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Abstract

We study adaptive estimation of linear functionals over a collection of finitely many
parameter spaces.A between class modulus of continuity, a geometric quantity,
is introduced and is shown to be instrumental in characterizing the degree of
adaptability over two parameter spaces in the same way that the usual modulus
of continuity captures the minimax difficulty of estimation over a single parameter
space. The between class modulus of continuity is used to describe when full
adaptation is possible. A sharp rate optimal lower bound on the cost of adaptation
is derived. An ordered modulus of continuity is used to construct a procedure
which which is within a constant factor of attaining these bounds. The results are
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1 Introduction

The problem of estimating linear functionals occupies an important position in the
general theory of nonparametric function estimation. In particular the global recovery
of an unknown function is sometimes best viewed as estimation at each point: an example
of a problem of estimating a linear functional. When attention is focused on pointwise
estimation a natural goal is the construction of estimators which adapt to the unknown
local smoothness of the function. In this framework an adaptive estimator would be
one which is simultaneously near minimax over a number of different local smoothness
classes.

As a step towards this goal of adaptive estimation attention first focused on the more
concrete goal of developing a minimax theory for estimating linear functionals over a
fixed parameter space which can for example specify the smoothness of the function.
This theory is now well developed particularly in the white noise with drift model:

dY (t) = f(t)dt + \/lﬁdW(t) (1)

where W (t) is a standard Brownian motion. Ibragimov and Hasminskii (1981) showed
that this model captures many of the essential conceptual difficulties of other nonpara-
metric models without some of the additional technical features. This model also arises
as an approximation to many other nonparametric function models such as that of den-
sity estimation,nonparametric regression and spectrum estimation. See for example Low
(1992), Brown and Low (1996a), Nussbaum (1996).

Based on white noise data a general theory for estimating a linear functional has
been given assuming only that the parameter space is convex. The first general result of
this type was given in Ibragimov and Hasminskii (1984) where the parameter space was
also assumed to be symmetric. Ibragimov and Hasminskii (1984) constructed a linear
estimator with the smallest maximum mean squared error. Donoho and Liu (1991) and
Donoho (1994) extended this theory to general convex parameter spaces.

In the general case of a fixed convex parameter space F, Donoho and Liu (1991) and
Donoho (1994) showed that the minimax theory for estimating a linear functional T'f

over F can be completely described by a modulus of continuity
w(e, F) =sup{|[Tg = Tf[: lg— fll2<e&feF,geF} (2)

Affine estimators play a fundamental role in this theory. The minimax affine risk

R%(n,F) and the minimax risk R} (n,F) of estimating T'f over a convex function class
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F can be defined respectively by

R(n,F) = inf sup E(T —Tf)>?
T affine feF
and

Ry (n, F) = infsup E(T — Tf)>.
T feF

Donoho and Liu (1991) and Donoho (1994) have shown that

Loy 1 * 2 in 2, 1
22— < - n__ < _
8(") (\/ﬁ?f) = RA(”J f) S:igw (67 f) % + % SW (\/ﬁvf) (3>

and that the modulus can be used to give a recipe for constructing an affine procedure
which has the maximum mean squared error attaining the risk given in (3). In addition
Donoho and Liu (1991) also showed that

Ry(n, F)

Roin 7) < 1.25 (4)

and so the maximum risk of the optimal affine procedure is within a small constant
factor of the minimax risk when the parameter space is convex. It should be stressed
that (3) and (4) taken together show that the minimax mean squared error for estimating
a linear functional over a convex parameter space is always of order wz(ﬁ, F).

It should also be emphasized that the minimax theory described above is a theory
for a given convex parameter space. The goal which we alluded to earlier of construct-
ing estimators which adapt to the smoothness of the function is not covered by this
theory. A natural way to extend the minimax theory to an adaptation theory is to con-
struct estimators which are simultaneously minimax or near minimax over a collection
of smoothness classes. In general however this goal cannot be realized.

In particular Lepski (1990) was the first to give examples which demonstrated that
rate optimal adaptation over a collection of Lipschitz classes is not possible when esti-
mating the function at a point. In this case a logarithmic penalty must be paid over all
but one of the parameter spaces. Efromovich and Low (1994) showed that this phenom-
ena is true in general whenever we try to adapt over a collection of nested symmetric
sets where the minimax rates are algebraic of different orders. Klemela and Tsybakov
(2001) give sharp results for adaptive estimation over convex, symmetric renormaliz-
able function classes. Lepski and Levit (1998) study adaptive estimation over infinitely

differentiable functions.



On the other hand the goal of fully rate adaptive estimation of linear functionals can
sometimes be realized. When the minimax rates over each parameter space is slower than
any algebraic rate Cai and Low (2001) have given examples of nested symmetric sets
where fully adaptive estimators can be constructed. In addition, when the sets are not
symmetric there are also examples where rate adaptive estimators can be constructed.
Such is the case for estimating monotone functions where an estimator can adapt over
different Lipschitz classes. See Kang and Low (2002). Other recent results on adaptive
estimation can be found in Butucea (2001), Efromovich (1997a,b, 2000) and Efromovich
and Koltchinskii (2001).

Although the above mentioned examples show that there are cases where fully rate
adaptive estimators exist and other cases where fully rate adaptive estimators do not
exist, to date there is no general theory that characterizes exactly when adaptation
is possible. In the present paper building upon the framework of Donoho and Liu
(1991) and Donoho (1994) we provide a general adaptation theory for estimating linear
functionals.

In Section 2 we extend the modulus of continuity defined by (2) to a between class
modulus of continuity and show that the between class modulus can be used to char-
acterize when adaptation is possible. This modulus captures the degree of adaptability
over two parameter spaces in the same way that the usual modulus of continuity cap-
tures the minimax difficulty of estimation over a single parameter space. In Section 2
a sharp rate optimal lower bound on the cost of adaptation is given in terms of the
between class modulus.

Another closely related modulus which we call an ordered modulus is introduced
in Section 2 and used in Section 4 to construct adaptive estimators that are within a
constant factor of this lower bound. The bounds and construction hold for an arbitrary
pair of convex parameter spaces and any linear functional. In particular we do not
assume that the parameter spaces are nested or symmetric. We also show that this
general theory for two parameter spaces can be extended to any finite nested collection
of convex parameter spaces and under mild regularity conditions on the modulus can
be extended to finitely many non-nested convex parameter spaces. An estimator with
minimum adaptation cost over a collection of parameter spaces is constructed in Section
5.

The theory also shows that there are three main cases in terms of the cost of adap-

tation. We shall call the first case the regular one where as in the case of estimating a



function at a point over Lipschitz classes considered by Lepski (1990) the cost of adap-
tation is a logarithmic factor of the noise level. In the second case full adaptation is
possible as in the examples considered in Lepski and Levit (1998) and Cai and Low
(2001). More dramatically in the third case the cost of adaptation is much greater than
in the regular case. The cost of adaptation in this case is a power of the noise level.
Examples of all three cases are given in Section 3. In addition, we give in Section 5
an interesting example of adaptively estimating a function at a fixed point over a finite
collection of parameter spaces where one loses a necessary logarithmic penalty on some

parameter spaces and yet is fully adaptive over other spaces.

