
< 22llhaall + 2Pzl + hasls + [1haafh
-3 k
2\/;
< 2Pl £ 2)7aolls + [|hasll + [[Paafls
- 2k )

[|his + hiall2 <

Proposition 2.2 also yields

lh13 + haall1 + 2[[h21[l1 + [|haz2|l1
2k

and
Whgi—1y2lln + 2[[hixlls + ||Riz2]l1

2k

l|hall2 <

[[hill2 <

for any 7 > 2. Therefore

|13 + hiall2 + Z l|il|2
i>2

< 2lhaally + 2Pzl + 1haalls + [[h1all
< oTE

n [h13 + haall1 + 2||h21 |1 + ||h22]]1

2Vk
N llh2zll1 + 2l|hs1ll1 + [[hs2llx N
2k

< 2l + 2[holls + 2[hs][s + ---

< Vi
[P
i; " by (21'3) llholl1 + 2/ 8- max(r)ll1
Vi - vk
2 Bfmax >

In the rest of our proof we write h1; + hi2 = hf. Note that
Fh = Fp — F{ = 0. So we get the equation at the top of the
following page. This yields

IN

201,15

||h0+h’ll||2 S k7%||ﬂ—max(k)||1-

1= 0156 — Ok,1.5k
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0 =|(Fh, F(ho + 1))

(T1.1,11.2)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 7, JULY 2009

(F'(ho + 1Y), F(ho + 1Y) + (F(his + ha), F(ho + 1)) + Z(F}li,F(ho + hll))‘

i>2

> (1= 61s8)llho + Ml — Oo.5k.1.5k] k13 + Paall2]lho + Ryll2 — Z k155 hil|2|ho + B |2

> |lho + Rill2 <(1 — b1.5%)||ho + Bill2 = Ok, 1.5k

II1.4)

(
> ||ho + RBi||2 <(1 — 81.5%)||ho + Rill2 = Ok,1.5klholl2 — Ok1.5k

i>2

|h13 + hiall2 + Z [12i]]2

i>2 )

2”/3— max(k)”l)

It then follows from (III.4) that

18115 = [lho + h3ll3 + l|h1s + haalls + Y [Ihill3

i>2
<|lho + Rill3 + | |R13 + haall2 + Z |hill2
i>2
/ -1 2
<2 (llho + Bll2 + 26~ 1 sy

<9 < 2(1 — 51.5k)
~ \1—=0156— Ok 15k

_1 >
k 2”/87 max(k)”l .

We now turn to the case that & is not divisible by 4. Let [ =
L%J Note that in this case 01.5% and 6y 1 55 are understood as
041 and 0y, 1.1, respectively. So the proof for the previous case
works if we set

Ty ={ik+1,ik+2,...,ik+ 1} and
Ty ={ik + 1+ 1,ik +1+2,..., (i + 1)k},
and

e
o= fin |4 1)

T13: {]{}—|—l—|—177k+l+ \‘%J} and

Ty = {]{;—I—l—l— \‘éJ —1—17...72/{}.

In this case, we need to use the following inequality whose proof
is essentially the same as Proposition 2.2: For any descending
chain of real numbers a1 > -+ > Gyp1 > b1 > -+ > by >
c1 > -+ 2 cwy1 > 0, we have

forz > 1

ap+ -+ Quyl

2\/2w+1

+2(b1+"'+bw)+cl+"'+cw+l

2v2w+1

\/b%+---+b2w+c%+---+c2w+1g

O

IV. RECOVERY OF SPARSE SIGNALS IN BOUNDED ERROR

We now turn to the case of bounded error. The results ob-
tained in this setting have direct implication for the case of
Gaussian noise which will be discussed in Section V.

Let FF € R™*P and let

y=Fp+=z

where the noise z is bounded, i.e., z € B for some bounded
set B. In this case the noise z can either be stochastic or deter-
ministic. The /; minimization approach is to estimate 3 by the
minimizer 3 of

min ||7y||; subjecttoy — Fy € B.

We shall specifically consider two cases: B =
{z:][FTz||c <A} and B = {z Izl < n}. The
first case is closely connected to the Dantzig selector in the
Gaussian noise setting which will be discussed in more detail
in Section V. Our results improve the results in Candes,
Romberg, and Tao [4], Candes and Tao [6], and Donoho, Elad,
and Temlyakov [10].

