The Pennsylvania State University The Graduate School Department of Statistics

PROJECTIVE SCORE METHODS

A Thesis in Statistics by Richard Paul Waterman

Submitted in Partial Fulfillment of the Requirements for the Degree of

Doctor of Philosophy August 1993

We approve the thesis of Richard Paul Waterman.

Date of Signature

Bruce G. Lindsay Distinguished Professor of Statistics Thesis Advisor

Clifford C. Clogg Distinguished Professor of Sociology and Professor of Statistics

William L. Harkness Professor of Statistics

C.R. Rao Professor and Holder of Eberly Family Chair of Statistics Special Signatory

Duncan K. Fong Assistant Professor of Management Science

James L. Rosenberger Professor of Statistics Head of the Department of Statistics

Abstract

Nuisance parameter problems receive special attention because the classical optimality theory of maximum likelihood estimation can break down. Neyman and Scott (1948) showed that the maximum likelihood estimator for the parameter of interest need not be consistent, and even if consistent it may still be inefficient. This thesis provides a partial repair to the theory of maximum likelihood in nuisance parameter problems, in the context of what is termed a “square array” asymptotic embedding. The square array is a framework in which the number of nuisance parameters is equal to the number of observations within each stratum of the array.

The adjustment to maximum likelihood estimation is achieved by modifying the score equation for the parameter of interest, by removing from it, its projection onto a sequence of subspaces of mean zero estimating equations. These modified score equations are referred to as the projective scores. The motivation for using the particular subspaces comes from the theory of Locally Minimum Variance Unbiased Estimation.

It is shown that inefficiency of maximum likelihood estimates in Neyman- Scott square array problems can be attributed to a limiting bias. The projective scores remove this bias and hence retain full efficiency.

In a wider context, the projective scores can be used to approximate an optimal but possibly intractable conditional or efficient score. Some examples are presented.

The projection ideas have received recent attention from Small and McLeish (1988). The work in this thesis extends their results. One generalization is the consideration of a multivariate parameter of interest. The construction of the projective scores is considered in detail, and the properties of a class of matrices, termed permutation invariant, are used to obtain the necessary simplifications that allow the theory to be implemented in realistic problems. A class of generalized linear models is investigated and the projective scores are used to obtain an approximate conditional inference.

Interpretation of the results is provided by certain model curvatures. The curvature aspect provides a link to work in the area of second order inference and some comparisons are made to Efron (1985).

Table of Contents

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 Objective . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 Inferential consequences of models with nuisance parameters . . . . . 5 1.4 Approaches for dealing with nuisance parameters . . . . . . . . . . . 7 1.4.1 Traditional methods . . . . . . . . . . . . . . . . . . . . . . . 7 1.4.2 Recent developments . . . . . . . . . . . . . . . . . . . . . . . 10

Chapter 2 Optimal Estimating Equations . . . . . . . . . . . . . . . . . . . . 27 2.1 Estimating functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.2 A hierarchy of inferential frameworks . . . . . . . . . . . . . . . . . . 29 2.3 Multivariate estimating equation generalizations . . . . . . . . . . . . 42 2.4 Approximations to U1 and the Bhattacharyya basis . . . . . . . . . . 52 2.5 The family of projective scores, their construction and information properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 Chapter 3 The Bhattacharyya Basis . . . . . . . . . . . . . . . . . . . . . . . 66 3.1 Some fundamental identities . . . . . . . . . . . . . . . . . . . . . . . 66

3.2 The extended information matrix . . . . . . . . . . . . . . . . . . . . 69 3.3 U-statistic structure of the Bhattacharyya basis elements . . . . . . . 74 3.3.1 The lattice of set partitions . . . . . . . . . . . . . . . . . . . 75 3.3.2 Identification of the embedded U-statistics . . . . . . . . . . . 78 3.4 Orthogonalization of the Bhattacharyya basis . . . . . . . . . . . . . 81 3.5 The tensor structure in the orthogonalized Bhattacharyya basis . . . 87 3.6 Permutation invariant matrices . . . . . . . . . . . . . . . . . . . . . 89