2 Lower bound on the cost of adaptation

In this section we focus on lower bounds for the cost of adaptation where it suffices to
consider just two parameter spaces, say F; and F,. The bounds are easily expressed in
terms of a between class modulus of continuity. For convenience however we first define

an ordered modulus of continuity w(e, F, Fa) between two classes F; and F» as
we, Fi, Fo) =sup{Tg—Tf: |lg—fl2 <& f € Fi,9 € F}.

The ordered modulus of continuity will be useful in the construction of adaptive esti-
mators given in Sections 4 and 5. This is a quantity derived from the geometry of the
graph of the linear functional T" between the regularity classes F; and F;. Note that
w(e, Fi, Fy) does not necessarily equal w(e, Fa, F1). It is however clear that the mod-
ulus w(e, F1, Fz) is an increasing function of €. Moreover if F; and F» are convex with
Fi1NFy # D, then for a linear functional T' the modulus w(e, Fy, Fs) is also a concave
function of €. See Cai and Low (2002). In particular, for D > 1

w(De, Fi,F2) < Dw(e, Fi, Fa). (5)

For the statement of lower bounds for the risk it is also convenient to define a between

class modulus of continuity w, (€, Fi, F2)
wi(e, Fr, Fo) =sup{[Tg = Tf]: g = fl2 < & f € Fr,9 € Fa}. (6)

Clearly, wy (e, Fi,F2) = max(w(e, Fi,Fa),w(e, Fo,F1)). Note also that although w,

need not be concave it follows from (5) that

W+(D€, fl,f2> S Dw+(e, fl,./fg). (7)
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When Fy = F, = F, w(e, F, F) = wy (e, F,F) is the usual modulus of continuity
over F and will be denoted by w(e, F) as in (2).

In the minimax theory of estimating linear functionals Donoho and Liu (1991) showed
that in many problems w(e, F) is Holderian, w(e, F) ~ Ce?*) where 0 < ¢(F) < 1 and
hence from (3) and (4) the minimax mean squared error rate is of order n~%%). In related
adaptive estimation problems the between class modulus of continuity w; (e, F1, F2) is
also typically Holderian wy (e, Fi, Fa) ~ Ce?P1:72) We shall show later in this section
that the cost of adaptation can then easily be explained in terms of the relationship
between min(q(F1), ¢(F2)) and q(Fi, F2). See the following discussion and examples in
Section 3.

The problem of adaptability is also easily explored when the modulus is ordinary.

Definition 1 We shall call a between class modulus w, (e, F1, F») ordinary if

e W+(€,«7:1,«7:2)

lim li =0 8
Dl—I}éoel—r}(l)w_i_(DE’fl,fz) ( )
or equivalently if for some D > 1

20 wy (De, F1, F?)
Note that if the between class modulus is Holderian with 0 < ¢ < 1 then it is also
ordinary.

The following results all give bounds for the risk under various assumptions on the
modulus of continuity. Theorem 1 is the most general whereas Theorem 2 is useful
for providing the lower bounds for the performance of the adaptive estimators given in
Sections 4 and 5. Corollary 1 considers an important case for adaptability and Corollary
2 gives sharp lower bounds for the cost of adaptation in the case of Holderian moduli
when adaptation for free is impossible. Corollary 2 is also useful for the applications in

Section 3. In the results that follow we write
R(T, Tf) = Bf(T = Tf)*
for the mean squared error of an estimator 7' based on the white noise data (1).

Theorem 1 Consider two function classes Fy and Fy with Fy N Fy # (. Let T be a

linear functional and suppose that

. 1
sup R(T, Tf) <~y 22 (—, F, F 10
sup ( )<y +(\/ﬁ 1, F2) (10)



for some v > 1. Then for any 0 < p <1

su 3> pln? _1 2,
fe]l-‘)g( (T, Tf))2 > wi(\f—— - , Fu, Fa) — +(\/— , Fu, Fa). (11)

Now suppose there exists a sequence d,, > 0 such that

lim d;'- sup R(T, Tf) < A (12)
n—oo fefl

with 0 < A < oo and J
hy, = = — 0. (13)

Wi(%, -I’tbe)
Then

1.7 Supfefg (T Tf)

n— o0 A
\/ nnv fla‘/TQ

with A, = —3In(Ahy,) — oo. In particular if in addition the modulus w, (e, F1, F2) is
ordinary as defined in (8) then
—— supses, R(T, Tf) _

lim
o Wi(ﬁ, Flaf‘Z)

(14)

(15)

Remark: Conditions (12) and (13) are satisfied if

m Sque]—‘l R(T7 Tf)

= 0.
e W%(ﬁa}],}})

Proof of Theorem 1: We shall only consider the case where F; and F, are closed and

norm bounded. The general case is proved by taking limits of this case as in Section 14
of Donoho (1994).
For 0 < p <1, choose f1, € F; and f,, € F such that

plny?
n

| fin — fonll2 <

and such that the modulus is attained at {fi,, fo.}:

In 2
T fan = Thial = wa (P2, Fi F).

Let 61 =T fi,, 02 =T fo,, and let B, = n| fi,, — f2n||% Then 3, < pln~2.
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Denote by F;,, the probability measure associated with the white noise process

<t< -, i=12

l\DM—l
l\')\»—t

Y(t) = fin(t)dt + \}ﬁdW(t),

Then a sufficient statistic for the family of measures {P,,, : ¢ = 1, 2} is given by
Sp = log(dPs,/dP, ) with

N(Z B,) under Py,

2

S ~ { N(—%", Bn) under P,

Denote by 0, = T f1,,, 02 = T fa,,, and sp, the density of S, under P;,, (i =1, 2). Then,
55, (2)
50, (:L")

Applying the constrained risk inequality of Brown and Low (1996b) with I(6, 0y) < 7*
e < 'y‘lw+(ﬁ,.7:1,.7:2), and A = ‘01 — 92| = w+(\/pl{r117’y2’ «/Tla:F2)> we have

de = e’ < ~%

1(6y, 65) = /

. 1 pln~2 1
(R TR = ([P R F) =7 (2

, Fi, Fo) — v U Pwy (—

Fth)
1
\/—
1

Inequality (14) follows by evaluating (11) with v = (Ah,,)"2 and p = 5 and from the

plny?

= wi( Fi, Fa).

assumption that h, — 0. Inequality (15) now follows from the assumption that the

modulus wy (€, Fy, Fp) is ordinary, i.e.,

Tim Tim W+(€ «7:17-7:2)

= 0.
D—o00e—0 w+(De Fi. :FQ)

This completes the proof of Theorem 1. g

Remark: Using a two point risk inequality in Cai, Low and Zhao (2001), Theorem 1
can be further generalized to ¢P-loss for all 1 < p < cc.

In most applications of interest the minimax rate of convergence differs on the pa-
rameter spaces JF; and F,. If the rate is faster over F; then the following theorem can
be used to give a bound on the maximum risk over F; assuming that the estimator is

minimax rate optimal over Fj.