We shall first consider
y = F'3 + z, where z satisfies || F'1 z||.o < .

Let B be the solution to the (DS) problem given in (I.1). The
Dantzig selector § has the following property.

Theorem 4.1: Suppose € RP and y = Ff + z with z
satisfying ||F7z||0 < A If

015k + Op15k < 1 (IV.1)
then the solution B to (DS) obeys
18 = Bllz < C1kZ A+ Cok 2 || maxqylli (V2

2v/3

1—61.5k—0k,1.5%

In particular, if 3 is a k-sparse vector, then ||B = Bll2 <
Crkz A,

Remark: Theorem 4.1 is comparable to Theorem 1.1 of
Candes and Tao [6], but the result here is a deterministic one

instead of a probabilistic one as bounded errors are considered.
The proof in Candes and Tao [6] can be adapted to yield a
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similar result for bounded errors under the stronger condition
0ok + O or < 1.

Proof of Theorem 4.1: We shall use the same notation as in
the proof of Theorem 3.2. Since || 3]|1 > ||3]|1, lettingh = -0
and following essentially the same steps as in the first part of the
proof of Theorem 3.2, we get

[(Fh, F(ho 4+ h}))|
> |lho + h'1||2{(1 — 615k — Or,1.5%) [[ho + B2

k2”/8— max(k)”l}
If ||ho + h1ll2 = 0, then kg = 0 and / = 0. The latter forces
that h; = 0 for every j > 1, and we have 3 — 8 = 0. Otherwise
[(Fh, F(ho + hy))|
(1 =615k — Or.1.5k) ||ho + Ri]|2

20k,1.5k||/6— max(k)”l
(1 — 6156 — Ok 1.5%) VE

k1.5

lho + hill2 <

To finish the proof, we observe the following.
1) {Fh,F(ho + h1))| < V1.5k2X]||ho + h}|l2-
In fact, let Frryur,,umy, be the n x (1.5k) submatrix ob-
tained by extracting the columns of F' according to the in-
dices in Ty U 179 U 1711, as in [6]. Then

(Fh, F(ho + 1)
= |<(Fﬂ - y) + Z>FT0UT10UT11 (ho + h/1)>|
= (Fhumoum, ((FB =) +2) ho+ 1)
<P umgur, ((FB = 1) +2) lalibo + b2
< V1.5k2)||ho + h)]l2-

A 2| 8- max(k
2) 118 = Blla < V2 (ko + [l + 2=l
In fact

18 - B3
= [|Bl13 = lIho + Bil13 + lhas + haall3 + > IIhill3

i>2
2

< lho + BAII5 + | Whas + haallz + D [lkill2
i>2
(111.4) 2|1 5= max(r |1 2
< lho + B4 113 + (llhollz + T()>
2
M)
vk

We get the result by combining 1) and 2). This completes the
proof. O

g2(mm+mm+

We now turn to the second case where the noise z is bounded
in {3-norm. Let ' € R"*P with n < p. The problem is to
recover the sparse signal 5 € RP from

y=Fpf+z
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where the noise satisfies ||z]|2 < e. Once again, this problem
can be solved through constrained ¢; minimization

min [|y||; subject to ||y — Fyl|l2 < n. (IV.3)

An alternative to the constrained ¢; minimization approach is
the so-called Lasso given in (I.4). The Lasso recovers a sparse
signal via ¢; regularized least squares. It is closely connected
to the /s-constrained ¢; minimization. The Lasso is a popular
method in statistics literature (Tibshirani [16]). See Tropp [18]
for a detailed treatment of the /1 regularized least squares
problem.

By using a similar argument, we have the following result on
the solution of the minimization (IV.3).

Theorem 4.2: Let F' € R™*P. Suppose 3 € R? is a k-sparse
vector and y = F8 4 z with ||z]|2 < e. If

0150 +O0k15k <1 (IV.4)

then for any > ¢, the minimizer B to the problem (IV.3) obeys

13 = Blls < Cn+e)
V2(14615¢)

T=61 5k =0k, 15k

Proof of Theorem 4.2: Notice that the condition n > € im-
plies that || 3]|1 < ||8]|1, so we can use the first part of the proof
of Theorem 3.2. The notation used here is the same as that in
the proof of Theorem 3.2.