Chapter 4 Asymptotic Properties of the Substitution Versions of the Projec- tive Scores . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 4.1 The strong substitution property . . . . . . . . . . . . . . . . . . . . 94 4.2 The U_1 projective score for univariate ψ . . . . . . . . . . . . . . . . 96 4.3 Multivariate extensions . . . . . . . . . . . . . . . . . . . . . . . . . . 103 4.4 The second projective score, U_2 . . . . . . . . . . . . . . . . . . . . . 106 4.5 Technical lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 Chapter 5 Rectangular Array Asymptotics . . . . . . . . . . . . . . . . . . . 117 5.1 Asymptotic efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 5.2 Projective scores in the independent strata model . . . . . . . . . . . 121 5.3 Efficiency in the square array . . . . . . . . . . . . . . . . . . . . . . 124 5.4 Fully efficient estimates in Neyman-Scott type problems . . . . . . . . 125 5.5 The exponential family case . . . . . . . . . . . . . . . . . . . . . . . 136

Chapter 6 Curvature Interpretations . . . . . . . . . . . . . . . . . . . . . . . 138 6.1 Asymptotic bias interpretation . . . . . . . . . . . . . . . . . . . . . . 138 6.2 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6.3 Comparison with Efron’s curvature . . . . . . . . . . . . . . . . . . . 150 6.4 A comparison of marginal and projective inference in the Circular Normal model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 Chapter 7 Bias Corrections for a Class of Generalized Linear Models . . . . . 159 7.1 A motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . 159 7.2 Projective score calculations . . . . . . . . . . . . . . . . . . . . . . . 162 7.3 Substitution version of the U_2 projective score . . . . . . . . . . . . . 169 7.4 Calculation of the cumulants . . . . . . . . . . . . . . . . . . . . . . . 179 7.5 Calculations in the Poisson model . . . . . . . . . . . . . . . . . . . . 182

Chapter 8 Further Reasearch . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 8.1 Future research issues . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195 Appendix Mathematica Program for the Circular Normal Problem . . . . . . 202 Chapter A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

List of Tables

2.1 Optimal estimating functions within the inferential hierarchy. . . . . . 37 2.2 Comparison of projective and conditional informations in a paired Binomial experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 2.3 Comparison of informations for assymetric sample sizes in paired Bi- nomial experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.1 Properties of ψ̂ in the three asymptotic embeddings. . . . . . . . . . . 119

7.1 GLM cumulants, and the τ function. . . . . . . . . . . . . . . . . . . 180 7.2 Estimate and information comparison for the sample data. . . . . . . 185 7.3 Death, months of exposure, and risk, by age of patient and type of heart valve. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187 7.4 Parameter estimates for the heart valve data. . . . . . . . . . . . . . 188 7.5 Death penalty data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 7.6 Parameter estimates for the death penalty data. . . . . . . . . . . . . 190

List of Figures

1.1 Circular normal model displaying the “level curve”. . . . . . . . . . . 17 2.1 Standardized information comparison for a paired Binomial experiment. 64 2.2 Relative information comparison for a paired Binomial experiment. . 65 5.1 Graphical representation of 3 possible asymptotics in Neyman-Scott type problems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 6.1 Bias comparison between the substitution U_2 score and the normal- ized signed distance. . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 6.2 Information comparison between the projective and marginal scores. 158 7.1 Comparison of the U_1, U_2 and U_c projective scores. . . . . . . . . . . 186

Acknowledgements

I have had the privilege of working with Dr. Bruce Lindsay. He has served as the complete advisor, both from a scholarly perspective where his knowledge and insight never fail to render the most complex issues transparent, and equally importantly as a role model for behavior in the academic community. In particular, his absolute integrity and generosity with his time will always be remembered. I have been fortunate enough to have had as a committee member, Dr. C.R. Rao, who has always been willing to listen to my questions. Dr. Clifford Clogg has been a continuous source of motivation and ideas. I would also like to thank my other committee members, Dr. William Harkness and Dr. Duncan Fong, for their time and help.

My parents, Michael and Margaret, have provided constant support over the last four years. Without their assistance I simply would not have made it through graduate school.

Greatest thanks go to my wife, Rebecca. She has provided unwavering encouragement and I thank her for the many sacrifices she has been prepared to make. Our greatest achievement at graduate school has been to produce three children; Alexander, Thomas and David. They above all, have allowed me to keep my work in its proper perspective, and never allow me to forget the things that really matter.