Theorem 2 Let T be a linear functional and let Fy and Fy be parameter spaces with
FiNFy#£ 0 and w(e, Fr) < wle, Fp) for all sufficiently small 0 < € < €. Suppose that
T is an estimator of Tf based on the white noise data (1) satisfying

. 1
sup R(T, Tf) < w*(—, F 16
sup R(T, 1) < elo?( = ) (16)

for some constant ¢, > 0. Let

Then for all sufficiently large n

fél}% R(T, Tf) > c{wf_ (W, Fi, .7:2) —l—wz(\/lﬁ, fz)} (17)

where ¢ > 0 1s some fixed constant.

Proof: First note that standard two point testing arguments as for example contained
in Donoho and Liu (1991) or Brown and Low (1996b) show that the minimax risk for

estimating a linear functional T'f over F; is bounded from below by

. 1 1
inf sup E(T — Tf)? > —w? ,.7-"). 18
ot sup BT =T > o (2 7 (19

Let n be sufficiently large so ﬁ < €. If 7, = e, then

1 1 1

w+(\/ﬁ,.7:1,.7:2) < ec*w(ﬁ,fl) < ec*w(ﬁ,]‘}).
Hence
i Le(d In . |
T,Tf)><w|— > 2 F 2, 1
?g%R( T =2 g (ﬁ B) —C{w+( — fl,fz) +w (\/ﬁ, .7:2)}
with ¢ = m,

Now assume that «,, > e. Then it follows from (16) that
1

su RT,T <2 (——=, Fi, F»).
fealgl( < +(\/ﬁ 1, F2)



Applying Theorem 1 with v > e and p = =, we have

1
29

R 1 1
sup R(T, Tf) > (1— e 8% (| =, i, Fo).

feFa

This and equation (18) now yields

A 1 In~, 1
R(T, Tf) > —w? [\ —=, F, F =, Fa) ¢
sup (T, Tf) 2 4 {w+ (\/ s F 2)+W(\/ﬁ, 2)} |

In light of the lower bound given in Theorem 2 we give the following definition.

Definition 2 We shall call an estimator T optimally adaptive over Fy and F, if it
satisfies both (16) and (17).

Notation: For two sequences a,, and b,,, we will denote by “a,, < b,” if as n — oo the ratio
of a, and b, is bounded away from 0 and co. Similar, for two functions a(e) and b(e),
“a(e) < b(e)” means a(e)/b(e) is bounded away from 0 and oo as € — 0+4. Throughout

of the paper, we denote by C' a generic constant that may vary from place to place.

Although Theorem 2 holds whether or not F; and JF; are convex, it should be noted
that estimators satisfying equation (16) are only guaranteed when F; is convex or a
union of finitely many convex parameter spaces. As mentioned in the introduction when
the parameter space F is convex, Donoho (1994) establishes that the minimax risk
Ry(n,F) < wQ(ﬁ, F), as n — oo. In Cai and Low (2002) it is shown that if F is
the union of a fixed finite number of closed and convex sets, then this result still holds.
Therefore, in both these cases conditions in Theorem 2 are satisfied with v,, — oo and
in these cases the following corollary which shows when fully rate adaptive estimators

do not exist immediately follows from Theorem 2.

Corollary 1 Let T be a linear functional and let Fy and Fy be parameter spaces with
FiNFy # 0. Suppose the minimaz risks Ry (n, F;) < w*(=, F) for i =1, 2 and
suppose that the modulus w4 (€, Fi, F) is ordinary. If

lli%zgi,fj =0 and wi(e, F1,F) > Cw(e, F) (19)

for some C' > 0 and all 0 < € < ¢y, then for any estimator T,
— SUDjcr, R(T; Tf)

max lim =00
1) 1
i=1,2 n—00 ((72(%, f'z)

That is, adaptation over Fy and Fy without cost is impossible.
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Condition (19) holds for a wide range of functionals and function classes of interest.
In particular it holds whenever F; and F; are symmetric and the minimax rate of
convergence over the convex parameter spaces differ. Thus Corollary 1 shows in much
generality that the problem of estimating a functional T f lacks adaptability.

Stronger statements can be made when the between class modulus is Holderian, i.e.
wi 6, Fiy ) = CATF (1 4 0(1))

for some constant C' > 0. Such will be the case in the examples considered in Section 3.

The results in the following corollary give lower bounds for the cost of adaptation.

Corollary 2 Let T be a linear functional and let Fy and Fy be parameter spaces with
FiNFy # 0. Suppose the minimaz risks for estimating Tf over the function classes
Fi and Fy satisfy Ry (n, F;) <n™" fori =1, 2. Suppose the between class modulus of
continuity wy (e, Fy, Fo) is Holderian with exponent ¢ = q(F1,Fs).

If g =19 <11 0orq < 1ry <1y, then for any estimator T attaining a rate of

convergence n' over Fi with r > q,

n—oo f6.7:2

q
lim <1ogn> sup R(T, Tf) > 0. (20)

Proof: Let d,, = n~" and h,, = n?". Then (20) follows from (14) in Theorem 1 and the
condition that wy (e, Fi, Fo) < €?.

Remark: In the first case when ¢ = ro < r; then (20) shows that the maximum risk
over JF, is elevated by at least a logarithmic factor. In the second case when ¢ < ry < 1

the maximum risk over F5 must be increased by at least a power of the sample size.

3 Examples

Section 2 gave lower bounds on the cost of adaptation based on the between class
modulus. In this section we give examples of these lower bounds. In Section 4 we show
that the lower bound is in fact rate sharp.

As mentioned in Section 2 in most common cases when estimating a linear functional

over convex parameter spaces the modulus is Hoélderian
wile, Fiy Fy) = Cige’ ) (14 o(1)) (21)
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where we write ¢(F;) for q(F;, F;). In such cases the most easily computed bounds in
Section 2 are given in Corollary 2 which can then be used to classify the problem of

adaptation over convex parameter spaces into three cases:

e Case 1: ¢(Fy,F>) = min(q(F1), (F2)) < max(q(F1),q(Fz2)). This is the “regular
case” which holds for many linear functionals and common function classes of
interest. In this case, one must lose a logarithmic factor as the minimum cost
for adaptation. A common example of such a case is estimating a function or a
derivative at a point, i.e., T'f = f*)(ty) for some s > 0 when the parameter spaces
are assumed to be Lipschitz. See Example 2 below, Lepski (1990), Brown and Low
(1996b) and Efromovich and Low (1994).

Besides the regular case, there are two extreme cases.

o Case 2: ¢(Fy1,F2) > min(q(F1),q(Fz)) or q(F1,F2) = q(F1) = q(F2). This is a
case which is not covered in Corollary 2. We shall show in Section 4 that in this case
adaptation for free is always possible. That is, one can attain the optimal rate of
convergence over JF; and JF; simultaneously. An example of this case is estimating

a function at a point over two monotone Lipschitz classes. See Examples 1 and 3
below and Kang and Low (2002).

e Case 3: ¢(Fi,F,) < min(q(F1),q(F2)). In this case the cost of adaptation is
significant, much more than the usual logarithmic penalty in the regular case. If
f is known to be in F, one can attain the rate of n?’1): and if one knows that f
is in Fs, the rate of convergence n?”2) can be achieved. Without the information,
however, one can only achieve the rate of (n/logn)?’172) at best. So the cost
of adaptation is a power of n rather than the logarithmic factor as in the regular

case. See Example 2 below.