First, we have

rolls =D 1Al

i>1

aV.5)

with C' =

and
[(Fh, F(ho + hY))|

ho + hille < .
Iho + hilz < lho + A2 (1 — 6158 — Ok 1.58)

Note that
IFhll2 = [|[F(B =Bz < IIFB —ylla + IFB —ylla < n+e.
So

18 = Bll2 < V2lho + k|2
< Vo NERI|F(ho + h3)ll2
= lho + Rill2 (1 = 6156 — Ok,1.5k)
< \/5(77 + €)1+ 61sn)llho + Al
= lho + Rill2 (1 = 6156 — Ok,1.5k)
2(1 + 61.5)(n + €)
1— 615k — Ok 15k

O

Remark: Candes, Romberg, and Tao [4] showed that, if d35 +
304 < 2, then

N 4
- < .
15 = Bl < <

(The 1 was set to be € in [4].) Now suppose 03x + 3041 < 2.
This implies 835, + 041 < 1 which yields 82 4 + 01 6x,2.4% < 1,

Authorized licensed use limited to: University of Pennsylvania. Downloaded on June 17, 2009 at 09:48 from |IEEE Xplore. Restrictions apply.



3394

since 02.4r < 031 and 01 6x,2.4r < O4. It then follows from
Theorem 4.2 that, with n = ¢

. 2¢/2(1 4 61.51)
3— Bl <
16 = Bll2 < 1 — 0156 — Ok 158

for all k’'-sparse vector 3 where k' = 1.6k. Therefore, Theorem
4.2 improves the above result in Candes, Romberg, and Tao [4]
by enlarging the support of § by 60%.

Remark: Similar to Theorems 3.2 and 4.1, we can have the
estimation without assuming that J is k-sparse. In the general
case, we have

2v205 156 (1—61.5%)

k_l 3_ max .
=6y 50—Oraor © IB-maxwll

18—Bll2 < C(n+e)+

A. Connections Between RIP and MIP

In addition to the restricted isometry property (RIP), another
commonly used condition in the sparse recovery literature is the
mutual incoherence property (MIP). The mutual incoherence
property of F’ requires that the coherence bound

M = i [ Iv.6
e e £ (IV.6)
be small, where fi, fa,..., f, are the columns of F' (f;’s are

also assumed to be of length 1 in ¢5-norm). Many interesting
results on sparse recovery have been obtained by imposing con-
ditions on the coherence bound M and the sparsity &, see [10],
[11], [13], [14], [18]. For example, a recent paper, Donoho,
Elad, and Temlyakov [10] proved that if 5 € RP? is a k-sparse
vector and y = F3 + z with ||z]|2 < ¢, then for any 1 > ¢, the
minimizer ,[} to the problem (¢5-Constraint) satisfies

15 = Blla < Cln +¢)

. . 1+M
with C = , provided k < 2L

1
V1—M(4k—1) =
We shall now establish some connections between the

RIP and MIP and show that the result of Donoho, Elad, and
Temlyakov [10] can be improved under the RIP framework, by
using Theorem 4.2.

The following is a simple result that gives RIP constants from
MIP. The proof can be found in Appendix C. It is remarked that
the first inequality in the next proposition can be found in [17].

Proposition 4.1: Let M be the coherence bound for F'. Then

o < (k' — 1)M and O < VEE'M. av.7n

Now we are able to show the following result.

Theorem 4.3: Suppose 3 € RP is a k-sparse vector and y =
FB + z with z satisfying ||z]]s < e. Let kM = t. If t <

SE2% (or, equivalently, k < ZH2A00), then for any 7 > e,

the minimizer [3 to the problem (¢5-Constraint) obeys

15 = Blla < Cln +¢)

\/8+12¢t—8M
24+2M —(3+V6)t”

(IV.8)

with C' =
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Proof of Theorem 4.3: 1t follows from Proposition 4.1 that

(1.5k + V1.5k — 1)M
=(1.5+V15)t—M

0150 + Ok15k <

Since t < ?,}ﬁ% the condition &y 5, + 0,1.5x < 1 holds. By
Theorem 4.2
. 2(1 4 615k
16— Blls < LHOH)
1—06150 — Ok 15k
\/2 1T+ ( lok—l)M)( Lo
€
STt M-t v
8+ 12t — 8M
_ v (n+e). O
2+ 2M — (34 V6)t

Remarks: In this theorem, the result of Donoho, Elad, and
Temlyakov [10] is improved in the following ways.