Note that if the the parameter spaces F; and F, are nested, then only Cases 1 and 2
are possible and Case 3 does not arise.

We now consider a few examples below to illustrate the three different cases. Exam-
ples 1 and 3 covers Case 2 in which full adaptation is possible. Example 2 covers both
Case 1 and Case 3 with different choices of parameters. In each of these examples we
need to calculate the between class modulus of continuity. The basic idea behind these

calculations is contained in Donoho and Liu (1991) and consists of finding extremal
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functions. For the calculation of extremal functions it is useful to introduce the inverse
@4 (a,Fi, Fs) of the ordered modulus

ola, Fr, Fo)=it{|lg— fll2: |Tg—Tf|=a, f € Fi,9 € Fa}. (22)

We shall also write w(a, F) for @(a, F,F).
Example 1: In this example we shall have 0 < ¢(F,) < ¢(F1, F2) = ¢(F1) < 1 and

w(e, F1,F2) = w(e, Fo, F1). In this case full mean squared error adaptation is possible.

For 0 < a <1, let F(a, M) be the collection of functions f : [—3, 3] — IR such that

|f(x) = f(y)| < M|z —y|*

Let D be the set of all decreasing functions and let Fp(a, M) = F(a, M) N D be the set
of decreasing functions which are also members of F'(a, M). Let T'f = f(0) and assume
that 0 < ay < oy < 1. Let F; = Fp(aq, My) and Fy = Fp(ag, My). Then for these

parameter spaces and the linear functional T'f = f(0)

min(a, My|x|*), when z <0
fl(x)— ( 1‘ ’ )
a, when z > 0

and
a, when z <0

€Tr) =
f2(e) { (a — Myx®),, when z >0
are extremal and it follows that for sufficiently small a > 0

2a1+1 2a2+1
a “1 a “2

1 1
Ml(’l (20[1 + 1) M2a2 (20{2 ‘I— 1)

o*(a, Fr, Fa) =

and hence as € — 0
9 BT e
w(e, F1,F2) = (2ay + 1)2afT M 20177 (1 + o(1)). (23)
Similar arguments yield w(e, Fo, F1) = w(e, F1, Fo) and
1 o _1 20
WPle, F1) = (o + )T MFT (14 o(1) (24)

and
1 « ﬁ 2
WPe Fa) = (i + 5) P M e (14 o(1). (25)
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In this case ¢(Fi, F2) = max(q(F1),q(Fz2)) > min(q(F;),¢(F2)) and hence adaptation

for free can be achieved.

Example 2: This example shows that sometimes we must lose more than a logarithmic

factor when we try to adapt.

Let F®(a, M) be the collection of functions f : [—3, 3] — IR such that

1
@) = FOW < Mo —y[*™ 0<a<y<g
where s is the largest integer less than a. Similarly, let FL(a, M) be the collection of
functions f : [—3, 3] — IR such that
1
7O@) ~ [OW) < Mz~~~ <z <y<o

Flnally let F(Oél, Ml, g, Mg) = FL(Oél, M1> N FR(OQ, MQ)

Note that for the linear functional 7'f = f(0) and the (ordered) parameter spaces
Fi = F(ayq, My, a9, My) and Fy = F(B1, N1, B2, N3) the functions

c1, when z < b;
Mi|z|*, when by <z <0
fi(z) = N
Ms|z|*2, when 0 < x < by
Ca, when = > by
and
cq, when x < b;
a— Ny|z|%, when b <2 <0
foz) = o

a— Nox™, when 0 <2 < b,y
Ca, when x > b,

are extremal for sufficiently small a > 0 where b; < 0 and by, > 0 are determined by the

constraints
a — N1|b1|ﬂ1 = M1|b1|a1 and a — ]\/va’g2 = MQb?z,

and ¢; and ¢y are constants chosen to make the functions continuous.
It is then easy to check that

W (e, Fi) = Clon, My, 0z, Mp)em (1 + 0(1)) (26)
where § = max(ay, az). And similarly
W2(e, Fo) = C(B1, N1, Ba, No)e 1 (1 4 o(1)) (27)
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where p = max(f;, ().
We now assume that 0 < aps < a3 < 1and 0 < 3; < 35 < 1. Then

2

The extremal functions given above also lead to the between class modulus

. 2@1
20y +1

and q(Fy) =

w?(e, F1, F2) = C(My, ar, My, aa, Ny, Br, No, 52)6%(1 +0o(1))

where v = max(min(ay, 31), min(ag, 32)).

(28)

Two interesting cases may arise, depending on the relationship among aq, as, i

and [.

e 5 > (51 > a3 > ay. Then the quantity 7 in equation (28) is v = «; and so

q(F1, Fa) = 5245, Hence in this case

q(F1, F2) = min(q(F1), q(F2)) < max(q(F1),q(F2)).

This is a standard case where a logarithmic penalty term must be paid for adap-

tation.

a1 > [y > [ > ay. In this case, the quantity « in equation (28) is v = (41 and

hence ¢(Fy, F2) = 2§ﬁ1. Therefore in this case

q(F1, F2) < min(q(F1), q(F2)).

Consequently the cost of adaption between F; and F, is much more than a loga-
rithmic penalty. The maximum risk over the two different parameter spaces is of
2031

the order n 2A1+1,

A particularly interesting case is when a; = (35 > (3; > ao. In this case, the
__2P2

minimax rates of convergence over F; and F, are the same, both equals n 2%+,

Yet it is impossible to achieve this optimal rate adaptively over the two parameter

spaces, in fact the cost of adaption in this case is substantial.

Example 3: This will give an example where 0 < ¢(Fy) < ¢(F1,F2) < q(Fa) < L.

It will also yield an example where w(e, Fy,Fy) # w(e, Fo, F1). In this case full mean

squared error adaptation can be achieved. Let T'f = f(0). Now let

Fp(a1, My, ap, My) = F(ay, My, az, M) N D
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where F'(aq, My, ag, Ms) is defined as in Example 2.
It is easy to see that for the (ordered) parameter spaces F; = Fp(ay, My, as, Ms)
and Fo = Fp(f1, N1, B2, N2) the extremal functions are

min(a, M;|z|*), when x <0
T) = 29
Siz) { a, when x > 0 (29)
and
a, when <0
fala) = , (30)
(a — NozP?), when z >0
and it follows as in the first example that
207 +1 Qﬁg-u
a1 2
QQ(a,}],fg) = i@ + ia .
Mlal (20{1 + ].) N2B2 (2/82 + ].)
For now let 3; > B3 > a3 > ap. Then it is easy to check that
2a
wi(e, F) = Cemri(1+ o(1))
and ,
261
wi(e, Fo) = Ce?+1 (1 + 0(1))
and also )
Wi (e, Fr, Fo) = Ceati(1+ o(1)). (31)

Now extremal functions for the ordered parameter spaces F, and F; analogous to (29)

and (30) also easily yield
5
(e, Fo, F) = Cemi1 (14 0(1)). (32)

Hence this is an example where w(e, F1, Fa) # w(e, Fo, F1)(1+0(1)). Note that 5; > (s,

it then follows from (31) and (32) that ¢(Fy, F2) = 2;511. Hence this is an example

where

0< Q(F1> < Q(fl,fz) < Q(fg) < 1.