. . 1+ M
1) The sparsity k is relaxed from k < 57 to k < YWY IV]

1.47LEL 'S0 roughly speaking, Theorem 4.3 improves the
result in Donoho, Elad, and Temlyakov [10] by enlarging
the support of 3 by 47%.

2) Itis clear that larger ¢ is preferred. Since M is usually very
small, the bound C' is tightened from C' = \/ﬁ to

O — _V8+12t—8M
24+2M —(3+6)t’

242M

~

as ¢ is close to 1/4.

V. RECOVERY OF SPARSE SIGNALS IN GAUSSIAN NOISE

We now turn to the case where the noise is Gaussian. Suppose
we observe

y=FB+z, z~N(00°L,) (V.1
and wish to recover (3 from y and F'. We assume that ¢ is known
and that the columns of F’ are standardized to have unit /5 norm.
This is a case of significant interest, in particular in statistics.
Many methods, including the Lasso (Tibshirani [16]), LARS
(Efron, Hastie, Johnstone, and Tibshirani [12]) and Dantzig se-
lector (Candes and Tao [6]), have been introduced and studied.

The following results show that, with large probability, the
Gaussian noise z belongs to bounded sets.

Lemma 5.1: The Gaussian error z ~ N (0,021, satisfies

1
P(||FTz||e < 21 >1 - — V.2
(172l < ov/2108p) 2 1= e (V2)
and
1
P <||z||2 < J\/n+2\/n10gn> >1——. (V.3)
n

Inequality (V.2) follows from standard probability calcula-
tions and inequality (V.3) is proved in Appendix D.

Lemma 5.1 suggests that one can apply the results obtained
in the previous section for the bounded error case to solve the
Gaussian noise problem. Candes and Tao [6] introduced the
Dantzig selector for sparse recovery in the Gaussian noise set-
ting. Given the observations in (V.1), the Dantzig selector 3”5
is the minimizer of

(DS) min [|v][1 subject to I (y — Fy)|loo < Ay (V4)
YERP

where A\, = o/2logp.
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In the classical linear regression problem when p < n, the
least squares estimator is the solution to the normal equation

FTy=FTFp. (V.5)

The constraint ||FT(y — F3)||cc < Ap in the convex program

(DS) can thus be viewed as a relaxation of the normal (V.3).
And similar to the noiseless case, £; minimization leads to the
“sparsest” solution over the space of all feasible solutions.

Candes and Tao [6] showed the following result.

Theorem 5.1 (Candes and Tao [6]): Suppose 0 € RP is a
k-sparse vector. Let I be such that

0ok + Op ok < 1.

Choose A, = ov/2logp in (L1). Then with large probability,
the Dantzig selector 3PS obeys

1578 = Bl < Covky/2logp

with C = ——2 1

1—b2p =0k 2k

(V.6)

As mentioned earlier, the Lasso is another commonly used
method in statistics. The Lasso solves the ¢; regularized least
squares problem (I.4) and is closely related to the ¢»-constrained
/1 minimization problem ({5-Constraint). In the Gaussian error
case, we shall consider a particular setting. Let ,[}ZQ be the min-
imizer of

min ||v]|; subject to ||y — Fy[l2 < e, V.7
yERP

where €, = o/n + 2y/nlogn.

Combining our results from the last section together with
Lemma 5.1, we have the following results on the Dantzig se-
lector 573 and the estimator 3% obtained from ¢; minimiza-
tion under the /5 constraint. Again, these results improve the
previous results in the literature by weakening the conditions
and providing more precise bounds.

Theorem 5.2: Suppose § € RP is a k-sparse vector and the
matrix F' satisfies

015k + Ok,1.50 < L.

’I:hen with probability P > 1 — ﬁ, the Dantzig selector
3PS obeys
185 = Bll2 < C1ovVk+/2log p (V.8)
with C7 = #‘g“m, and with probability at least 1 — %,
B obeys
13% = Bll2 < Dio\/n+ 2y/nlogn V.9)
with D, = 2v2(14+81 51)

1=61.56—0k,1.58 "

Remark: In comparison to Theorem 5.1, our result in The-
orem 5.2 weakens the condition from oy, + 05 21, < 1t0 01,51 +
0r,1.5% < 1 and improves the constant in the bound from C' =
4/(1_52k _gk,zk) toCy = 2\/3/(1_61..')1@ _Hk,l.sk)- Note that

IIn Candes and Tao [6], the constant C' was stated as C' = ﬁ It
appears that there was a typo and the constant C should be C' = 4/(1 — 85, —

Ok,2k)-
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C1 < Csince 6155 + Ok,1.5% < 021 + 01 21 The improvement
on the error bound is minor. The improvement on the condition
is more significant as it shows signals with larger support can
be recovered accurately for fixed n and p.

Remark: Similar to the results obtained in the previous sec-
tions, if 3 is not necessarily k-sparse, in general we have, with

bability P > 1 — ——+
probability © > N

||BDS _ /BHZ < ClO’\/E\/@—i— Czk_%”ﬁf maX(k)Hl

- _ 23
where €1 = 1—-61.5k—0k 1.5k

probability P > 1 — %

1% = Bll2 < Dioy/n+ 2¢/nlogn + Dak™ % || maxe |1

2v2(1+81.51)

1-61.5k—0k, 1.5k

2v2(1—61.51)

1—=61.56 =0k, 1.5k

and Cy = , and with

226, (1-=6 .
and Dy = V205 155 (1—81.58)

where Dy = 1-6156—0k1.58

Remark: Candes and Tao [6] also proved an Oracle Inequality
for the Dantzig selector ﬁDS in the Gaussian noise setting under
the condition 0z, + 05,2, < 1. With some additional work, our
approach can be used to improve [6, Theorems 1.2 and 1.3] by
weakening the condition to 01 51 + 0% 156 < 1.

APPENDIX A
PROOF OF PROPOSITION 2.1
Let ¢ be k-sparse and ¢ be (Z,li:l ki) -sparse. Suppose their
supports are disjoint. Decompose ¢’ as
d=cd+ch+-+¢
such that ¢} is k;-sparse for ¢ = 1,...,7 and supp(c;) N

supp(cj) = @ for i # j. Using the Cauchy—Schwartz in-

equality, we have
1

(FC,ZFCQ)

=1

!
Szak,ki
i=1
! 1
<llellag| D02 54| D N3
i=1 =1

1
[(Fe, Fe'Y| = <Y |(Fe, Fej)l
=1

lell2leill2

clla|¢'[l2-

l
Z 6’%-,’%
i=1
This yields 6, s~ < Sy 02, Since O < s

_ —
we also have 0"'721:1 g, < m =

APPENDIX B
PROOF OF PROPOSITION 2.2

Let

A = <(0,1 + st + aw) + 2(01117—1—1 + e + a2w)

2
+(a2w+1+"'+a3w)>
=A1+ A+ A3+ Ay + A5+ Ag
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where each A; is given (and bounded) by

Ay =(a1 4 as + - + ay)?
>a? 4+ 3a3 4 -+ (2w — 1)a?,

Ao =4 (aws1 + w2+ + azw)2
>4 (a2 +3a2 5+ + (2w —1)a3,)

As = (aguwi1 + aguwia + - + azu)°
> 34,41 + 303,45+ + (2w — a3,

Ay =4(a1+as+ -+ w) (Guws1 + Guio + -+ a20)
> 4w (afqq +agpp + -+ a3,)

As =2(a1 4+ a2 + -+ aw) (G201 + -+ + a3w)
ZZw(a%w+1+a%w+2+...+a§w)

Ag =4 (w1 + Guwi2 + -+ a2w) (@2041 + -+ + a30)
> 4w (@341 + 3yppn + -+ a3y,) -

Without loss of generality, we assume that w is even. Write

Ao = Ao + Ago,
where

A21 :4<U/2w+1+30;,‘2u+2++(w_1)a12u+%

2 2 2
T Wy eyt WAy yot ot wa2w>7

|
g
Q
L\? (V)