In particular, ¢(Fy, F2) > min(q(F1), ¢(F2)) so it is also an example where full mean

squared error adaptation is possible.
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4 Adaptive estimators and upper bound for the cost

of adaptation

In this section we consider adaptation over two parameter spaces which are not neces-
sarily nested. The results in this section also shows that the lower bound on the cost of
adaptation given in Theorem 2 is rate sharp.

Let F; and F, be two closed, convex parameter spaces with F; N F, # (). Denote
by G = F1 UJF,. In the case of non-nested convex parameter spaces adaptive estimation
theory requires a minimax analysis for sets which are not convex. The reason is that
we need to know the minimax risk and minimax rate optimal procedure over the union
G = F1 U F,, which is in general nonconvex. The extension of the minimax theory for
estimating linear functionals over nonconvex parameter spaces has been considered in
Cai and Low (2002). In particular, it is shown that if G is a union of a finite number
of closed convex parameter spaces, the minimax risk is still of the order wQ(ﬁ,Q).
However, in general rate optimal estimators are necessarily nonlinear. Explicit rate
optimal procedures are constructed.

The following theorem is from Cai and Low (2002).

Theorem 3 Suppose the white noise model (1) is observed. Let G = UE_|F; where F;
are closed convexr parameter spaces with nonempty intersections and k is fixed. The

minimaz risk for estimating the linear functional T'f over G satisfies

1 A 1
Ciw? | —, <infsup B(T — Tf)? < Cou? | —, 33
(e 0) <infswp BT =T < 0 (1 6 )
for some constants 0 < C7 < Cy < o0.

Furthermore, there ezists a rate optimal estimator T* of the linear functional T f

satisfying

. 1
E|T* = TP < Clk, plo® [ —=, 34
sup EIT = TP < Clhpe?  1=.0) 30

for all 1 < p < oo, where the constant C'(k,p) depends only on k and p.

In Section 2 we briefly introduced an ordered modulus of continuity although the bounds
given in that section are based on a between class modulus. In the construction of
adaptive estimators it is more convenient to work directly with the ordered modulus. In

Cai and Low (2002) it was shown that for any linear functional the ordered modulus of
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continuity can be used to give a linear procedure which has upper bounds for the bias
over one parameter space and lower bounds for the bias over the other parameter space.
More specifically, for two convex sets F and ‘H with F N'H # (), it was shown how to

construct a linear estimator 7" which has variance and bias satisfying

Var(T) = E(T —ET)*<YV, (35)
?EE(ET -Tf) < ;SEEIOJ (w(e, F,H) — \/We) (36)

and ) )
inf (BT = Tf) > =5 sup (wle, . H) = VnVe) . (37)

Such linear estimators are useful because they trade bias and variance in a precise

manner. See Cai and Low (2002) for details of the construction.

4.1 Construction of the adaptive procedure

In this section we shall use the bias and variance properties given in (35) - (37) to
construct a test between F; and F5 which will be used in the construction of our adaptive
estimator.

Let F; and F;, be convex parameter spaces with F; N Fy # () and for i = 1 and 2,

let 7} be linear estimators satisfying

A 1
sup BE(T, — Tf)* < w?(—=, F)).
sup B(F, = T < (7= )
By (3) these estimators exist and are minimax rate optimal over F;. In our problem
here, G = F; U F; is the union of two closed convex sets. Denote by TQ* the estimator

given in Theorem 3 satisfying (34). In particular, TQ* satisfies

aup B(T; - Tf) < aﬁ(jﬁ, g) (38)

and
. 1
sup E|Ty — Tf]* < Cw* ( g). 39
p 12|75 T NT (39)
We will now construct two linear estimators TALQ and 7! 5.1 which have bias and variance

properties over F; and F, which allow for the construction of a test tailored to the
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construction of an adaptive estimator over F; and F;. For 1 <1 # j < 2 let

(L, Fiu F)

=1+ 40
'7,] w(ﬁ,Fl) ( )
and ( ) )
wi (7= F1, Fo
Y4 = max(yi2, Y2,1) = 1+ f1 (41)
W(ﬁ,fl)
Note that
w(J=,F1,G) w(==,G,F1) wi(7=,F1,G)
3 ) TR Vvn? ’
> _vyr > ~° d > —Y
YM,2 = w<%ﬂ}—1) v V21 2 o 1n7]_—1) and Yy = w(ﬁ,}])
For i # j let
1 In~;
V., = 2 “F
7 Inyy ( n T 75)
Then for ¢ # j
1
B;; = 521;%)(01(679575’3) —€y/nVi;)
1 In~; ;
= o s (wle, FiF) e —w(i 1 FLF)
2 s ln’yi,j n
e/t
1 hl’}/i,j

For i # j let T} ; be the linear estimator satisfying (35) - (37) with F = F;, H = F;
and V =V, ;. Then if f € F,

E(Tl - Tl’g) - E(Tl - Tf) - E(TLQ - Tf)

vV
|
&
—_
)
|
£
=3
S
o
)
Ry

W

and

E(Ty —Tyy) = E(Ty—Tf)— E(Tyy — Tf)

1 In
e T 2L Fy R

= bo1. (43)

< w(
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Note also that

Var(Th — Tha) < 2(w2(;ﬁ,f1>+ln}m 2 1“21’2,f1,f2))
= V12 (44)
and
Var(fy — Ty1) < 2(—=, F) + ——u2( 220 7, 7))
’ Vn Invs1
= Ug1. (45)

The estimators Tl, TALQ and TA271 can be used as a test between F; and F5. Let
. 1 . . 1
I, =1(T15 —5bijo — 3w(—,G) < T < T: 5b 3w(—=,
(112 1,2 w(\/ﬁ g) 1 2,1 +dba1 + w(\/ﬁ g))
Finally let
T=1T+(1-1,)T5 (46)

Remark : The estimator 7' uses Tl, which is rate optimal over F7, when the test I, is
in favor of Fi; the estimator T uses T, 5, which is rate optimal over G = F; U F,, when
the test I, is in favor of F,. It is important in this case to use 7. 5 instead of a rate

optimal estimator over Fs.

4.2 Adaptivity of the procedure

Theorem 4 below shows that the estimator 7* constructed above is adaptively rate
optimal and that the lower bound for adaptation between F; and F; as given in Theorem

2 is sharp.

Theorem 4 Suppose Fy and Fy are two closed convex parameter spaces with FiNFy #
and w(e, Fi) < w(e, Fy). The estimator T defined in (46) is adaptively rate optimal over
Fy and Fy. That is, T' attains the ezact minimaz rate of convergence over Fi and attains

the lower bound on adaptation over Fo as given in Theorem 2. Hence,

sup BE(T —Tf)? < C’wQ(L

feF Vn' ) 47)

and

sup E(T —Tf)? < C’{wi( 0% -7:17]:2)‘1‘002(\/15’-7:2)} (48)

- i
feF2 n

where vy is defined in equation (41).
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Remark: The estimator 7' defined in (46) is also adaptive between F; and G = F; U Fy.
Note that (48) is equivalent to

; 2 2 [Inag g 1
?}GIIQDE(T_TJC) < C{w+( - JF1,0) +w (\/ﬁ,g)} (49)
where
N w-l—(\ﬁv"fl g)

=1+ (f 7) (50)

Therefore T attains the exact minimax rate of convergence over F; and attains the lower

bound on adaptation over G as given in Theorem 2.

The proof of Theorem 4 is facilitated by the following lemmas.

Lemma 1 If f € Fy, then

(,L)Q(i .7:1)
1 /o
(P(I, = o))t < VY (51)
(L)
Proof: First note that for a standard normal random variable 7,
)\2
P(Z>)) < GXP(—?)
holds for all A > 0. It then follows from (42) - (45) that
R N 1
P(In = 0) S P(Tl — T172 S —5b172 — 3w(%,g))
. . 1
+ P(Ty — Toy > bbyy + Sw(ﬁ’ g))
4b1 o + 3w(—==,G))? 4by1 4 3w(—,G))?
[T BGE P (k30 9)
21)12 2U2 1
If wQ(ﬁ,]—]) > hww 2(4/ h”” ,F1,F>), noting that e~ > f272 for 2 > 0, then
ox (4[)12+3(x)(\/—,g>)2 < _9 WQ(ﬁ,g) <2 1w <\/’7'7:1)
p > eXp 1 = 4/ 1 . (52>
201 9 wQ(ﬁ,}]) 2w (f,g)
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Iwa( 1 111712 \/lmlz’ Fi1,Fs), then

(4612+3CU(\F,Q))2 < 16(,()2 \/@ fth +9w2(\%,g)
exp | — <exp|—
2012 (/B2 R Ry

wz(ﬁvg) (f?g)
< exp (_<41n%’2+2w2(\}ﬁ,.7:1,]:2))) < exp( (4ln712+2m)
W F) 1w F1,9) 1wl ()

N W4<f7-7:17g) 2 W4(\f7g) _§W4(ﬁag).

(53)

Combining (52) and (53) yields that

eXp( (4b12+3£d(f,g))2) 1&)4(%,?1)

2’0172 -2 w4<%,g) ’
Similarly,
4by 1 + 3w (-, G))? Wi, F
exp _( 2,1 (\f ) Sly
2’0271 2 w4(7,g)
Therefore,
pr, = o < o 7

Now consider the case f € Fs.

Lemma 2 If f € F, and |ET, — Tf| > /\(b12+b21+w(\f7 G)) for some A > 6, then

(A—6)2

PI,=1)<e 1 . (54)
Proof: We shall only give details of the proof when

. 1
ETy =Tf > AMbig +bay + w(ﬁu
The case of ET; — Tf < —Ab12+ b2 + w(ﬁ, G)) can be handled similarly.

Let f € F,. Then

g)).

L g

P(I, =1) < P(Ty — Ty < 5bay + 3w(
) 5 \/ﬁ
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Note that

. . 1
E(Ty —Tsy — 5byy — 3”(%a g))

N A 1
= E(Tl — Tf) — E(TQJ — Tf) — 5b271 — 3&)(%79))
oy + M=, G) — & ,/ln’m Fo 1) — 5byy — Sw(—=.C
2,1 w \/ﬁ’ 501( T’ 2, 1)— 2,1 — w(ﬁ7 )

> (A—6) (w(Mny,fl) +W(\/15ag)) :

Noting that Var(’fl - TQJ) < g = Z(wQ(ﬁ,]—]) + 1n»121w2(‘/ lnjf’l,f%}"l)), it follows
that

v

C—ep /R AR +w<;5,g>>2)

2 V2.1

P(I,=1) < exp (

(r—6)
4 )

< exp(—

Proof of Theorem 4: The minimax rate optimality of 7" over F; now follows directly from

Lemma 1 and Theorem 3.

M=

sup E(T —Tf)? < sup E(Ty — Tf)* + sup (E|Ty — Tf|")% - (P(I, = 0))

feF feF feF
2 L g L WQ(ﬁ’fl)
< W(\/ﬁafl)Jrcw(\/ﬁ’g)’w
1

Now consider the case f € Fy. If f € Fy and |ET1 —Tf| <6(bra+ boa +w(in,g)),
then

E(T —Tf)? < E(Ty—Tf)?+E(T5 —Tf)?

1 1 1
w2(%7f1) +36(b1 2 + boy + w(%7 g))2 + CCUQ(%; g)

1 1 1
Cw(y/ HZLQ,]-},}"Q) + CW2(yf nf’l,g,ﬂ) i C’wQ(ﬁ,Q) (56)

23

IA

IN



where C' is a constant not depending on f.

Now note that if X has a normal distribution with mean p and variance o then
(EX"Y)7 < 3(% + o). (57)

If f € Fyand |[ETy —Tf| > Mbro+bos —i—w(ﬁ, G)) for some A\ > 6, it then follows from

Lemma 2 and inequality (57) that
E(T = Tf < (BT = T2 - (P(L, = )2 + E(Ty ~ Tf)*

S <3V0J'I"(T1) + 3)\2(171’2 + b2,1 + W(\}ﬁ’ g))2> . 67( 86)2 + CW2<\}H, Q)

1 1 1
< CLA(\ = Fu ) + QWA= oy ) CuP( 2, 0), (59)

Again, the constant C' does not depend on f. It then follows by combining (56) and
(58) that

[ Invyi In s 1 1
BT -Tf? < 2F 2F )
sup ( f7 < Gy — == F o) + Oy — ,5,;1>+0w(\/ﬁ,g)

< c{wi< 1“§+,f1,f2>+w2<jﬁ,f2>}. (59)

Now (48) follows from (55) and (59). &

5 Adaptation over many parameter spaces

In Section 4 we showed that the lower bound on the cost of adaptation given in Section 2
is rate sharp. A general construction of adaptive estimators over two convex parameter
spaces was given. However in many situations one is interested in adaptation over more
than two parameter spaces. In this section we consider adaptation over a collection of
parameter spaces. The construction of the adaptive estimator is based on the construc-
tion of tests between pairs of parameter spaces. The adaptive estimator shows that
the lower bound on the cost of adaptation given in Section 2 can still be attained over
finitely many convex parameter spaces which satisfy certain regularity conditions on the

moduli. These conditions are always satisfied when the parameter spaces are nested.
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5.1 Adaptation over nested parameter spaces

We begin by considering the case of adaptation over a collection of nested convex sets.
Let 1 € F5 C --- C Fi be closed convex parameter spaces. For convenience we will
set Fo = 0.

As in Section 4.1 let T} be linear estimators which satisfy

A 1
sup E(T; — Tf)? < w*(—=,
feJEi ( f) N (\/ﬁ

For i # j, define the quantity v; ; > 0 as follows. If i A j = min(é, j) = 1, let

Fi).