=(2w— 1)a%w + (2w — 3)a%w 44 3a%w + a%w.
Now

As +As + Ag + Ao
> 6(w + 1)aj, 41 + (6w + 3)a3, 1o
+"~+(8w—1)a§w
+ (2w — 1)a3,, + (2w — 3)aZ, + -
+3a3,, + -+ a3,
> 6(w + 1)aj, 41 + (6w +3)ad, 1o
+"~+(8w—1)a§w
+ (2w — 1)a§w_1_1 + (2w — 3)a§w+2
+o o+ 303, + ag,,
> 8w (a3,41 + Ghyps + o+ a3, +a3,)
and
Ap 4+ Aoy + Ay
>al+3a3 4+ (2w —1)d}

+ 4(ai,+1 +3a% 4+ 4 (W= Dagys

2 2 2
tway e+ WA+t wa2w>

+dw (g1 + agys + oo+ a3,
> w?a? +4(w + 1)a, | + 4(w + 3)al 5
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o+ 42w = 1)ak
+8wa12v_|_%_|_1 +8wa12v+%+2 + -+ 8wa3,

w
5 terms

> 4(w — 1)a? + 4(w — 3)a’, + - - - + 4a>)
+d(w + 1ag, g +4(w + 3)ag, o
2
o+ 42w - Day, v
+ 8wa12”+%+1 + 8wa12”+%+2 + -+ 8wa3,,

2 2 2 2
> 8w (a1 + apyz+ -+ a3, | +a3,).

Therefore
A> 8w<ai+1+ai+3+-~-+a%w+a3w+1+-~-++a§w>

and the inequality is proved. O
APPENDIX C
PROOF OF PROPOSITION 4.1

Let ¢ be a k-sparse vector. Without loss of generality, we as-
sume that supp(c) = {1,2,...,k}. A direct calculation shows

that
k
1Fell3 = Y (fosfideics = llella+ Y (i fideic.
inj=1 1<i <k it

Now let us bound the second term. Note that

Z (fis fi)eic;) <M Z |cicjl

1<i j<k,ij 1<i j <k ij
k
<SM(k=1)Y|eil?
1=1
= M(k—1)|lc]3.

These give us
(1= (k= )M)[lell3 < [IFell3 < (14 (k = 1)M)][ell3
and hence
o < (k—1)M.

For the second inequality, we notice that M = 6; ;. It then
follows from Proposition 2.1 that

Orr < VEOp1 < VEEO 1 = VEE M. O

APPENDIX D
PROOF OF LEMMA 5.1

The first inequality is standard. For completeness, we give
a short proof here. Let w; = (f;, z). Then wy,...,w, each
marginally has Gaussian distribution N (0, 0?). Hence

P (||FTZ||OO < a\/2logp)
=1-P <Q {wi > o\/210gp}>
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>1-— iP (wi > a\/210gp)
i=1
= 1—p-P(U)1 > o\/2logp)

1
>1 - ——
- 2y/mlogp
where the last step follows from the Gaussian tail probability
bound that for a standard Gaussian variable V' and any constant
_ —1)2
A>0,P(V>A) <A 1\/%6 A7,
We now prove inequality (V.3). Note that X = ||z]|3/0? is
a x2 random variable. It follows from Lemma 4 in Cai [2] that
forany A > 0

P(X > (1+\)n) < = exp {—g()\ —log(1 + )\))} :

3

Hence
P <||z||2 <oy\/n+ 2\/n10gn>
=1-P(X >(1+Mn)
1 n
>1- )\\/ﬁexp{—g()\—log(l—l—)\))}

where A = 24/n~1logn. It now follows from the fact log(1 +
A) < A= 327+ 33 that

P <||z||2 <oy/n+ 2\/n10gn>

1 1 4(logn)>/?
>1—-—- exp .
n  2y/mlogn 3vn

Inequality (V.3) now follows by verifying directly that

1 4(10gn)3/2)
2/ logn exp ( 3vn < 1foralln > 2. 0
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