W (s Fir F) Wi (=, Fi, F;)
2 _ 1 —7 d 2 _ 1 +\yn'v v 60
Vi + wz(f,]i) and 7. + wQ(I,]-“l) (60)
If ¢ Aj > 2, define v, ; and ; ; + recursively by
2 (“12(i f‘z’f)
7@'7]‘ = 1+ 5 Myt . (61)
max (/s F Fipg)} + w2, Fin)
and
( 7‘F:L7f)
Vije = max(Yig, vii) =1+ ARV . (62)

2 Inym,ing,+ -
max (/e F Fi)} w2, Fo)

Let A; > 0 be defined by A? = w?( =, F1) and

In v, 1
20\ _ 2 myi,+ : 2/ +
&(n)—lﬁg_l{m/ : ,fmﬂ}w( T ) (63)

for 2 < ¢ < k. Then

Vg =1+
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Then for i # j

1
B;; = §SUP(W(€7}}>FJ‘)_€\/7VM)

e>0
1 n In; ;
= 2 sup  (w(e, Fi, Fj) — ¢ 1 w( ,Fi Fj))
\/ﬁ ;5 n
ey
1 In; ;
= 5“’( =, Fi, Fj).

For i # j let T, be the estimator satisfying (35) - (37) with F = F;, H = F; and
V - V;J‘.
Let 1 <i< j<k. Thenif f e F,

>

E(T,-T,;) = E(T,-Tf)-B(T,; - Tf)

1 In~;;

=

and

S (65)
Note also that
Var(fy—Tiy) € 2% (—=, F) + () 20 7, 7))
(T T 1o o
a 7 i,J ~ w \/ﬁy % ln’ym- n IR IR
= Ui (66)
and
Var(fi —Th)) < 202 (—=, F) + ——([ 204 7 7))
1 VK = \/ﬁ’ ? 11’17@',]’ n sy v e
= Uj;. (67)
For i < j define
L = 1(Ti;— (4k* + Db — (8k)2 A;(n) < T
< Tja+ (4k% + )by + (8k) A;(n)) (68)



The quantity I; ; defines a test between F; and F;. The test is in favor of F; if I, ;
Our adaptive estimation procedure is defined in terms of the tests /; ; and the minimax

rate optimal estimator over F;, T,. The procedure can be described as follows.

1. Test between F; and F; based on [ ; for all 1 < ¢ < k.
2. If all the test I, are in favor of Fi, use Tl as the estimate of T'f.

3. Otherwise, delete F; and repeat Steps 1 and 2.

Formally the estimator T* can be written as
T Zl_HHIJ H[,J (69)
m<i j>m >t

Theorem 5 Let Fy C Fo C -+ C Fy be closed convex parameter spaces. The estimator
T+ defined in (69) is adaptively rate optimal over F; for i =1,...,k. That is, T* attains
the exact minimax rate of convergence over Fi and attains the lower bound on adaptation

over F; for 2 <i <k as given in Theorem 2. More specifically,

sup BT~ Tf)" < <¢1ﬁ,f1> (70)

and for 2 <1<k

1n7m,i, 1
sup BT = T)° < <lg%2¥_1{wi<\/J,fm,m}w?(ﬁ,fi)). (71)

Remark: In light of the lower bound given in Theorem 2, it is easy to see that for any
1 <4 < k the upper bound given in (71) for the maximum mean squared error over J;

is rate optimal given the performance of the estimator T* over Fp, form=1,2,...,i—1.

The basic ideas for the proof of Theorem 5 is similar to that of Theorem 4, but the

calculations involved are more complicated.

Lemma 3 The quantities A;(n) defined in (63) are nondecreasing in i for 1 <i <k.

Proof: Note that for j <m <14, vjm 4+ < 7;4+ and consequently

[In 7, m, In-y;,
w+< jT+7‘E;fm)§w+( 7:1 +7E7E)

It then follows that A;(n) are nondecreasing in i. &
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Lemma 4 If f € F;, then for j > 1,

. AA.‘(n)
P(T*=T k——:. 72
(T =T) < K (72)
where A;(n) is defined as in (63). In particular, (72) holds for f € F; \ Fi_1.
Proof: 1t follows from (64) - (67) that for f € F; andi <m <k
Pl =0) < P(Ti = T < (k% + 1)biy — (8K)7 Ayu(n))
+ P(T; — T > (4% + )by + (8K)2 Ap(n))
" Ao ()2
< e (_(4k b + (8%)3 Ap (1)) )
QUi,m
S+ (85)} A (n)?
. (_(4k b + (8k)% Aw(n) )
2Um,i
If
1 1 In~;
20ty s 2 im
P F) 2 g B B,
then v;,,, < 2A4%(n). Noting that e=2* > 127" for x > 0 and k > 1, so
(4k2b; 1 + (8k)2 Ap(n))? A2 (n)
— ’ < -2
exp ( G < exp k A2(n)
1 Ak (n)
—— .
< 3 A%(n) (73)
If wz(ﬁ,}}) < lnvlmuﬂ( D £ Fn), then

exp

(_ (4k3 b, + (8/<;)$Am(n))2>

( 16kw?(y/ 225 |, ) + 8k A2, (n ))
o exXp | —

W (P o F)

In Yi,m

A2, (n)
_ A4k( ) 1w4k<%7ﬁafm)
T W FFa) 2 Al(n)
1 Af*(n)
T2 A%(p) )
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Combining (73) and (74) yields that

1, 1 2 ak
exp | — (4k2b; m + (8K)2 Ajp(n)) < lAz (n)
20 m, 2 Ak(n)
Similarly,
0, A ()2 n
exp | — (4k2b; 1 + (8K)2 Ajn(n)) < lAz (n)
20 m, 2 Ak(n)
Therefore,
Ak (n)
P(I;,, = < 2 for 1 <14 < k.
(Lim O)_A;lr’f(n) orl <i<m<k (75)

Denote by I; = [];-; I; ;. Then

P(T*=1T;) < P(I,,=0 forall m=4,...,j—1)
< min IP(Im:O)

i<m<j—
1
7j—1 j—i—1
< (H P(I,, = 0)) (76)
Noting that A;(n) is nondecreasing in 4, it then follows from (75) that
k k Adk Adk
PI,=0)< Y P, =0< 3 ml) p An(n) (77)

AiF(n) = A (n)

By combining (76) and (77), it follows

Pt =1 <10

Lemma 5 Suppose f € F; \ Fi_y and j < i. If |ET; — Tf| > Mbj; + bij + Ai(n)) for
some \ > 4k'/? — 2 then

P(I* = 1) < exp (— (-0 - 2>2) . (78)

4

Proof: We shall only give details of the proof when

ET; — Tf > Mbji + bi; + Ai(n)).
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The case of ET; — Tf < —A(b;; + b;; + As(n)) can be handled similarly.
Let f € F; \ Fi—1. Then

~

P(T*=T)) < P(I;; = 1) < P(T; — T,; < (4k2 + 1)b;; + (8k)2 Ay(n)).

Note that
B(T; — T;j — (4k% + 1)by; — (8k)7 Ay(n))
= BE(T; — Tf) — E(Ti; — Tf) — (4k% + 1)bi; — (8k)2 A;(n)
1 1 ;A 1 1
> Nbiy+ Mi(n) = Sw(i| =1L, Fiy F) = (4kE + Dby — (8K)F Ai(n)
> (A — 4kt —2) (w( lnzi’j,fi,fj) - Az-<n)> ~
Note that

A ~ 1 1 In-; ;
Var(T; =T ;) < vy = Q(Wz(%,}}) + ln%-,ij(V . L Fi Fi)),

it follows that

N _Akr _9)2 Inv;,j Fi, F) + A, 2
P =Ty < oo (_“ W -2 (/"5 o F) + An)
2 Vi j
( (A—4ké_2)2)
< exp|— 1 1

Proof of Theorem 5: The minimax rate optimality of T over F; now follows directly from

Lemma 4.

k
sup E(T* —Tf)? < sup E(Ty — Tf)*+ . sup(E|T; — Tf|")2 - (P(T* = T)))?

fern fern j=2f€R
1 b 1 A2(n)
< WP F) 4+ Y (—, F) - S5
1
< 2(— .
=~ kw (\/ﬁ?fl) (79>

Now consider the case f € F; \ F;_1 for some ¢ > 1. Denote

Ji = {j<i:|ET)—Tf < (4k2 +2)(b;s + bij + Ai(n))}
Jo = {j<i: |BT; —Tf| > (4k2 +2)(bj; + bij + Ai(n))}.
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Then for 5 € J;,
1

NG

If j € Jo, then |ET; — T'f] = A(bj; + bi; + As(n)) for some A > 4kz +2. So
(BIT; = Tf|")?2 < 3Var(Zy) + 3N (b + biy + Ai(n))’

< AN*(bj, + by + Ai(n))?

E(T; — Tf)? < W (—=,F;) + (4k2 + 2)%(by; + bij + Ay(n))?

And it follows from Lemma 5 that

(A — 4k2 — 2)2
. .

Hence, for f € F; \ Fi_q with i > 1

k
B(T*=Tf)" = S B{(T; =TT = T))}

IN

JjeEN JET2

~

+ BT~ T+ Y, (BT - T2 (P(T* = 1))

j=i+1

Z} {w2(\/15, Fo) + (4% +22(bs + b, + Ai(n))}

IA

> B(Ty — T+ Y (BT = T (P = 1))}

1
2

+ Z 4)\2(bj7i + bi,j + Al(n))Q - exXp (— 4

JET2
1 b 1 1 A2(n
+w?(—=, F) + 6 w(——=,F;) k2=t~
(P 2 8GR P W ey

< C’A?(n)

~—

(A — 4k3 — 2)2)

where C' is a constant not depending on f. Note that in the last inequality we use the

fact that A% exp (— are bounded as a function of .

Hence,

(A—4k'/2-2)2
4

sup E(T* = Tf)? = max{ sup E(T*—Tf)2}

feFi Lsm<i | feFm\Fm—1

2 _ 2
< € max {42,(n)} = CAX(n)

In~,,.; 1
— 2 m,,+ : 2/ 1 ‘
= C (1g%2{1 {w+( - 7fm7f:b>} +w (\/ﬁ,fz)> 1
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5.2 Adaptation over non-nested parameter spaces

Many common parameter spaces of interest such as Lipschitz spaces and Besov spaces are
not nested. However, they often have nested structure in terms of modulus of continuity.
Theorem 5 can be generalized to such non-nested parameter spaces.

Let F;, ©« = 1,...,k be closed, convex parameter spaces which are not necessarily
nested. For any parameter set F, let C.Hull(F) denote the convex hull of F. Suppose

the parameter spaces JF; satisfy the following conditions on the modulus of continuity.

1. For [ <7 and m < 7,
w(e, Fi, Fn) < Cw(e, F;, F)

for some constant C' > 0.

2. For 2 <i <k,
w(e, Gi) < wle, C.Hull(G;))

where G; = Ul _ Fy,.

Note that conditions 1 and 2 are trivially satisfied if F; are nested.

As shown in Cai and Low (2002), the minimax linear rate of convergence for estimat-
ing a linear functional T'f over a parameter set F is determined by the modulus over its
convex hull, w(ﬁ, C.Hull(F)). Conditions 1 and 2 together yield

w(e, Fi) < w(e, C.Hull(G;))

and this consequently implies that for 1 < i < k there exists a rate optimal linear

estimator TZ over JF; such that

. 1
sup  B(T, ~ Tf)* < Cw(—=, F). (80)
JeEU: _ Fm \/ﬁ
Now define the quantities 7;; and 7; ;4 as in (60), (61) and (62). Let the estimator 7*
be defined same as in Section 5.1 with the minimax rate optimal linear estimator T; over
F; satisfying (80). Under the conditions 1 and 2 above, the estimator T* then achieves
adaptation over the parameter spaces F; with minimum cost. More precisely, we have

the following.
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Theorem 6 Let F;, i =1,....k be closed conver parameter spaces satisfying conditions
1 and 2 above and let the estimator T* be given as above. Then T* attains optimal

adaptive rate of convergence over F; fori=1,....k. That is,
. 1
sup E(T* — Tf)? < Cw?*(——, F, 81
sup B(I" ~ Tf)? < Cu*( 2. ) (31)

and for 2 <1<k

feF; 1<m<i—1 n

sup E(T* = Tf)?<C ( max {wi( lnvm’i*,fm,fi)} +w2(\/15,]-})) . (82)

The proof of Theorem 6 is essentially the same as that of Theorem 5. We omit the proof

for reasons of space.

5.3 An example of adaptation over non-nested spaces

The problem of estimating decreasing Lipschitz functions has been considered in Donoho
and Liu (1991). See also Kiefer (1982). A fully rate adaptive procedure over the de-
creasing Lipschitz classes has been introduced in Kang and Low (2002). The estimator
however performs poorly over general Lipschitz classes.

We now consider adaptive estimation over a mixed collection of decreasing and ar-
bitrary Lipschitz classes. For simplicity consider adaptive estimation of T'f = f(0) over

four parameter spaces, F;, © = 1,2, 3, and 4 where

2 1 1
Fi=Fp(L,M), Fo=F(z,M), F3= FD(?M), and Fy= F(i’M)
Note that these parameter spaces are not nested. Standard arguments similar to those
found in Section 3 show that for ¢ = 1,2, 3,4

wi(e, Fiy Fa) = wle, Fa) = Cex (14 o(1)),

and
wi (e, 71, F) = w(e, F1) = Ced(1+0(1)),
wi(e, Fo, F3) =< w(e, F3) = C’e%(l +0(1)),
wi(e, Fi,F) =< wle, Fr) = Ce%(l +o(1)).

It is then easy to see that conditions 1 and 2 of Section 5.2 are satisfied.
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It then follows that the estimator given in Theorem 6 is fully rate adaptive in the sense
that it attains the minimax rate over the two decreasing parameter spaces Fp(1, M) and
Fp(3, M) and only loses a logarithmic penalty over F(1, M) and F(3, M). Note that
the loss of the logarithmic factor over both F(1, M) and F (%, M) is in fact necessary
once you attain the optimal rate over Fip(1, M). We believe that this is the first example
of such a phenomena where one loses a logarithmic factor on some classes yet is fully
adaptive over other function classes.

This example can be generalized to any finite number of Lipschitz classes, decreasing
Lipschitz classes and increasing Lipschitz classes with smoothness index 0 < a < 1.
Hence although an adaptive estimator must pay a logarithmic penalty in terms of maxi-
mum risk over Lipschitz classes if the function is either monotonely increasing or mono-
tonely decreasing in a fixed interval of the point of interest then a penalty need not be

paid. This would of course be the case for most functions of interest.
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